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ÂÂÅÄÅÍÈÅ

Öåëü äàííûõ ìåòîäè÷åñêèõ óêàçàíèé - ïîçíàêîìèòü ñòóäåíòîâ è
ïðåïîäàâàòåëåé ñ ìàòåìàòè÷åñêèì ïàêåòîì MAPLE, íàó÷èòü, êàê
ñ ïîìîùüþ ýòîãî ïàêåòà ðåøàòü çàäà÷è, âîçíèêàþùèå ïðè èçó÷å-
íèè ñòàíäàðòíîãî êóðñà ìàòåìàòè÷åñêîãî àíàëèçà äëÿ èíæåíåðíûõ
ñïåöèàëüíîñòåé.

Íàñòîðîæåííîå îòíîøåíèå ê èñïîëüçîâàíèþ êîìïüþòåðíûõ òåõ-
íîëîãèé â èçó÷åíèè ìàòåìàòè÷åñêèõ äèñöèïëèí ñâÿçàíî ïðåæäå
âñåãî ñ äàëåêî íå íàèâíûì âîïðîñîì - íå çàìåíèò ëè "íàæàòèå
êëàâèø"òâîð÷åñêèé ïðîöåññ ïîñòèæåíèÿ ôóíäàìåíòàëüíûõ îñíîâ
èçó÷àåìûõ äèñöèïëèí? Àâòîðû óáåæäåíû, ÷òî, åñëè ðàññìàòðèâàòü
ìàòåìàòè÷åñêèå ïàêåòû êàê ìîùíûå âû÷èñëèòåëüíûå ñðåäñòâà, ïî-
ìîãàþùèå èçáåæàòü ðóòèííûõ âû÷èñëåíèé è îñâîáîæäàþùèå òåì
ñàìûì âðåìÿ äëÿ áîëåå ñåðüåçíîãî, êà÷åñòâåííîãî ïîäõîäà ê èçó-
÷àåìîìó êóðñó, êàê ñðåäñòâà, ïîçâîëÿþùèå íàãëÿäíî äåìîíñòðèðî-
âàòü ãëóáîêèå ìàòåìàòè÷åñêèå ðåçóëüòàòû (íàïðèìåð, ñõîäèìîñòü
ðÿäîâ Ôóðüå), òàêîé çàìåíû íå ïðîèçîéäåò. Êðîìå ïðèâèâàíèÿ ãëó-
áîêèõ òåîðåòè÷åñêèõ çíàíèé, ïðåïîäàâàòåëè äîëæíû íàó÷èòü áó-
äóùèõ èíæåíåðîâ ïðè íåîáõîäèìîñòè çà êîðîòêîå âðåìÿ ïîëó÷àòü
îòâåò íà âû÷èñëèòåëüíûå çàäà÷è èç ìàòåìàòè÷åñêîãî àíàëèçà. Áåç-
óñëîâíî, ñòóäåíò, óñïåøíî èçó÷èâøèé êóðñ ìàòåìàòè÷åñêîãî àíà-
ëèçà, áóäåò â ñîñòîÿíèè è ÷åðåç äîâîëüíî ïðîäîëæèòåëüíûé îò-
ðåçîê âðåìåíè ñàìîñòîÿòåëüíî âû÷èñëèòü, íàïðèìåð, êàêîé-ëèáî
èíòåãðàë. Îí áóäåò âñïîìèíàòü, êàêèå çàìåíû ïåðåìåííûõ ìîæ-
íî èñïîëüçîâàòü äëÿ âû÷èñëåíèÿ ýòîãî èíòåãðàëà, èëè ñìîòðåòü â
ñïðàâî÷íèêàõ. Íî íå ëó÷øå ëè äàòü åìó âîçìîæíîñòü ìãíîâåííî
ïîëó÷èòü îòâåò.

Â ýòîé ÷àñòè ðàáîòû ðàññìàòðèâàþòñÿ çàäà÷è âû÷èñëåíèÿ ïðå-
äåëîâ (âêëþ÷àÿ îäíîñòîðîííèå ïðåäåëû), èññëåäîâàíèÿ íà íåïðå-
ðûâíîñòü è âû÷èñëåíèÿ ïðîèçâîäíûõ ôóíêöèé îäíîé ïåðåìåííîé.
Âñå ðàçäåëû óñòðîåíû ïî åäèíîé ñõåìå. Ñíà÷àëà ïðèâîäèòñÿ êðàò-
êèé òåîðåòè÷åñêèé ìàòåðèàë (êàê ïðàâèëî, îñíîâíûå îïðåäåëåíèÿ),
à çàòåì íà ïðèìåðàõ ïîêàçàíû ñïîñîáû ðåøåíèÿ çàäà÷ èç ñîîòâåò-
ñòâóþùèõ ðàçäåëîâ �âðó÷íóþ� è ñ ïîìîùüþ ïàêåòà MAPLE.
Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ôåäåðàëüíîé ïðîãðàììîé �Èíòåãðà-
öèÿ� [ïðîåêò �480].
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ÏÐÅÄÅË ÔÓÍÊÖÈÈ

I. ÂÛ×ÈÑËÅÍÈÅÏÐÅÄÅËÎÂ ÑÏÎÌÎÙÜÞÏÀÊÅÒÀMAPLE

Ïàêåò Maple V ïðåäîñòàâëÿåò øèðîêèå âîçìîæíîñòè äëÿ âû-
÷èñëåíèÿ ïðåäåëîâ ôóíêöèé îäíîé ïåðåìåííîé êàê îäíîñòîðîííèõ,
òàê è äâóñòîðîííèõ, â òî÷êå èëè â áåñêîíå÷íîñòè.

Äëÿ âû÷èñëåíèÿ äâóñòîðîííåãî ïðåäåëà ôóíêöèè â òî÷êå ñëåäó-
åò â îêíå êîìàíä ïîñëå ïðèãëàøåíèÿ Maple (�>�) ââåñòè ñëåäóþùóþ
êîìàíäó:

limit(<ôóíêöèÿ>,<òî÷êà>);

çäåñü <ôóíêöèÿ> � íåêîòîðîå âûðàæåíèå, ñîäåðæàùåå ïåðåìåííóþ,
íàïðèìåð,

((x^2-2*x+1)/(x^3-x)),

à <òî÷êà> � çíà÷åíèå ïåðåìåííîé, ïðè êîòîðîì âû÷èñëÿåòñÿ ïðå-
äåë, íàïðèìåð,

x=0

Ïîñëå íàæàòèÿ êëàâèøè Enter êîìàíäà áóäåò îáðàáîòàíà è
Maple âûâåäåò îòâåò. Ïðèìåð êîìàíäû äëÿ íàõîæäåíèÿ ýòîãî ïðå-
äåëà:

limit(x^2+2*x+1,x=0);

Åñëè òðåáóåòñÿ íàéòè ïðåäåë ôóíêöèè â áåñêîíå÷íîñòè, â âû-
ðàæåíèè <òî÷êà> ñëåäóåò íàïèñàòü

x=infinity èëè x=-infinity

â çàâèñèìîñòè îò çíàêà áåñêîíå÷íîñòè, íàïðèìåð,

limit(x^3+x,x=infinity);

Â ñëó÷àå îäíîñòîðîííåãî ïðåäåëà, êîìàíäà âûãëÿäèò ñëåäóþ-
ùèì îáðàçîì:

limit(<ôóíêöèÿ>,<òî÷êà>,<ñòîðîíà>);

Ïîëå <ñòîðîíà> ñîäåðæèò ñëîâî left â ñëó÷àå ëåâîãî ïðåäåëà, èëè
right â ñëó÷àå ïðàâîãî. Ïðèìåð âû÷èñëåíèÿ îäíîñòîðîííåãî ïðåäå-
ëà:

limit(1/x,x=0,left);

II. ÎÑÍÎÂÍÛÅ ÎÏÐÅÄÅËÅÍÈß

Îïðåäåëåíèå 1. Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà â íåêîòîðîé
îêðåñòíîñòè òî÷êè x0. ×èñëî a � ïðåäåë ôóíêöèè y = f(x) â
òî÷êå x0 [a = limx→x0 f(x)], åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
òàêîå δ(ε) > 0, ÷òî èç 0 < |x − x0| < δ(ε) ñëåäóåò íåðàâåíñòâî
|f(x)− a| < ε.
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Ðèñ. 1. Ïðåäåë ôóíêöèè â òî÷êå

Îïðåäåëåíèå 2. ×èñëî a � ïðåäåë ôóíêöèè y = f(x) â òî÷êå x0

ñïðàâà (ñëåâà) [a = limx→x0+0 f(x) (a = limx→x0−0 f(x))], åñëè f(x)
îïðåäåëåíà â íåêîòîðîé îêðåñòíîñòè òî÷êè x0 è äëÿ ëþáîãî ε > 0
ñóùåñòâóåò òàêîå δ(ε) > 0, ÷òî èç íåðàâåíñòâà 0 < x− x0 < δ(ε)
(−δ(ε < x− x0 < 0) ñëåäóåò íåðàâåíñòâî |f(x)− a| < ε.
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Ðèñ. 2. Ïðåäåë ñëåâà

Çàìå÷àòåëüíûå ïðåäåëû:

1. lim
x→0

sin x

x
= 1.

2. lim
x→∞

(
1 +

1

x

)
= lim

x→0
(1 + x)

1
x = e.
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Ðèñ. 3. Ïðåäåë ñïðàâà

Ïðèìåð âû÷èñëåíèÿ çàìå÷àòåëüíûõ ïðåäåëîâ ñ ïîìîùüþ

ïàêåòà Maple:

>limit(sin(x)/x,x=0);

1
>limit((1+1/x)^x,x=infinity);
exp(1)

Ñëåäñòâèÿ èç II çàìå÷àòåëüíîãî ïðåäåëà:

lim
x→0

ln(1 + x)

x
= 1,

lim
x→0

ex − 1

x
= 1.

Ïðèìåð ïðîâåðêè ñ èñïîëüçîâàíèåì Maple:

>limit(ln(1+x)/x,x=0);
1

>limit((exp(x)-1)/,x=0);
1

Îïðåäåëåíèå 3. Ôóíêöèÿ α(x) íàçûâàåòñÿ áåñêîíå÷íî ìàëîé ïðè
x → x0 (îáîçíà÷àåòñÿ α = o(1)), åñëè lim

x→x0

α(x) = 0.

Îïðåäåëåíèå 4. Áåñêîíå÷íî ìàëûå ïðè x → x0 ôóíêöèè α(x) è
β(x) íàçûâàþòñÿ ýêâèâàëåíòíûìè (îáîçíà÷àåòñÿ α ∼ β), åñëè

lim
x→x0

α(x)

β(x)
= 1.

Òàáëèöà ýêâèâàëåíòíûõ áåñêîíå÷íî ìàëûõ ïðè x → 0
ôóíêöèé:
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sin x ∼ x; ex − 1 ∼ x;

tg x ∼ x; logx(1 + x) ∼ x

lnx
;

arcsinx ∼ x; n
√
1 + x− 1 ∼ x

n
;

1− cosx ∼ x2

2
;

√
1 + x− 1 ∼ x

2
;

xx − 1 ∼ x lnx; ln(1 + x) ∼ x.

III. ÌÅÒÎÄÛ ÂÛ×ÈÑËÅÍÈß ÏÐÅÄÅËÎÂ

1. Ôóíêöèÿ ïðåîáðàçóåòñÿ ê âèäó, äëÿ êîòîðîãî ïðåäåë ëåãêî íàéòè.
Ïðèìåð 1.

lim
x→1

x2 − 2x− 1

x3 − x
= lim

x→1

(x− 1)2

x(x− 1)(x+ 1)
= lim

x→1

x− 1

x(x+ 1)
= 0.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit((x^2-2*x+1)/(x^3-x),x=1);

0

Ïðèìåð 2.

lim
x→0

tg 3x

x
= lim

x→0

3 sin 3x

3x cos 3x
= 3.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit(tan(3*x)/x,x=0);

3

2. Â ïðåäåëàõ, ñîäåðæàùèõ èððàöèîíàëüíûå âûðàæåíèÿ:
a) ââîäÿò íîâóþ ïåðåìåííóþ äëÿ ïîëó÷åíèÿ ðàöèîíàëüíîãî âûðà-
æåíèÿ.
Ïðèìåð 3.

lim
x→10

√
x− 1− 3

x− 10
=

 √
x− 1 = t

x = t2 + 1
x → 10 ⇒ t → 3

 = lim
t→3

t− 3

t2 − 9

= lim
t→3

t− 3

(t− 3)(t+ 3)
=

1

6
.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit((sqrt(x-1)-3)/(x-10),x=10);
1/6

b) ïåðåâîäÿò èððàöèîíàëüíîñòü èç çíàìåíàòåëÿ â ÷èñëèòåëü èëè
íàîáîðîò.
Ïðèìåð 4.

lim
x→0

√
1 + x− 1

x
= lim

x→0

(
√
1 + x− 1)(

√
1 + x+ 1)

x(
√
1 + x+ 1)
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= lim
x→0

x

x(
√
1 + x+ 1)

=
1

2
.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit((sqrt(x+1)-1)/x,x=0);
1/2

3. Ïðè âû÷èñëåíèè ïðåäåëîâ âèäà lim
x→x0

U(x)V (x), ãäå lim
x→x0

U(x) = 1,

lim
x→x0

V (x) = ∞, èñïîëüçóåòñÿ II çàìå÷àòåëüíûé ïðåäåë.

Ïðèìåð 5.

lim
x→∞

(
x+ 3

x− 2

)2x+1

= lim
x→∞

(
x− 2 + 5

x− 2

)2x+1

= lim
x→∞

(
1 +

5

x− 2

)x−2
5

5
x−2

(2x+1)

= e
lim

x→∞
5(2x+1)

x−2 = e10.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit(((x+3)/(x-2))^(2*x+1),x=infinity);
exp(10)

4. Âû÷èñëåíèå ïðåäåëîâ ñ ïîìîùüþ çàìåíû íà ýêâèâàëåíòíûå áåñ-
êîíå÷íî ìàëûå ôóíêöèè:
Ïðèìåð 6.

lim
x→ 1

2

4x2 − 1

arcsin(1− 2x)
=

[
x = t+

1

2
x → 0

]
= lim

t→0

4t2 + 4t+ 1− 1

arcsin(1− 2t− 1)

=

[
arcsin(−2t) ∼ (−2t)

x → 0

]
= lim

t→0

4t(t+ 1)

(−2t)
= −2 lim

t→0
2(t+ 1) = −2.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit((4*x^2-1)/arcsin(1-2*x),x=1/2);

-2

IV. ÎÄÍÎÑÒÎÐÎÍÍÈÅ ÏÐÅÄÅËÛ

Ïðèìåð 7.

lim
x→0+0

(2 + x)
1
x = 2

1
+0 = 2+∞ = +∞.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit((2+x)^(1/x),x=0,right);
infinity
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Ïðèìåð 8.

lim
x→0−0

(2 + x)
1
x = 2

1
−0 = 2−∞ = 0.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit((2+x)^(1/x),x=0,left);

0

ÍÅÏÐÅÐÛÂÍÎÑÒÜ ÔÓÍÊÖÈÈ Â ÒÎ×ÊÅ.

ÒÎ×ÊÈ ÐÀÇÐÛÂÀ

I. ÈÑÑËÅÄÎÂÀÍÈÅ ÍÀ ÍÅÏÐÅÐÛÂÍÎÑÒÜ Ñ ÏÎÌÎÙÜÞ
ÏÀÊÅÒÀ MAPLE

Äëÿ íàõîæäåíèÿ òî÷åê ðàçðûâà ôóíêöèè ìîæíî âîñïîëüçîâàòü-
ñÿ ñëåäóþùåé êîìàíäîé Maple:

readlib(singular): singular(<ôóíêöèÿ>,<ïåðåìåííàÿ>);

ãäå <ôóíêöèÿ> � èññëåäóåìàÿ ôóíêöèÿ, <ïåðåìåííàÿ> � ïå-
ðåìåííàÿ, ïî êîòîðîé íåîáõîäèìî íàéòè ðàçðûâû. Ïàðàìåòð
<ïåðåìåííàÿ> ìîæíî âîîáùå íå óêàçûâàòü. Òîãäà Maple âûâåäåò
íà ýêðàí âñå âîçìîæíûå òî÷êè ðàçðûâà ôóíêöèè ïî âñåì ïåðåìåí-
íûì, îò êîòîðûõ îíà çàâèñèò. Ïðèâåäåì ïðèìåð íàõîæäåíèÿ òî÷åê
ðàçðûâà:

readlib(singular): singular(2^(x/(9-x^2)),x);

Maple âûâåäåò íà ýêðàí ñëåäóþùèé íàáîð òî÷åê:

{x=3}, {x=-3}.

II. ÎÑÍÎÂÍÛÅ ÎÏÐÅÄÅËÅÍÈß

Îïðåäåëåíèå 1. Ôóíêöèÿ y = f(x) íåïðåðûâíà â òî÷êå x0, åñëè
ïðåäåëüíîå çíà÷åíèå ýòîé ôóíêöèè â òî÷êå x0 ñóùåñòâóåò è ðàâíî
÷àñòíîìó çíà÷åíèþ f(x0), èëè:

1) ôóíêöèÿ y = f(x) îïðåäåëåíà â òî÷êå x0 è íåêîòîðîé åå
îêðåñòíîñòè;

2) ñóùåñòâóåò lim
x→x0

f(x);

3) lim
x→x0

f(x) = f(x0).

Îïðåäåëåíèå 2. Òî÷êà x0, â êîòîðîé ôóíêöèÿ íå îáëàäàåò
ñâîéñòâîì íåïðåðûâíîñòè, íàçûâàåòñÿ òî÷êîé ðàçðûâà ôóíêöèè
y = f(x).

Îïðåäåëåíèå 3. Òî÷êà x0 íàçûâàåòñÿòî÷êîé óñòðàíèìîãî ðàç-
ðûâà, åñëè lim

x→x0

f(x) ñóùåñòâóåò, íî ôóíêöèÿ íå îïðåäåëåíà â òî÷êå

x0 èëè íàðóøåíî óñëîâèå lim
x→x0

f(x) = f(x0).
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Îïðåäåëåíèå 4. Òî÷êà x0 íàçûâàåòñÿ òî÷êîé ðàçðûâà I ðîäà,
åñëè lim

x→x0

f(x) íå ñóùåñòâóåò, íî ïðè ýòîì ñóùåñòâóþò êîíå÷íûå îä-

íîñòîðîííèå ïðåäåëû lim
x→x0+0

f(x) è lim
x→x0−0

f(x), íåðàâíûå äðóã äðó-
ãó.

Îïðåäåëåíèå 5. Òî÷êà x0 íàçûâàåòñÿ òî÷êîé ðàçðûâà II ðî-
äà, åñëè õîòÿ áû îäèí èç îäíîñòîðîííèõ ïðåäåëîâ lim

x→x0+0
f(x),

lim
x→x0−0

f(x) íå ñóùåñòâóåò èëè ðàâåí áåñêîíå÷íîñòè.

III. ÏÐÈÌÅÐÛÈÑÑËÅÄÎÂÀÍÈß ÔÓÍÊÖÈÉ ÍÀ ÍÅÏÐÅÐÛÂ-
ÍÎÑÒÜ

Èññëåäîâàòü ôóíêöèþ íà íåïðåðûâíîñòü, îïðåäåëèòü õàðàêòåð ðàç-
ðûâà.
Ïðèìåð 1. f(x) = 2

x
9−x2 .

Ôóíêöèÿ íå îïðåäåëåíà â òî÷êàõ x = ±3, óæå íàðóøåíî ïåðâîå
óñëîâèå íåïðåðûâíîñòè, ñëåäîâàòåëüíî, â ýòèõ òî÷êàõ ôóíêöèÿ èñ-
ïûòûâàåò ðàçðûâ.

Äëÿ âûÿñíåíèÿ õàðàêòåðà ðàçðûâà íóæíî âû÷èñëèòü îäíîñòî-
ðîííèå ïðåäåëû â òî÷êàõ x = ±3.

lim
x→−3−0

2
x

9−x2 = 2
−3
−0 = 2∞ = ∞.

lim
x→−3+0

2
x

9−x2 = 2
−3
0 = 2−∞ = 0 .

Òàê êàê ëåâûé ïðåäåë â òî÷êå x = −3 ðàâåí áåñêîíå÷íîñòè, òî
â íåé ðàçðûâ II ðîäà.

lim
x→3−0

2
x

9−x2 = 2
3
0 = 2∞ = ∞.

lim
x→3+0

2
x

9−x2 = 2
3
−0 = 2−∞ = 0 .

Òàê êàê ïðàâûé ïðåäåë â òî÷êå x = 3 ðàâåí áåñêîíå÷íîñòè, òî â
íåé ðàçðûâ II ðîäà.
Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

> readlib(singular): singular(2^(x/(9-x^2)),x);

{x=3}, {x=-3}

> limit(2^(x/(9-x^2)),x=-3,left);

infinity
> limit(2^(x/(9-x^2)),x=-3,right);
0

> limit(2^(x/(9-x^2)),x=3,left);

infinity

> limit(2^(x/(9-x^2)),x=3,right);
0
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Ïðèìåð 2. f(x) =


−1, −∞ < x < 0,

0, x = 0,

1, 0 < x < +∞.
Ôóíêöèÿ îïðåäåëåíà íà âñåé ÷èñëîâîé ïðÿìîé, íî ïðè ýòîì îíà íå
ÿâëÿåòñÿ íåïðåðûâíîé, òàê êàê lim

x→0+0
f(x) = 1, lim

x→0−0
f(x) = −1,

f(0) = 0, ò.å. ïðàâûé è ëåâûé ïðåäåëû â íóëå íå ðàâíû ìåæäó ñî-
áîé è íå ðàâíû çíà÷åíèþ ôóíêöèè â íóëå, íàðóøåíû 2 è 3 óñëîâèÿ
íåïðåðûâíîñòè. Òàê êàê ïðàâûé è ëåâûé ïðåäåëû â íóëå ñóùåñòâó-
þò è êîíå÷íû, òî ýòî ðàçðûâ I ðîäà.

Ïðèìåð 3. f(x) =
sinx

x
.

Ôóíêöèÿ íå îïðåäåëåíà â íóëå, ñëåäîâàòåëüíî, x = 0 � òî÷êà ðàç-

ðûâà. Òàê êàê lim
x→0+0

sinx

x
= 1 è lim

x→0−0

sinx

x
= 1, òî ýòî óñòðàíèìûé

ðàçðûâ, ôóíêöèþ ìîæíî â íóëå äîîïðåäåëèòü �ïî íåïðåðûâíîñòè�,
ïîëîæèâ ðàâíîé åäèíèöå.

Ïðèìåð ðåøåíèÿ è åãî ãðàôè÷åñêîãî ïðåäñòàâëåíèÿ ñ èñ-

ïîëüçîâàíèåì Maple:

> readlib(singular): singular(sin(x)/x,x);
{x=0}

> limit(sin(x)/x,x=0,left);

1
> limit(sin(x)/x,x=0,right);

1
> plot(sin(x)/x,x=-30..30);
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