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BBEJ/IEHNE

[Hesib JAHHBIX METOMIECKUX YKA3aHUI - TO3HAKOMUTD CTYAEHTOB 1
mpemnojaBareseii ¢ maremarndeckuMm nakerom MAPLE, mayunts, Kax
¢ TIOMOIIBIO TOr0 MAaKeTa pelaTh 3aJadud, BOZHUKAOIINE MpH U3yde-
HUM CTAHJIAPTHOIO KypPCa MaTeMATHIECKOIO aHAIN3A JIJI HHKEHEPHBIX
CIIEIAJIbHOCTEN.

HacropozkenHnoe oTHOIIEHNE K UCITOJIB30BAHUIO KOMITBIOTEPHBIX TeX-
HOJIOTUH B W3YyYEeHWH MaTeMaTHIECKHUX IUCIUIJINH CBSI3aHO MPEKIe
BCEro C JaJIeKO He HAWBHBIM BOMPOCOM - HE 3aMEHWT JIM ''HarKaTwe
KJIaBuUII" TBOPYECKUI IIPOIECC MOCTHKeHNsT (DYHTaMEeHTAIbHBIX OCHOB
N3y9IaeMbIX JUCIUILTAH! ABTOPHI YO IeHbI, YTO, €CJIU PACCMATPHBATD
MaTeMaTUIecKne MaKeThl KaK MOIIHbIE BHIYUCIUTEIbHBIE CPEJICTBA, MO-
Moraomnue n30eKaTh PYTUHHBIX BBIUUCIEHHE U OCBOOOXKTAOIINE TeM
caMbIM BpeMms Jijisi 60Jjiee Cepbe3HOro, KaueCTBEHHOI'O MO/X0/1a K HU3Y-
JaeMOMY KypcCy, KaK CpeCcTBa, MO3BOJIAIONNE HATJISHO JeMOHCTPUPO-
BaTh IJIyOOKHE MaTeMaTHYeCcKhe Pe3yJabTarThl (HAlPUMep, CXOAUMOCTD
psiioB Pypbe), Takoii 3aMeHbl He Tpon30iier. Kpome npuBuBaHus ry-
OOKWX TEeOpeTUYeCKWX 3HAHW, MperogaBaTen J0JKHB HAYIUThH Oy-
JIYIIAX HHZKEHEPOB MPH HEOOXOJIMMOCTH 33 KOPOTKOE BpeMs I0JIy4aTh
OTBET Ha BBHIYHUCJIUTEIbHBIE 33191 U3 MaTeMaTHIeCKOro aHam3a. bes-
YCJIOBHO, CTYIEHT, YCIEITHO MU3YUUBIIHI KypC MaTeMaTHYecKoro aHa-
Jnm3a, OyJeT B COCTOSHUM W 4Yepe3 JIOBOJBHO TPOJOKATETbHBII OT-
PE30K BpPEMEHU CaMOCTOSITEJIbHO BBIYMCJ/INTH, HAlPUMED, KaKOu-/1160
uarerpajg. OH Oyaer BCIIOMHHATH, KAKHE 3aMEHbl IePEMEHHbBIX MOK-
HO HCII0JIh30BaTh JIJIsI BBIYNCJIEHUsI STON0 MWHTerpaJia, ujim CMOTPeTh B
cripaBoyHnkax. Ho He Jiydiie jim gaTh €My BO3MOYKHOCTH MTHOBEHHO
MOy IYUTh OTBET.

B sToit yacTun paboThl paccMaTPUBAIOTCS 33891 BBITUCICHUS TIPe-
JeJI0B (BKJIIOYAsT OJJHOCTOPOHHUE TIPEJIEJIbl), UCCIe0OBAHUS HA Hempe-
PBIBHOCTDb W BBIYUC/IEHUS IMPOU3BOIHBIX (DYHKIUH OTHON ITepeMeHHOI.
Bce pasgenbr yerpoenst 1o eauHoit cxeme. CHada/ia MPUBOJIUTCS KPAT-
KWl TeopeTHdecKuii Marepuas (Kak IPABUIIO, OCHOBHbBIE OIPEJIeJICHNUS ),
a 3aTeM Ha IpuUMepax MOKa3aHbl CIIOCOOBI PeIeHnst 3a/1a49 U3 COOTBeT-
CTBYIOIINX Pa3/1esioB “Bpyunyn”’ u ¢ nmomorisio maketa MAPLE.
Pabora gactuuno nomaep:kana deaepaabHoii mporpammoit “IaTerpa-
mus” [mpoekt Ne480).



[TPEJEJT OYHKINN

[. BEIYMCJIEHNE ITPEJTEJIOB C IIOMOIIBIO ITAKETA MAPLE

[Taker Maple V mnpejgocrapisier MupoKne BO3MOYKHOCTHU JIJISI BbI-
qHCJAeHnd Ipe/1esioB MYHKINI 0HOil TepeMeHHONl KaK OJHOCTOPOHHUX,
TaK U JBYCTOPOHHUX, B TOUKE WJIH B OECKOHETYHOCTH.

Jlng BeIUmCIeHns ABYCTOPOHHETO Mpejiena (GyHKINN B TOUKE CJIe/Ty-
eT B OKHe KOMaH/1 riocie npuriartenust Maple (“>") BBectn ceyornyo
KOMAaHJTY:

limit (<pyuruuS> ,<TOUKA>) ;
371eCh <QYHKIUS> — HEKOTOPOE BhIpazKeHue, cojieprKalee mepeMeHHyio,
HalpuMep,
((x~2-2*x+1) /(x73-x)),
a <TOYKa> — 3HaUYeHHe MepPEeMeHHOM, IIPU KOTOPOM BBIUUCIAETCS TIpe-
JieJ, Halpumep,
x=0

[Tocsie naxkarus kiasuiin Enter komanja Oyjer obpaborana u
Maple BoiBesier orser. [IpuMep KOMaH bl JIJIsi HAXOXKJIEHUS TOTO IIpe-
Jlena:

limit (x~2+2*x+1,x=0) ;
Ecyin tpebyercst naiitu npejes pyHKIMn B OECKOHEYHOCTH, B BbI-
pakeHHn <TOYKA> CJeIyeT HAHCATH
x=infinity wim x=-infinity
B 3aBUCUMOCTH OT 3HaKa OECKOHEYHOCTH, HAIPUMED,
limit (x~3+x,x=infinity) ;

B ciydae ogHocTOpOHHErO mpejiesia, KOMaH/a BbIVISJIUT CJIeLyTo-

UM 00pa3oMm:
limit (<pynrIma>,<Toyra>,<CTOPOHA>) ;
[Toste <cTopowma> comepzxkut cjoBo left B cyuae jieBoro npemena, uin
right B cirydae nmpasoro. [Ipumep Burauc/ieHusi 0JJTHOCTOPOHHETO TIPeJie-
Ja:
limit(1/x,x=0,left);

II. OCHOBHBIE OIIPEJEJIEHN

Onpedeaenue 1. ITycmv dynryus f(x) onpedesena 6 mexomopot
oxkpecmmnocmu mowku To. ducao a — npedea dynkyuu y = f(x) 6
mouke To [a = lim, ., f(x)], ecau das awbozo € > 0 cywecmsyem
makoe §(g) > 0, wmo uz 0 < |x — xg| < 0(g) caedyem nepaserncmeo

|[f(x) —al <e.
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Puc. 1. Ilpedes pynrxuyuu 6 moure

Onpedeaenue 2. Jucio a — npedea dynwyuu y = f(x) 6 mouke xo
enpasa (caesa) [a = lim, 040 f(2) (a = lim,_.0—0 f(2))], ecau f(z)
onpedesena 6 Hexomopoti OKPECMHOCTNU MOYKY To U 0k 106020 € > 0
cywecmeyem makoe 6(€) > 0, wmo us nepasencmea 0 < x — xo < 6(€)
(—d(e <z — 1z <0) caedyem nepasencmeo |f(x) —al < e.

Y
a—+e
f(z) i a—¢

-4—\\

To— 0 0 x

Puc. 2. Ilpedes caesa

3ameuamenvroie npedeant:

sinx

1. lim = 1.

x—0

: 1 1
2.hm( —):lm l+z)= =e.
x

T—00 x—0
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Puc. 3. Ilpedes cnpasa

ITpumep 8vLYUCAEHUA 3AMEUAMEALHBIL NPECEA0E C NOMOULLIO
naxema Maple:
>limit(sin(x)/x,x=0);
1
>1imit ((1+1/x) "x,x=infinity);
exp(1)

Caedcmeusa u3 II 3ameuwamenvrozo npedeaa:

In(1
lim 22

ITpumep nposepru ¢ ucnoavdosarnuem Maple:

>1limit (In(1+x)/x,x=0);
1

>limit ((exp(x)-1)/,x=0);
1

Onpedeaenue 3. Dynruyus ax) nazveaemes beckoneuno marot npu
x — xo (0b60o3navwaemes o = o(1)), ecau lim a(x) = 0.
T—T0

Onpedeaenue 4. Beckoneuno maavie npu x — xo dynkyuyu o(x) u
B(x) naswearomes sxeusarenmuvmu (0bosnavaemes o« ~ f3), ecau
afz)

Tabauua sxeusaseHMHB beckoHeuHO maavix npu r — 0
dynryul:



sinx ~ ; e — 1~z

X
tgx ~ ; log,(1+2) ~

) x
arcsinx ~ x; Vit -1~ —;
n
2

1—cosx~%; \/1+x—1~g;

2 —1l~zxhnz;, In(l+4+z)~ 2.
III. METO/bI BEIYNCJ/IEHNA ITPEJIEJIOB

1. @yuknus npeobpasyercst K BUJLY, /IJI KOTOPOTO IIpeJieJT JIETKO HalTH.

IIpumep 1.

2_2x—1 —1)? -1
e T C ) S R e )
e=1 23 —u eslz(x —1)(z+1) a=1z(z+1)

IIpumep pewenusn ¢ ucnoavidosarnuem Maple:
>limit ((x~2-2*x+1)/(x~3-x) ,x=1);

0
ITpumep 2.
. tgdx . 3sindz
lim = lim —————— =
=0 z—0 3x cos 3x

ITpumep pewenus c ucnoav3dosaruem Maple:
>limit (tan(3%*x)/x,x=0);
3

2. B npenenax, cojiepKaliuXx nuppanuoHaJbHbIe BbIPDAKEHUS:

a) BBOJAT HOBYIO TTEPpEMEHHYIO JJId MOJYYEHUA PAIUOHAJIBHOTI'O BbIpa-
JKEHUsI.

IIpumep 3.

Vo —1-3 ve— 1= t—3

lim ———— — r=t2+1 = lim — 3
r— 10>t 3| U

: t—3 1
=lm—— = -.
=3 (t—3)(t+3) 6
IIpumep pewenus c ucnoavdosanuem Maple:
>1limit ((sqrt(x-1)-3)/(x-10),x=10);
1/6

b) mepeBoJT MPPANMOHAIBHOCTh U3 3HAMEHATEJs B YUCJIUTEb UJIH
Ha000POT.

IIpumep 4.

. Vi+tz—-1 . (V1i+z-1)1+z+1)

lim — = lim

20 x 20 rz(vV1+z+1)




1
lim < = —.
=0 p(vI+z4+1) 2
ITpumep pewenus c ucnoav3dosaruem Maple:

>limit ((sqrt(x+1)-1)/x,x=0);
1/2

3. TIpu serancienun npeaesos suga lim U(z)V®, e lim U(z) = 1,
T—T0 T—x0
lim V(x) = oo, ucnonbyercs 11 3amevarenbubiii mpeedt.

T—T0

ITpumep 5.

' v 43 2z+1 ‘ r—945 22+1
lim = lim [ ————
z—o0 \ & — 2 T—00 r—2

z—2 5
. 5\ ® a2ty lim PCTED g
= lim 1+ =ewooo T2 =g,

T—00 x—2
ITpumep pewenus c ucnoav3dosaruem Maple:
>1imit (((x+3)/(x-2))~(2*x+1) ,x=infinity);
exp(10)

4. BoraucjieHue 1mpejiesioB ¢ HOMOIIbIO 3aMeHbl Ha SKBUBaJIEHTHbIE Oec-
KOHEYHO MaJible (DYyHKIIUU:

ITpumep 6.
2 1 2
Az — 1 et L AR At+1-1
im ; = 2| =lim y
»—1 arcsin(1l — 2x) r 0 t—0 arcsin(l — 2t — 1)

S OF) L ( 4 1
_ arcsin(—2t) ~ (—2t) — lim M =—2lim2(t+1) = —2.
x—0 t—0 (—Qt) =0

ITpumep pewenus c ucnoav3dosaruem Maple:

>1limit ((4*x~2-1) /arcsin(1-2*x) ,x=1/2);
2

IV. OJHOCTOPOHHUE ITIPEJIEJIBI

ITpumep 7.
. 1 1
lim (2 +2)z =270 =27 = 0.
x—040
ITpumep pewenus c ucnoav3dosaruem Maple:

>1limit ((2+x)~(1/x),x=0,right);
infinity



ITpumep 8.
1
lim (2+ x)s =270 =27 =0.
z—0—-0
ITpumep pewenus c ucnoav3dosaruem Maple:

>1imit ((2+x)~(1/x),x=0,left);
0

HEITPEPBIBHOCTD ®YHKIINN B TOYKE.
TOYKUM PASPBIBA

[. NCCJIEJOBAHUE HA HEIIPEPBIBHOCTDH C IIOMOIIBIO
I[TAKETA MAPLE

Jl g HaxoXK1eHns TOYeK pa3pbiBa (DYHKIMH MOYKHO BOCIIOIb30BATE-
cd caeayoteit komanaoir Maple:

readlib(singular): singular (<dyHKIuA>,<IepeMeHHAR>) ;

e <$pyHKRuua> — wucciaeayemas QGYHKNHdA, <IepeMeHHaa> — Iie-
peMeHHas, II0 KOTOPOil HeoOXOAMMO HaWTu pas3pbiBbl. llapamerp
<mepeMeHHas> MOXKHO BooOINe He yka3piBaThb. Torma Maple BwiBemer
Ha 9KpaH BCE BO3MOXKHBIE TOUKHU pa3pbiBa (DYHKIIUH MO BCEM MepeMeH-
HBIM, OT KOTOPbIX OHA 3aBUCUT. [IpuBeeM npumMep HaXOXKJIEHUST TOYEK
pas3pbiBa:

readlib(singular): singular(2~(x/(9-x72)),x);
Maple BeIBeieT Ha dKpaH CJIeAVIOMNI HADOP TOUEK:

{x=3}, {x=-3}.

II. OCHOBHBIE OIIPEJEJIEHN

Onpedenenue 1. Dyukius y = f(x) nenpepvisra B TOUKE X(, €CITH
npeebHOe 3HAYCHHE 3TOil (DYHKIUM B TOYKE To CYMIECTBYET M PABHO
JacTHOMY 3HavYeHuo f(xo), win:

1) dyuknus y = f(z) oupesesnena B TOUKe Ty M HEKOTOPOii ee
OKPECTHOCTH;

2) cymecrByer lim f(x);
T—T

0
3) lim f(z) = f(zo).
T—T0

Onpedeaenue 2. Touka xg, B KOTOpoil (DyHKIMs He 00J1a7aeT
CBOIICTBOM HEIPEPBIBHOCTHU, HA3BIBAETCS MOYKOU pA3pwbiea yHKUUL
y=f(z).

Onpedeaenue 3. Touka xy HA3BIBACTCA MOUKOT YCMPAHUMOZO PA3-
PHL6a, ecIn li_)rn f(z) cymectByer, HO DYHKIUS HE OMpPe/IETeHA B TOUKE

T—T0

xo wim Hapymeno yciaosue lim f(x) = f(xo).
T—T0
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Onpedeaenue 4. Touxka xy Ha3BIBaeTCI moukot pazpuea I poda,

eCcJIn lim f(SE) HE CyIlIeCTByeT, HO IIPHU 3TOM CyHleCTBYIOT KOHEYHbIE OI-
T—rT0

HocTopouuue npegensl  lim  f(x) w lim  f(z), HepaBHble ApyT ApYy-
r—x0+0 —x0—0
ry.
Onpedeaenue 5. Touka x( HasbiBaercsa moukot paspwvsa II po-

da, eciu XOTst Obl OJMH W3 OJHOCTOPOHHUX IIPEJIEIOB xli£n+0 f(x),
0

lim Of(x) HE CYIIEeCTBYET U/ PaBeH OECKOHEYHOCTH.
T—To—

I1I. TIPUMEPKI UCCJIEJOBAHN A ®VHKIINI HA HEIIPEPLIB-
HOCTb

WccnenoBars (byHKIHMIO HA HEITPEPBIBHOCTD, ONPE/IEIUTH XapaKTep pas3-
pBIBa.
_z _

ITpumep 1. f(x) = 2942,
QyHKIMs HE OlpejiejieHa B TOYKaX T = 13, yKe HapylIeHO IepBOe
yCJIOBHE HEIPEPbIBHOCTHU, CJI€/I0BATEIBHO, B 9TUX TOYKAX (DYHKIIHS UC-
MBITHIBAET Pa3PhIB.

Jl1st BBISICHEHUST XapaKTepa pa3pbiBa HYKHO BBIUYHUCIUTH OJHOCTO-
pOHHWE TpeJiesIibl B ToUKax T = +3.

lim 202 = 270 = 2% = o,

r——3—0
. = =3 o
lim 2922 =270 =2 =0
r——340
Tak kak JieBbIil 1Ipejies1 B TOYKe £ = —3 paBeH DECKOHEIHOCTH, TO

B Heii pa3pwi 11 poja.

. _z 3

lim 2922 =20 = 2% = 0.
x—3—0

. =z 3 oo

lim 2922 =2-0 =2 =0
x—340

Tak kax mpaBblil TpeJeT B TOUKe & = 3 paBeH OECKOHEYHOCTH, TO B
neit paspsis Il poja.
ITpumep pewenus c ucnoav3dosaruem Maple:
> readlib(singular): singular(2~(x/(9-x"2)),x);
{x=3}, {x=-3}
> limit (27 (x/(9-x"2)) ,x=-3,left);

infinity

> limit (2~ (x/(9-x"2)),x=-3,right);
0

> 1imit (2~ (x/(9-x72)) ,x=3,1left);
infinity

> limit (2~ (x/(9-x72)),x=3,right) ;
0
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-1, —oco<z <0,
IIpumep 2. f(x) =<0, x=0,
1 0 <z < +o00.

)
QyHKIM Olpe/ieJieHa Ha BCeH 4MC/I0BOI IPSMOil, HO IIPU 9TOM OHA He
ABJISIETCS HENpPepbIBHOIL, Tak kak lim f(z) = 1, lim f(z) = —1,
z—0+0 z—0—-0
f(0) = 0, T.e. npasblit u neBbIl NPEJEIbl B HyJIe HE PABHBI MEZKJLy CO-
0ol ¥ He paBHbI 3HAYEHUIO (DYHKIIUKU B HYJIe, HAPYIIEHbI 2 U 3 yCJIOBUS

HelpepbIBHOCTU. TaK Kak NpaBblil ¥ JIEBBIH TTPEJIe/Ibl B HyJI€ CYIIECTBY-
I0T ¥ KOHEYHBI, TO 3TO pa3pwiB | poja.

sinx

ITpumep 3. f(x) =
Oyuknus He ompejieieHa B HyJIe, caejoBare/bHo, r = () — To4Yka pas-
sin x sin x .

= 1, To 3TO ycTpaHUMBIit

peiBa. Tak kak lim =1u lim
x—04+0 2 z—0-0

pa3puIB, (PYHKIMIO MOXKHO B HYJIEe JOOIPE/IEJTUTh ‘10 HEIPEPHIBHOCTH
IIOJIOXKUB PABHOM €IMHHIIE.
IIpumep pewenus u ezo 2paduueckozo npedcmasaeHUss C UC-

noav3dosaruem Maple:

> readlib(singular): singular(sin(x)/x,x);
{x=0}

> limit(sin(x)/x,x=0,left);
1

> limit(sin(x)/x,x=0,right);

1
> plot(sin(x)/x,x=-30..30);
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