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ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈÅ ÔÓÍÊÖÈÉ
ÎÄÍÎÉ ÏÅÐÅÌÅÍÍÎÉ

I. ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈÅ Ñ ÏÎÌÎÙÜÞ ÏÀÊÅÒÀ MAPLE

Ïàêåò Maple ïðåäîñòàâëÿåò ìîùíûå ñðåäñòâà äëÿ äèôôåðåíöè-
ðîâàíèÿ ôóíêöèé è âû÷èñëåíèÿ äèôôåðåíöèàëîâ. Äëÿ âû÷èñëåíèÿ
ïðîñòåéøåé ïðîèçâîäíîé ñëåäóåò â êîìàíäíîì îêíå ïîñëå ïðèãëà-
øåíèÿ Maple ââåñòè êîìàíäó ñëåäóþùåãî âèäà:
diff(<ôóíêöèÿ>,<ïåðåìåííàÿ>);

çäåñü <ôóíêöèÿ> � âûðàæåíèå, çàäàþùåå ôóíêöèþ (íå îáÿçàòåëüíî
îäíîé ïåðåìåííîé), íàïðèìåð,
x^2+2*x+1

<ïåðåìåííàÿ> - èìÿ ïåðåìåííîé, ïî êîòîðîé áóäåò âåñòèñü äèôôå-
ðåíöèðîâàíèå, íàïðèìåð,
x

Ïðèìåðîì âû÷èñëåíèÿ ïðîèçâîäíîé ìîæåò ñëóæèòü òàêàÿ êîìàí-
äà:
diff(x^2+2*x+1,x);

Òàêæå ìîæíî âû÷èñëèòü äèôôåðåíöèàë ôóíêöèè, èñïîëüçóÿ
ñëåäóþùóþ êîìàíäó:
D(<ôóíêöèÿ>);

ãäå <ôóíêöèÿ> � âûðàæåíèå, çàäàþùåå ôóíêöèþ. Íàïðèìåð,
D(arcsin(x));

Ñ ïîìîùüþ êîìàíäû diff ìîæíî âû÷èñëÿòü ïðîèçâîäíûå âûñ-
øèõ ïîðÿäêîâ. Ïðè ýòîì êîìàíäà èìååò ñëåäóþùèé ôîðìàò:
diff(<ôóíêöèÿ>,<ïåðåìåííàÿ>$<ïîðÿäîê>);

ãäå <ïîðÿäîê> � ïîðÿäîê âû÷èñëÿåìîé ïðîèçâîäíîé.
Â ðåøåíèÿõ íåêîòîðûõ ïðèìåðîâ ýòîé ãëàâû ñ ïîìîùüþ

MAPLE áóäóò èñïîëüçîâàíû äîïîëíèòåëüíûå êîìàíäû MAPLE.
Êðàòêî îïèøåì èõ ôîðìàò è íàçíà÷åíèå:
<ïåðåìåííàÿ>:=convert(<âûðàæåíèå>,polynom); � ïðåäñòàâèòü
<âûðàæåíèå> â âèäå ïîëèíîìà, ïðèñâîèâ çíà÷åíèå <ïåðåìåííîé>.
factor(<âûðàæåíèå>); � ðàçëîæèòü <âûðàæåíèå> íà ìíîæèòåëè.
subs(<old>=<new>,<âûðàæåíèå>); � ïîäñòàâèòü âûðàæåíèå <new>
íà ìåñòî <old> â <âûðàæåíèè>.
<ïåðåìåííàÿ>=solve(<âûð1>=<çíà÷åíèå>,<âûð2>); � ïðèñâîèòü
<ïåðåìåííîé> çíà÷åíèå âûðàæåíèÿ <âûð2>, ïîëó÷åííîå ðàçðåøå-
íèåì óðàâíåíèÿ <âûð1>(<âûð2>)=<çíà÷åíèå>.
simplify(<âûðàæåíèå>); � óïðîñòèòü <âûðàæåíèå>.
taylor(<f(x)>,x=<x0>,<n>+1); � ðàçëîæèòü ôóíêöèþ f(x) ïî
ôîðìóëå Òåéëîðà ñ öåíòðîì â òî÷êå x0 äî ïîðÿäêà n âêëþ÷èòåëüíî.
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II. ÎÏÐÅÄÅËÅÍÈÅ ÏÐÎÈÇÂÎÄÍÎÉ. ÏÐÀÂÈËÀ ÄÈÔÔÅÐÅÍ-
ÖÈÐÎÂÀÍÈß. ÒÀÁËÈÖÀ ÏÐÎÈÇÂÎÄÍÛÕ

Îïðåäåëåíèå 1. Ïðîèçâîäíîé ôóíêöèè f(x) â òî÷êå x íàçûâà-
åòñÿ

f ′(x) = lim
∆x→0

f(x+ ∆x)− f(x)

∆x
.

Èç îïðåäåëåíèÿ ñëåäóþò ïðàâèëà äèôôåðåíöèðîâàíèÿ:

1. (u(x) + v(x))′ = u′(x) + v′(x);

2. (αu(x)′ = αu′(x), ãäå α = const;

3. (u(x) · v(x))′ = u′(x)v(x) + u(x)v′(x);

4.

(
u(x)

v(x)

)′
=
u′(x)v(x)− u(x)v′(x)

v2(x)
;

5. f(g(x))′ = f ′(x)g′(x);

6.
(
f−1(x)

)′
=

1

f ′(y)

∣∣∣∣
y=f−1(x)

, çäåñü f−1(x) � ôóíêöèÿ,

îáðàòíàÿ f(x) .

Íà îñíîâàíèè îïðåäåëåíèÿ ïðîèçâîäíîé è ôîðìóë 1) � 6) âû-
÷èñëÿþòñÿ ïðîèçâîäíûå íåêîòîðûõ ýëåìåíòàðíûõ ôóíêöèé:

7. (c)′ = 0, ãäå c = const;

8. (xα)′ = αxα−1, α = const;

9. (ax)′ = ax ln a ïðè a > 0, a 6= 1; â ÷àñòíîñòè, (ex)′ = ex;

10. (loga x)′ =
1

x ln a
; â ÷àñòíîñòè, (lnx)′ =

1

x
;

11. (sinx)′ = cosx;

12. (cosx)′ = − sinx;

13. (tg x)′ =
1

cos2 x
;

14. (ctg x)′ = − 1

sin2 x
;

15. (arcsinx)′ = − (arccosx)′ =
1√

1− x2
;

16. (arctg x)′ = − (arcctg x)′ =
1

1 + x2
;

17. (shx)′ = ch x;

18. (chx)′ = shx;
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19. (thx)′ =
1

ch2 x
;

20. (cthx)′ =
1

sh2 x
;

Ïðèìåð 1. Äîêàçàòü, èñïîëüçóÿ ëèøü îïðåäåëåíèå, ÷òî (lnx)′ =
1

x
, x > 0.

Äîêàçàòåëüñòâî: (lnx)′ = lim
∆x→0

ln(x+ ∆x)− lnx

∆x

= lim
∆x→0

ln

(
x+ ∆x

∆x

) 1
∆x

= lim
∆x→0

ln

((
x+ ∆x

∆x

) x
∆x

) 1
x

= ln e
1
x =

1

x
,

÷òî òðåáîâàëîñü äîêàçàòü.
Âûíîñÿ â ïîñëåäíåì ðàâåíñòâå ëîãàðèôì çà çíàê ïðåäåëà, ìû

âîñïîëüçîâàëèñü íåïðåðûâíîñòüþ ôóíêöèè lnx ïðè x > 0. Çàìå-
òèì, ÷òî óñëîâèå x > 0 ãàðàíòèðóåò, ÷òî ïðè äîñòàòî÷íî ìàëîì
|∆x|, x + ∆x òîæå áóäåò > 0, ÷òî íåîáõîäèìî äëÿ ñóùåñòâîâàíèÿ
ln(x+ ∆x).

Ïðèìåð 2. Âû÷èñëèòü y′, åñëè y = 523x

.

Ðåøåíèå: y′ = 523x · ln 5 · 23x · ln 2 · 3x · ln 3 = (ln 2 ln 3 ln 5)523x

23x3x.
Çäåñü èñïîëüçîâàëèñü ôîðìóëû 5) è 9).
Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>diff(5^(2^(3^x)),x);

5^(2^(3^x))*2^(3^x)*3^x*ln(3)*ln(2)*ln(5)

III. ÏÐÈÅÌÛ ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß

1. Äëÿ ôóíêöèé, ïðåäñòàâëÿþùèõ ñîáîé ãðîìîçäêèå ïðîèçâåäå-
íèÿ è ÷àñòíûå ðàçëè÷íûõ ñòåïåííûõ âûðàæåíèé, óäîáíî, à äëÿ
ïîêàçàòåëüíî-ñòåïåííûõ ôóíêöèé, ãäå îò ïåðåìåííîãî çàâèñÿò êàê
îñíîâàíèå ñòåïåíè, òàê è åå ïîêàçàòåëü, � íåîáõîäèìî ïðèìåíÿòü
ïðèåì ëîãàðèôìè÷åñêîãî äèôôåðåíöèðîâàíèÿ.

Ýòîò ïðèåì îñíîâàí íà ñîîòíîøåíèè (ln y(x))′ =
y′(x)

y(x)
⇒

y′(x) = y(x) (ln y(x))′.

Ïðèìåð 3. Íàéòè y′, ãäå y = (lnx)
1
x2 .

Ðåøåíèå: ln y =
1

x2
ln lnx; (ln y)′ =

y′

y
= − 2

x3
ln lnx+

1

x2

1

lnx

1

x
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=
1

x3

(
1

lnx
− 2 ln ln x

)
; y′ =

(lnx)
1
x2

x3

(
1

lnx
− 2 ln lnx

)
.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>diff((ln(x))^(1/x^2),x);

ln(x)^(1/x^2)*(-2*(ln(ln(x))/x^3)+1/(x^3*ln(x)))

Ïðèìåð 4. Âû÷èñëèòü y′, åñëè y =
(x− 1)

1
2 (x+ 3)5(x+ 2)7

3
√

(x+ 1)2(x− 2)
.

Ðåøåíèå: ln y =
1

2
ln(x− 1) + 5 ln(x+ 3) + 7 ln(x+ 2)− 2

3
ln(x+ 1)

−1

3
ln(x− 2);

(ln y)′ =
y′

y
=

1

2(x− 1)
+

5

x+ 3
+

7

x+ 2
− 2

3(x+ 1)
− 1

3(x− 2)
;

y′ =
(x− 1)

1
2 (x+ 3)5(x+ 2)7

3
√

(x+ 1)2(x− 2)

(
1

2(x− 1)
+

5

x+ 3
+

7

x+ 2
− 2

3(x+ 1)

− 1

3(x− 2)

)
.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>simplify(diff(((x-

1)^(1/2)*(x+3)^5*(x+2)^7)/((x+1)^2*(x-2))^

(1/3),x));

1/2*(23*x^4+12*x^3-143*x^2-

16*x+100)*(x+3)^4*(x+2)^6/((x+1)^2*

(x-2))^(1/3)/(x-2)/(x+1)/(x-1)^(1/2)

2. Äèôôåðåíöèðîâàíèå ïàðàìåòðè÷åñêè çàäàííûõ ôóíêöèé y(x):{
x = ϕ(t),

y = ψ(t),
ïðîèçâîäèòñÿ ïî ôîðìóëå y′(x) =

y′(t)

x′(t)
.

Ïðèìåð 5. Âû÷èñëèòü y′(x), åñëè

{
x = a cos t,

y = b sin t.

Ðåøåíèå: y′ =
(b sin t)′

(a cos t)′
= −b cos t

a sin t
= − b

a
ctg t. Çàìåòèì, ÷òî y′(x)

ïðåäñòàâëÿåò ñîáîé, êàê è y(x), ïàðàìåòðè÷åñêè çàäàííóþ ôóíê-

öèþ:

x = a cos t,

y′(x) = − b
a

ctg t.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>S:=diff(b*sin(t),t)/diff(a*cos(t),t);

S:=-b*cos(t)/a/sin(t)
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3. Ïðîèçâîäíóþ y′(x) ôóíêöèè y(x), çàäàííîé íåÿâíî â âèäå óðàâ-
íåíèÿ F (x, y) = 0, ìîæíî âû÷èñëèòü (ïðè óñëîâèè F ′y 6= 0), äèôôå-
ðåíöèðóÿ òîæäåñòâî, ïîëó÷åííîå ïðè ïîäñòàíîâêå â óðàâíåíèå åãî
ðåøåíèÿ y(x): F (x, y(x)) = 0 ïî x. Ïîëó÷èì âûðàæåíèå, â êîòîðîå
ëèíåéíî âîéäåò y′(x). Åãî ìîæíî ðàçðåøèòü îòíîñèòåëüíî y′(x).
Ïðèìåð 6. Ðàññìîòðèì íåÿâíîå çàäàíèå ýëëèïñà èç ïðèìåðà 5:
x2

a2
+
y2

b2
= 1. Íàéäåì y′(x), äèôôåðåíöèðóÿ óðàâíåíèå ýëëèïñà,

ïîëàãàÿ â íåì x íåçàâèñèìîé ïåðåìåííîé, à y � ôóíêöèåé îò x;

ïîëó÷èì
2x

a2
+

2yy′

b2
= 0 ⇒ 2y

b2
y′ = −2x

a2
⇒ y′ = − b

2x

a2y
. Çàìåòèì,

÷òî ïðîèçâîäíàÿ y′(x) âûðàæåíà íå òîëüêî ÷åðåç x, íî è ÷åðåç y.
Ýòî åñòåñòâåííî, òàê êàê íà ýëëèïñå çíà÷åíèþ x ∈ (−a, a) ñîîòâåò-

ñòâóþò 2 òî÷êè ñ îðäèíàòàìè y1 =
b

a

√
a2 − x2 è y2 = − b

a

√
a2 − x2.

Ïðîèçâîäíûå 2-õ ðàçëè÷íûõ ôóíêöèé y1(x) è y2(x) â òî÷êå x, âî-
îáùå ãîâîðÿ, ðàçëè÷íû.
Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>Z:=diff(x^2/a^2+y(x)^2/b^2,x);

Z:= 2*x/a^2+2*y(x)/b^2*diff(y(x),x)

>Q:=solve(Z=0,diff(y(x),x));

Q:= -x*b^2/y(x)/a^2

IV. ÑÒÀÐØÈÅ ÏÐÎÈÇÂÎÄÍÛÅ ÔÓÍÊÖÈÈ ÎÄÍÎÉ ÏÅÐÅ-
ÌÅÍÍÎÉ

Îïðåäåëåíèå ïðîèçâîäíîé n-ãî ïîðÿäêà ôóíêöèè y(x) èìååò èí-
äóêòèâíûé õàðàêòåð.

Îïðåäåëåíèå 2. Ïðîèçâîäíîé ïîðÿäêà n > 1 ôóíêöèè y(x)

íàçûâàåòñÿ y(n)(x) =
(
y(n−1)(x)

)′
.

Òàêèì îáðàçîì, n-ÿ ïðîèçâîäíàÿ îïðåäåëÿåòñÿ è âû÷èñëÿåòñÿ
÷åðåç (n− 1)-þ, òà � ÷åðåç (n− 2)-þ, è ò.ä.
Ïðèìåð 7. Âû÷èñëèòü ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
sin 2x.

Ðåøåíèå: y′ = 2 cos 2x; y′′ = −4 sin 2x;
y′′′ = −8 cos 2x; y(4) = 16 sin 2x;
. . .

y(n) = 2n sin
(

2x+
π

2
n
)
.

Ïîñëåäíÿÿ ôîðìóëà ÿâëÿåòñÿ ïðåäïîëîæåíèåì, îñíîâàííûì íà
ïðåäûäóùèõ 4-õ ñòðî÷êàõ. Äëÿ n = 1, 2, 3, 4 îíà âûïîëíÿåòñÿ. Ïðåä-
ïîëîæèì, ÷òî �óãàäàííàÿ� ôîðìóëà äëÿ ïðîèçâîäíîé (n− 1)-ãî ïî-
ðÿäêà âåðíà. Ïîêàæåì, ÷òî òîãäà îíà âåðíà è äëÿ n-é ïðîèçâîäíîé.
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Ïóñòü y(n−1) = 2n−1 sin
(

2x+
π

2
(n− 1)

)
. Ïðîäèôôåðåíöèðóåì ïî-

ñëåäíåå ðàâåíñòâî ïî x:

y(n) =
(
y(n−1)

)′
= 2n cos

(
2x+

π

2
− π

2

)
= sin

(
2x+

π

2
n
)
,

ò.ê. cos
(
α− π

2

)
= sinα.

�
�
�
�
�
�
�

HH
HHH

HH

q

q

pppppppppppp

ppppppp
pppppcos

(
α− π

2

)sinα

α

α− π
2

Ðèñ. ê ïðèìåðó 7

Ïðèìåíåííûé ñïîñîá äîêàçàòåëüñòâà íàçûâàåòñÿ ìåòîäîì ïîë-
íîé ìàòåìàòè÷åñêîé èíäóêöèè. Âïðî÷åì, ïî èíäóêöèè ìîæíî äîêà-

çàòü ôîðìóëó (sinx)(n) = sin
(
x+

π

2

)
, à çàòåì, ïðèìåíèâ åå è ôîð-

ìóëó y(n) = 2n sin
(

2x+
π

2
n
)
, ïîëó÷èòü âûðàæåíèå äëÿ (sin 2x)(n).

Ïðèìåð 8. Ïîñ÷èòàåì 2-þ ïðîèçâîäíóþ èç ïðèìåðà 3, ïðîèëëþ-
ñòðèðîâàâ ïðèìåíåíèå ëîãàðèôìè÷åñêîãî äèôôåðåíöèðîâàíèÿ äëÿ
íàõîæäåíèÿ ñòàðøèõ ïðîèçâîäíûõ.

Ðåøåíèå: y = (lnx)
1
x2 , y′ =

(lnx)
1
x2

x3

(
1

lnx
− 2 ln lnx

)
.

Ïðîäèôôåðåíöèðóåì y′ ⇒ y′′ =

(
(lnx)

1
x2

)′
x3 − 3x2(lnx)

1
x2

x6
·(

1

lnx
− 2 ln ln x

)
+

(lnx)
1
x2

x3

(
− 1

x ln2 x
− 2

x lnx

)
=

(
(lnx)

1
x2

x6

(
1

lnx
− 2 ln lnx

)
− 3

x4
(lnx)

1
x2

)
·
(

1

lnx
− 2 ln lnx

)
−

(lnx)
1
x2

x3

(
1

x ln2 x
+

2

x lnx

)
=

(lnx)
1
x2

x4

((
1

x2 lnx
− 2 ln lnx

x2
− 3

)
·
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1

lnx
− 2 ln ln x

)
− 1

ln2 x
− 2

lnx

)
. Ïðè âû÷èñëåíèè y′′ èñïîëüçîâàëàñü

óæå íàéäåííàÿ â ïðèìåðå 3 y′ =
(lnx)

1
x2

x3

(
1

lnx
− 2 ln lnx

)
.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>factor(diff(ln(x)^(1/x^2),x$2));

ln(x)^(1/x^2)*(4*ln(ln(x))^2*ln(x)^2-

4*ln(ln(x))*ln(x)+1+6*x^2*ln(ln(x))*ln(x)^2-

5*x^2*ln(x)-x^2)/

x^6/ln(x)^2

Îïåðàöèÿ factor èñïîëüçîâàíà çäåñü äëÿ ðàçëîæåíèÿ ðåçóëüòàòà
íà ìíîæèòåëè.
Ïðèìåð 9. Íàéäåì 2-þ ïðîèçâîäíóþ y′′ äëÿ âåðõíåé è íèæ-
íåé ïîëîâèí ýëëèïñà, çàäàííîãî ïàðàìåòðè÷åñêè, èç ïðèìåðà 5:{
x = a cos t,

y = b sin t,

x = a cos t,

y′(x) = − b
a

ctg t.

Ðåøåíèå: y′′ =

d

dt
y′(x)

dx

dt

=

b

a

1

sin2 t
−a sin t

= − b

a2

1

sin3 t
. Çàìåòèì,

÷òî âòîðàÿ ïðîèçâîäíàÿ, êàê è ïåðâàÿ, çàäàíà ïàðàìåòðè÷åñêè:x = a cos t,

y′′(x) = − b

a2

1

sin3 t
.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>diff(S,t)/diff(a*cos(t),t);

-(b/a+b*cos(t)^2/a/sin(t)^2)/a/sin(t)
∗çíà÷åíèå S áûëî ïðèñâîåíî â ïðèìåðå 5

Ïðèìåð 10. Íàéäåì y′′ äëÿ âåðõíåé è íèæíåé ïîëîâèí ýëëèïñà,

çàäàííîãî íåÿâíî (ñì. ïðèìåð 6):
x2

a2
+
y2

b2
= 1, y′ = − b

2x

a2y
.

Ðåøåíèå: Ïðîäèôôåðåíöèðóåì y′ ïî x: y′′ =

(
− b

2x

a2y

)′
= − b

2

a2
·

y − y′x
y2

= − b2

a2y2

(
y +

b2x2

a2y

)
. Èòàê, y′′ = − b2

a2y2

(
y +

b2x2

a2y

)
. 2-ÿ

ïðîèçâîäíàÿ íåÿâíîé ôóíêöèè, êàê è ïåðâàÿ, âûðàæàåòñÿ êàê ÷åðåç
x, òàê è ÷åðåç y.
Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>subs(diff(y(x),x)=Q,diff(Q,x));

-b^2/y(x)/a^2-x^2*b^4/y(x)^3/a^4
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∗çíà÷åíèå Q áûëî ïðèñâîåíî â ïðèìåðå 6

V. ÄÈÔÔÅÐÅÍÖÈÀËÛ

Îïðåäåëåíèå 3. Åñëè ïðèðàùåíèå ôóíêöèè y = f(x): ∆y =
f(x+ ∆x)−f(x), ñîîòâåòñòâóþùåå ïðèðàùåíèþ àðãóìåíòà ∆x, ìî-
æåò áûòü ïðåäñòàâëåíî â âèäå ∆y = f(x+∆x)−f(x) = A∆x+o(∆x),
ãäå A íå çàâèñèò îò ∆x, íî çàâèñèò, âîîáùå ãîâîðÿ, îò x, òî ôóíê-
öèÿ y = f(x) íàçûâàåòñÿ äèôôåðåíöèðóåìîé â òî÷êå x. Çäåñü o(∆x)
� áåñêîíå÷íî ìàëàÿ áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè, ÷åì ∆x, ò.å.

lim
∆x→0

o(∆x)

∆x
= 0.

Ìîæíî äîêàçàòü, ÷òî A =
df(x)

dx
. Òàêèì îáðàçîì, ñóùåñòâîâàíèå

ïðîèçâîäíîé ó ôóíêöèè f(x) â òî÷êå x ýêâèâàëåíòíî åå äèôôåðåí-
öèðóåìîñòè â ýòîé òî÷êå ïî îïðåäåëåíèþ 3.

Îïðåäåëåíèå 4. Ãëàâíàÿ ëèíåéíàÿ ÷àñòü ïðèðàùåíèÿ äèôôå-
ðåíöèðóåìîé ôóíêöèè A∆x = f ′(x)dx íàçûâàåòñÿ åå äèôôåðåíöè-
àëîì.

Äèôôåðåíöèàë df(x) ÿâëÿåòñÿ ôóíêöèåé äâóõ àðãóìåíòîâ � x
è ∆x. Ðàññìîòðåâ ôóíêöèþ y = x, óáåäèìñÿ, ÷òî dx ≡ ∆x (äèô-
ôåðåíöèàë íåçàâèñèìîé ïåðåìåííîé ñîâïàäàåò ñ åå ïðèðàùåíèåì).
Äèôôåðåíöèàëû ñòàðøèõ ïîðÿäêîâ îïðåäåëÿþòñÿ èíäóêòèâíî.

Îïðåäåëåíèå 5. Äèôôåðåíöèàëîì n-ãî ïîðÿäêà ôóíêöèè f(x)
(n ≥ 2) íàçûâàåòñÿ äèôôåðåíöèàë îò (n − 1)-ãî äèôôåðåíöèà-
ëà ýòîé ôóíêöèè. Ïðè ýòîì d(n−1)f ñ÷èòàåòñÿ ôóíêöèåé òîëüêî x
(íî íå dx ≡ ∆x), ò.å. dnf = d

(
d(n−1)f

)
= d

(
f (n−1)(x)(dx)(n−1)

)
=

f (n)(x)(dx)n.
Ñîîòíîøåíèå d(n−1)f = f (n−1)(x)(dx)(n−1) âûïîëíÿåòñÿ, íàïðè-

ìåð, äëÿ n− 1 = 1. Ìåòîäîì èíäóêöèè èç ýòîãî ñëåäóåò ñïðàâåäëè-
âîñòü àíàëîãè÷íîãî âûðàæåíèÿ äëÿ n-ãî äèôôåðåíöèàëà ïðè ëþ-
áîì n ≥ 2.
Ïðèìåð 11. Âû÷èñëèòü 1-é è 2-é äèôôåðåíöèàëû ôóíêöèè y =√

1− x2 arcsinx.

Ðåøåíèå: dy = y′dx =

(√
1− x2

√
1− x2

− x arcsinx√
1− x2

)
dx

=

(
1− x arcsinx√

1− x2

)
dx.

d2y = y′′(dx)2 =

(
1− x arcsinx√

1− x2

)′
(dx)2

= −

(
x√

1− x2
+ arcsinx

)√
1− x2 +

x2 arcsinx√
1− x2

√
1− x2

(dx)2

= −x
√

1− x2 + arcsinx(1− x2 + x2)

(1− x2)3/2
(dx)2
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= −x
√

1− x2 + arcsinx

(1− x2)3/2
(dx)2.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>X:=subs(D(arcsin(x))=diff(arcsin(x),x)*D(x),D(sqrt(1-

x^2)*arcsin(x)));

X := -D(x)*x/(1-x^2)^(1/2)*arcsin(x)+D(x)

>F:=subs(D(D(x))=0,D(arcsin(x))=diff(arcsin(x),x)*D(x),

D(X));

F:=-D(x)^2/(1-x^2)^(1/2)*arcsin(x)-D(x)^2*x^2/(1-

x^2)^(3/2)*arcsin(x)-D(x)^2*x/(1-x^2)

>simplify(F);

(x*(1-x^2)^(1/2)+arcsin(x))*D(x)^2/(1-x^2)^(1/2)/(-

1+x^2)

VI. ÏÐÈËÎÆÅÍÈß ÏÐÎÈÇÂÎÄÍÛÕ È ÄÈÔÔÅÐÅÍÖÈÀËÎÂ

1. Ôîðìóëà Òåéëîðà.
Ïðèáëèæåíèå ôóíêöèè â îêðåñòíîñòè òî÷êè x0 ìíîãî÷ëåíîì ìîæåò
áûòü óäîáíî â ðàáîòå ñ ýòîé ôóíêöèåé.

f(x) = f(x0) + f ′(x0)(x− x0) +
1

2
f ′′(x0)(x− x0)2 + . . .

+
1

n!
f (n)(x0)(x−x0)n+Rn(x), ãäå îñòàòî÷íûé ÷ëåí Rn(x) , íàïðèìåð,

â ôîðìå Ëàãðàíæà, èìååò âèä Rn(x) =
f (n+1)(x0 + θ(x− x0))

(n+ 1)!
(x −

x0)n+1, ãäå 0 < θ < 1 (âîîáùå ãîâîðÿ, θ çàâèñèò îò x è x0).
Ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû Ìàêëîðåíà (ôîðìóëû Òåé-

ëîðà ïðè x0 = 0) äëÿ íåêîòîðûõ ýëåìåíòàðíûõ ôóíêöèé:
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1. ex ≈
n∑
k=0

xk

k!
+Rn.

2. sinx ≈
n∑
k=0

(−1)k
x2k+1

(2k + 1)!
+Rn.

3. cosx ≈
n∑
k=0

(−1)k
x2k

(2k)!
+Rn.

4. (1 + x)α ≈ 1 +
n∑
k=1

α(α− 1) · . . . · (α− k + 1)

k!
· xk +Rn.

5. arctg x ≈
n∑
k=0

(−1)k
x2k+1

2k + 1
+Rn.

6. ln(1 + x) ≈
n∑
k=1

(−1)k+1x
k

k
+Rn.

Ïðèìåð 12. Ðàçëîæèòü ìíîãî÷ëåí y = x3 +x2 +2x−3 ïî ñòåïåíÿì
(x+ 1).
Ðåøåíèå: y′ = 3x2+2x+2, y′′ = 6x+2, y′′′ = 6, y(−1) = −5, y′(−1) =
3, y′′(−1) = −4, y′′′(−1) = 6, y = −5 + 3(x+ 1)− 2(x+ 1)2 + (x+ 1)3.
Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>taylor(x^3+x^2+2*x-3,x=-1,4);

-5+3*(x+1)-2*(x+1)^2+1*(x+1)^3

Ôîðìóëà Òåéëîðà n-ãî ïîðÿäêà òî÷íà äëÿ ìíîãî÷ëåíà ïîðÿäêà n
(Rn = 0).
Ïðèìåð 13. Âû÷èñëèòü ïðèáëèæåííî ñ ïîìîùüþ ïåðâîãî äèôôå-
ðåíöèàëà tg 5◦.
Ðåøåíèå: 5◦ =

π

36
, y = tg x, x0 = 0, ∆x =

π

36
, ∆y = tg

π

36
− tg 0 =

tg
π

36
≈ dy = (tg x)′ · ∆x =

1

cos2 x

∣∣∣∣
x=0

· π
36

=
π

36
≈ 0, 087. Èòàê,

tg 5◦ ∼= 0, 087.
Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>convert(subs(x=(Pi/36),taylor(tan(x),x=0,2)),polynom);

1/36*Pi

Â ïðèìåðå 13 íåèçâåñòíà òî÷íîñòü ïðèáëèæåííîãî âû÷èñëåíèÿ.
Ïîêàæåì, êàê ñ ïîìîùüþ ôîðìóëû Òåéëîðà ìîæíî ïðîèçâîäèòü
âû÷èñëåíèÿ ñ ãàðàíòèðîâàííîé òî÷íîñòüþ.
Ïðèìåð 14. Âû÷èñëèòü ñ òî÷íîñòüþ ε = 10−5 sin 28◦.
Ðåøåíèå: y = sinx, x0 = 30◦ =

π

6
, ∆x = −2◦ =

π

90
,

|Rn| =
∣∣(sin y)(n+1)

∣∣
(n+ 1)!

∣∣∣∣
y=x0+θ(x−x0)=x0+θ∆x

·
( π

90

)n+1
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≤ 1

(n+ 1)!

( π
90

)n+1

.

|R1| ≤
π2

90 · 180
≈ 9

16200
> 10−5. |R2| ≤

π3

903 · 6
≈ 27

903 · 6
=

1

162000
<

10−5. Èòàê, n = 2 ãàðàíòèðóåò çàäàííóþ òî÷íîñòü.

sin 28◦ ≈ 1

2
−
√

3

2

π

90
− 1

4

( π
90

)2

=
1

2
−
√

3π

180
− π2

32400
∼=

1

2
− 0, 03023

−0, 00030 ≈ 46947.
Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>C:=taylor(sin(x),x=Pi/6,5);

C:=series(1/2+(1/2*3^(1/2))*(x-1/6*Pi)-1/4*(x-

1/6*Pi)^2+(-

1/12*3^(1/2))*(x-1/6*Pi)^3+1/48*(x-1/6*Pi)^4+O((x-

1/6*Pi)^5),x=

-(-1/6*Pi),5)

>V:=subs(x=7/45*Pi,C); convert(evalf(V),polynom);

V:=1/2-1/180*3^(1/2)*Pi-1/32400*Pi^2+1/8748000*3^(1/2)*

Pi^3+1/3149280000*Pi^4+O(-1/5904900000*Pi^5)

.4694715632

2. Ïðàâèëî Ëîïèòàëÿ. Ñïðàâåäëèâà òåîðåìà:
Òåîðåìà 1. Ïóñòü â íåêîòîðîé îêðåñòíîñòè òî÷êè x0, êðîìå, áûòü
ìîæåò, ñàìîé ýòîé òî÷êè, 2 ôóíêöèè ϕ(x) è ψ(x), îäíîâðåìåííî
áåñêîíå÷íî ìàëûå èëè áåñêîíå÷íî áîëüøèå, äèôôåðåíöèðóåìû è

ψ′(x) 6= 0. Ïðè ýòîì, åñëè ∃ lim
x→x0

ϕ′(x)

ψ′(x)
, òî ∃ lim

x→x0

ϕ(x)

ψ(x)
è îíè ðàâíû.

Ïðèìåð 15. Âû÷èñëèòü lim
x→0

ln(cosx)

ln(cos 2x)
.

Ðåøåíèå:

lim
x→0

ln(cosx)

ln(cos 2x)
= lim

x→0

− sinx

cosx

−2 sin 2x

cos 2x

=
1

2
lim
x→0

sinx cos 2x

sin 2x cosx
=

1

2
lim
x→0

sinx

sin 2x
·

lim
x→0

cos 2x

cosx
=

1

2
lim
x→0

cosx

2 cos 2x
· 1 =

1

2
· 1

2
=

1

4
.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit(ln(cos(x))/ln(cos(2*x)),x=0);

1/4

Ïðèìåð 16. Âû÷èñëèòü lim
x→1

(2− x)tg πx
2 = A.

Ðåøåíèå:
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lnA = lim
x→1

ln(2−x)tg πx
2 = lim

x→1
tg
πx

2
ln(2−x) = lim

x→1

sin
πx

2

cos
πx

2

ln(2−x) =

lim
x→1

sin
πx

2
· lim
x→1

ln(2− x)

cos
πx

2

= lim
x→1

1

2− x
π

2
sin

πx

2

=
2

π
⇒ A = e

2
π .

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit((2-x)^tan(Pi*x/2),x=1);

exp(2/Pi)

Ïðèìåð 17. Âû÷èñëèòü lim
x→0

x ctg πx.

Ðåøåíèå:

Ðåøåíèå:

lim
x→0

x ctg πx = lim
x→0

ctg πx
1

x

= lim
x→0

− π

sin2 πx

− 1

x2

= lim
x→0

πx2

sin2 πx
=

lim
x→0

π2x2

sin2 πx
· 1

π
=

1

π
.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:

>limit(x*cot(Pi*x),x=0);

1/Pi

3. Ðàññìîòðèì íåêîòîðûå ãåîìåòðè÷åñêèå ïðèëîæåíèÿ ïðîèç-
âîäíîé. Óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = f(x) â
òî÷êå (x0, f(x0)) èìååò âèä y = y0 +f ′(x0)(x−x0). Åñëè f ′(x0) =∞,
òî óðàâíåíèå êàñàòåëüíîé x = x0. Óðàâíåíèå íîðìàëè ê ãðàôèêó â

ýòîé òî÷êå � y = y0−
1

f ′(x0)
(x− x0). Åñëè f ′(x0) = 0, òî óðàâíåíèå

íîðìàëè x = x0.

Ïðèìåð 18. Íàïèñàòü óðàâíåíèÿ êàñàòåëüíîé è íîðìàëè ê ãðàôè-

êó ôóíêöèè x2 + y2 = 1 â òî÷êå M =

(
1√
2
,

1√
2

)
.

Ðåøåíèå: Âû÷èñëèì

y′(x) : 2x+2yy′ = 0⇒ y′ = −x
y
, y′(M) = −1; yê =

1√
2
−
(
x− 1√

2

)
=

1√
2
− x � óðàâíåíèå êàñàòåëüíîé; yí =

1√
2

+

(
x− 1√

2

)
= x �

óðàâíåíèå íîðìàëè.

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:
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>V:=diff(x^2+y(x)^2,x);

V:=2*x+2*y(x)*diff(y(x),x)

>W:=solve(V=0,diff(y(x),x));

W:=-x/y(x)

>subs(x=1/sqrt(2),y(1/sqrt(2))=1/sqrt(2),W);

-1

Çäåñü íàéäåí òîëüêî óãëîâîé êîýôôèöèåíò êàñàòåëüíîé.

Ïðèìåð 19. Ïîä êàêèìè óãëàìè ïåðåñåêàþòñÿ êðèâûå y1 = x è
y2 = x3?

Ðåøåíèå: x = x3; x(x − 1)(x + 1) = 0; x1 = 0, x2 = −1, x3 =
1. y′1 = 1, y′2 = 3x2.

-

6

x

y

�
�
�
�

�
�
�

�
�

�
�
�

�
�

�
�
�
�
�

�
�
�
��

a
0

α

α1

y = y1(x)

y = y2(x)

Ðèñ. ê ïðèìåðó 7

1. x1 = 0, y′1 = 1, y′2 = 0, tgα1 =
1− 0

1 + 0
= 1,⇒ α1 =

π

4
.

2. x3 = 1, y′1 = 1, y′2 = 3, tgα3 =
3− 1

3 + 1
=

1

2
,⇒ α3 = arctg

1

2
.

3. Â ñèëó ñèììåòðèè êðèâûõ α3 = α2 = arctg
1

2
.

Çäåñü èñïîëüçîâàíà ôîðìóëà

tg(α1 − α2) =
tgα1 − tgα2

1 + tgα1 tgα2

(ñì. Ðèñ.).

Ïðèìåð ðåøåíèÿ ñ èñïîëüçîâàíèåì Maple:
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>solve(x=x^3,x);

0 1 -1

>a:=diff(x,x); b:=diff(x^3,x);

a:=1

b:=3*x^2

>arctan(subs(x=0,(a-b)/(1+a*b)));

1/4*Pi

>arctan(subs(x=1,(b-a)/(1+a*b)));

arctan(1/2)

>arctan(subs(x=-1,(b-a)/(1+a*b)));

arctan(1/2)
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Îëüãà Þðüåâíà Àãàðåâà
Åëåíà Âèêòîðîâíà Ââåäåíñêàÿ
Êîíñòàíòèí Þðüåâè÷ Îñèïåíêî

ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈÅ ÔÓÍÊÖÈÉ
ÎÄÍÎÉ ÏÅÐÅÌÅÍÍÎÉ

Ìåòîäè÷åñêèå óêàçàíèÿ ê ïðàêòè÷åñêèì çàíÿòèÿì ïî òåìå:
�MAPLE â êóðñå ìàòåìàòè÷åñêîãî àíàëèçà�
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