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ÂÂÅÄÅÍÈÅ

Íàñòîÿùàÿ ëàáîðàòîðíàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ îäíîãî èç
ìåòîäîâ àïïðîêñèìàöèè ôóíêöèé � ñïëàéí àïïðîêñèìàöèè. Øè-
ðîêîå ïðèìåíåíèå ñïëàéíû íàøëè â ðàçëè÷íûõ îáëàñòÿõ òåõíèêè
è òåõíîëîãèè â êà÷åñòâå ìàòåìàòè÷åñêîãî àïïàðàòà äëÿ ìîäåëè-
ðîâàíèÿ ïîâåðõíîñòåé äåòàëåé è àãðåãàòîâ, ñëîæíîé ôîðìû (îá-
âîäû ðàçëè÷íûõ ÷àñòåé ëåòàòåëüíûõ àïïàðàòîâ, êîðïóñîâ ñóäîâ è
ò.ä.). Ìîäåëè, îñíîâàííûå íà ñïëàéí àïïðîêñèìàöèè, ëåãëè â îñíî-
âó ñèñòåì àâòîìàòèçèðîâàííîãî ïðîåêòèðîâàíèÿ èçäåëèé íà îñíîâå
ÝÂÌ, â êîòîðûõ ñ ïîìîùüþ àïïðîêñèìàöèè ñïëàéíàìè óäàëîñü ñ
äîñòàòî÷íîé ñòåïåíüþ òî÷íîñòè ðåøèòü ïðîáëåìó õðàíåíèÿ ãåîìåò-
ðè÷åñêîé èíôîðìàöèè â ÷èñëîâîé ôîðìå.

Ïîðÿäîê âûïîëíåíèÿ ðàáîòû

1. Îçíàêîìèòüñÿ ñ ìåòîäîì ñïëàéí èíòåðïîëÿöèè.
2à. (Â ñëó÷àå âûïîëíåíèÿ ðàáîòû íà ÏÝÊÂÌ). Äëÿ ñâîåãî âà-

ðèàíòà ñîñòàâèòü âñïîìîãàòåëüíóþ òàáëèöó 2. Âû÷èñëèòü çíà÷åíèå
ñïëàéíà â çàäàííîé òî÷êå.

2á. (Â ñëó÷àå âûïîëíåíèÿ ðàáîòû íà ÝÂÌ). Îçíàêîìèòüñÿ ñî
ñòàíäàðòíîé ïðîãðàììîé äëÿ âû÷èñëåíèÿ çíà÷åíèé êóáè÷åñêîãî
ñïëàéíà íà ðàâíîìåðíîé ñåòêå. Äëÿ ñâîåãî âàðèàíòà ñîñòàâèòü ïîä-
ïðîãðàììó îáðàùåíèÿ ê ñòàíäàðòíîé è ïîñ÷èòàòü çíà÷åíèå ñïëàéíà
â çàäàííîé òî÷êå.

3. Ñîñòàâèòü îò÷åò î ðàáîòå.
4. Çàùèòà ðàáîòû.

1. ÎÏÈÑÀÍÈÅ ÌÅÒÎÄÀ ÑÏËÀÉÍ ÈÍÒÅÐÏÎËßÖÈÈ

Ïóñòü îòðåçîê [a, b] ðàçáèò íà N ðàâíûõ îòðåçêîâ [xi, xi+1], ãäå
xi = a + ih, i = 0, 1, . . . , N − 1; xN = b; h = (b − a)/N . Ñïëàéíîì
íàçûâàåòñÿ ôóíêöèÿ, êîòîðàÿ âìåñòå ñ íåñêîëüêèìè ïðîèçâîäíûìè
íåïðåðûâíà íà âñåì çàäàííîì îòðåçêå [a, b], à íà êàæäîì ÷àñòè÷íîì
îòðåçêå [xi, xi+1] ÿâëÿåòñÿ ìíîãî÷ëåíîì ôèêñèðîâàííîé ñòåïåíè.

Íà ïðàêòèêå øèðîêîå ðàñïðîñòðàíåíèå ïîëó÷èëè êóáè÷åñêèå
ñïëàéíû S3(x), ÿâëÿþùèåñÿ íåïðåðûâíûìè íà [a, b] ôóíêöèÿìè
âìåñòå ñî ñâîèìè ïåðâîé è âòîðîé ïðîèçâîäíûìè, ñîâïàäàþùèå
ñ ìíîãî÷ëåíîì òðåòüåé ñòåïåíè íà êàæäîì îòðåçêå [xi, xi+1], i =
0, 1, . . . , N − 1. Êóáè÷åñêèé ñïëàéí, ïðèíèìàþùèé â óçëàõ xi òå æå
çíà÷åíèÿ yi, ÷òî è íåêîòîðàÿ ôóíêöèÿ f , íàçûâàåòñÿ èíòåðïîëÿöè-
îííûì. Îí ïðèìåíÿåòñÿ äëÿ àïïðîêñèìàöèè ôóíêöèè f íà îòðåçêå
[a, b] è åå ïðîèçâîäíûõ äî òðåòüåãî ïîðÿäêà.

Äëÿ ïîñòðîåíèÿ èíòåðïîëÿöèîííîãî êóáè÷åñêîãî ñïëàéíà ïîëî-
æèì Mi = S ′′3 (xi), i = 0, 1, . . . , N è çàìåòèì, ÷òî â ñèëó ëèíåéíîñòè
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ôóíêöèè S ′′3 (x) íà êàæäîì èç îòðåçêîâ [xi, xi+1]

S ′′3 (x) =Mi
xi+1 − x

h
+Mi+1

x− xi
h

, x ∈ [xi, xi+1]. (1)

Èíòåãðèðóÿ äâàæäû îáå ÷àñòè ðàâåíñòâà (1) è âû÷èñëÿÿ êîíñòàíòû
èç óñëîâèé S3(xi) = f(xi), S3(xi+1) = f(xi+1), ïîëó÷èì

S3(x) =Mi
(xi+1 − x)3

6h
+Mi+1

(x− xi)3

6h
+

(
yi −

1

6
Mih

2

)
xi+1 − x

h

+

(
yi+1 −

1

6
Mi+1h

2

)
x− xi
h

, x ∈ [xi, xi+1]. (2)

Èç ðàâåíñòâà (2) íàéäåì îäíîñòîðîííèå ïðîèçâîäíûå

S ′3(xi − 0) =
h

6
Mi−1 +

h

3
Mi +

yi − yi−1
h

,

S ′3(xi + 0) = −h
3
Mi −

h

6
Mi+1 +

yi+1 − yi
h

.

(3)

Ïîñêîëüêó ôóíêöèÿ S ′3(x) íåïðåðûâíà íà [a, b], òî ýòè ïðîèçâîä-
íûå äîëæíû áûòü ðàâíûìè. Òàêèì îáðàçîì, ïîëó÷àåòñÿ ñèñòåìà
óðàâíåíèé

1

6
Mi−1+

2h

3
Mi+

h

6
Mi+1 =

yi−1 − 2yi + yi+1

h
, i = 1, 2, . . . , N−1. (4)

Â ýòîé ñèñòåìå N−1 óðàâíåíèå. ×òîáû îäíîçíà÷íî îïðåäåëèòü çíà-
÷åíèÿ M0,M1, . . . ,MN , íàäî çàäàòü äâà äîïîëíèòåëüíûõ óñëîâèÿ,
òàê íàçûâàåìûå �êðàåâûå óñëîâèÿ�.

Êðàåâûå óñëîâèÿ ìîãóò çàäàâàòüñÿ ðàçëè÷íûì îáðàçîì. Ðàñ-
ñìîòðèì ñëåäóþùèå ñëó÷àè.

1. Íà êîíöàõ èçâåñòíû çíà÷åíèÿ âòîðûõ ïðîèçâîäíûõ M0 = y′′0 ,
MN = y′′N , â ÷àñòíîñòè, M0 =MN = 0.

2. Íà êîíöàõ èçâåñòíû íàêëîíû S ′3(a) = y′0, S
′
3(b) = y′N . Òîãäà èç

ðàâåíñòâ (3) ïîëó÷àåì

h

3
M0 +

h

6
M1 =

y1 − y0
h

− y′0,

h

6
MN−1 +

h

3
MN = y′N −

yN − yN−1
h

.

Îáà ýòèõ ñëó÷àÿ ìîãóò áûòü îáúåäèíåíû îäíèì âèäîì êðàåâûõ
óñëîâèé

2M0 + λM1 = d0, λMN−1 + 2MN = dN , (5)

ãäå â ñëó÷àå 1) λ = 0, d0 = 2y′′0 , dN = 2y′′N , à â ñëó÷àå 2) λ = 1,
d0 = 6((y1 − y0)/h− y′0)/h, dN = 6(y′N − (yN − yN−1)/h)/h.
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Òåì ñàìûì ñèñòåìà (4) ñ ó÷åòîì êðàåâûõ óñëîâèé (5) ïðèíèìàåò
âèä 

2 λ 0 . . . 0 0 0
1 4 1 . . . 0 0 0
0 1 4 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 4 1 0
0 0 0 . . . 1 4 1
0 0 0 . . . 0 λ 2





M0

M1

M2
...

MN−2
MN−1
MN


=



d0
d1
d2
...

dN−2
dN−1
dN


, (6)

ãäå

di =
6

h2
(yi+1 − 2yi + yi−1), i = 1, 2, . . . , N − 1.

Äëÿ ðåøåíèÿ ñèñòåìû (6) îáðàçóåì âñïîìîãàòåëüíûå âåëè÷èíû

q0 = −λ/2, pN = λqN−1 + 2,

pi = qi−1 + 4, qi = −1/pi, i = 1, 2, . . . , N − 1,

u0 = d0/2, ui = (di − ui−1)/pi, i = 1, 2, . . . , N − 1,

uN = (dN − λuN−1)/pN .

Äàëåå ïîñëåäîâàòåëüíî îïðåäåëÿåì MN ,MN−1, . . . ,M0

MN = uN , Mi = qiMi+1 + ui, i = N − 1, . . . , 0.

Çíàÿ âåëè÷èíû M0, . . . ,MN , ïî ôîðìóëàì (2) ìîæíî âû÷èñëèòü
çíà÷åíèå ñïëàéíà S3(x) â ëþáîé òî÷êå.

2. ÑÕÅÌÀ ÇÀÏÈÑÈ ÂÛ×ÈÑËÅÍÈÉ

Âåëè÷èíû pi è qi íå çàâèñÿò îò yi, à çàâèñÿò ëèøü îò λ. Ïîýòîìó
îíè ìîãóò áûòü âû÷èñëåíû çàðàíåå äëÿ λ = 0, 1. Íà÷èíàÿ ñ N =
6, ýòè âåëè÷èíû ñ òî÷íîñòüþ äî 5-ãî çíàêà íå èçìåíÿþòñÿ. Ïðè
äàííîì N íàäî âçÿòü çíà÷åíèÿ pi è qi, i = 0, . . . , N−1 èç òàáëèöû 1
äëÿ çàäàííîãî λ = 0 èëè 1, à çíà÷åíèå pN èç ñòîëáöà ïîïðàâîê äëÿ
λ = 1 è pN = 2 äëÿ λ = 0.

Òàáëèöà 1

λ = 0 λ = 1 λ = 1
i pi qi pi qi N pN
0 � 0 � 0,5
1 4 -0,25 3,5 -0,28571 1 1,6
2 3,75 -0,26667 3,71429 -0,26923 2 1,71429
3 3,73333 -0,26788 3,73077 -0,26804 3 1,73077
4 3,73214 -0,26794 3,73196 -0,26796 4 1,73196
5 3,73206 -0,26795 3,73204 -0,26795 5 1,73204
6 3,73206 -0,26795 3,73205 -0,26795 6 1,73205
7 3,73206 -0,26795 3,73205 -0,26795 7 1,73205
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Âû÷èñëåíèÿ óäîáíî ðàñïîëîæèòü â ñëåäóþùåé òàáëèöå.

Òàáëèöà 2

i pi qi yi di ui Mi

0 � q0 y0 d0 u0 M0

1 p1 q1 y1 d1 u1 M1

2 p2 q2 y2 d2 u2 M2
...

...
...

...
...

...
...

N − 1 pN−1 qN−1 yN−1 dN−1 uN−1 MN−1
N pN qN yN dN uN MN

Ïðèìåð.
Ïîñòðîèòü êóáè÷åñêèé èíòåðïîëÿöèîííûé ñïëàéí äëÿ ôóíêöèè

y = sinx íà îòðåçêå [0, π/2] äëÿ N = 5 ñ êðàåâûìè óñëîâèÿìè
y′′0 = 0, y′′5 = −1 (λ = 0). Âû÷èñëèòü çíà÷åíèå ñïëàéíà â òî÷êå
x = π/4 è ñðàâíèòü ñ òî÷íûì çíà÷åíèåì ôóíêöèè.

Ñîñòàâèì òàáëèöó, àíàëîãè÷íóþ òàáëèöå 2.

i pi qi yi αi ui Mi

0 � 0 0 0 0 0
1 4 −0, 25 0, 30902 −1, 83898 −0, 45975 −0, 31154
2 3, 75 −0, 26667 0, 58779 −3, 49801 −0, 81020 −0, 59286
3 3, 73333 −0, 26786 0, 80902 −4, 81417 −1, 07249 −0, 81502
4 3, 73214 −0, 26794 0, 95106 −5, 65980 −1, 22914 −0, 96120
5 2 � 1 −2 −1 −1

Äëÿ âû÷èñëåíèÿ ñïëàéíà â òî÷êå x = π/4 âîñïîëüçóåìñÿ ôîð-
ìóëîé (2) ïðè i = 2.

S3

(π
4

)
= −0, 59286

(
3π

10
− π

4

)3

6π

10

− 0, 81502

(
π

2
− 2π

10

)3

6π

10

+

(
0, 58779

+
0, 59286

6

( π
10

)2) 3π

10
− π

4
π

10

+

(
0, 80902 +

0, 81502

6

( π
10

)2) π

4
− 2π

10
π

10

= −
( π
10

)2 0, 59286 + 0, 81502

48
+

0, 58779 + 0, 80902

2

+
( π
10

)2 0, 59286 + 0, 81502

12
=
( π
10

)2
(−0, 02933+0, 11732)+0, 69841

= 0, 70709.

Òî÷íîå çíà÷åíèå y
(π
4

)
=

√
2

2
= 0, 70711.
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3. ÑÒÀÍÄÀÐÒÍÀß ÏÎÄÏÐÎÃÐÀÌÌÀ ÄËß
ÂÛ×ÈÑËÅÍÈß ÇÍÀ×ÅÍÈÉ ÊÓÁÈ×ÅÑÊÎÃÎ

ÑÏËÀÉÍÀ

Äëÿ âû÷èñëåíèÿ çíà÷åíèé èíòåðïîëÿöèîííîãî êóáè÷åñêîãî
ñïëàéíà ïî ðàâíîìåðíîé ñåòêå ìîæíî èñïîëüçîâàòü ñòàíäàðòíóþ
ïîäïðîãðàììó SPL3. Îáðàùåíèå ê ýòîé ïîäïðîãðàììå èìååò âèä

CALL SPL3(A,B,DA,DB,M, Y,RL,X, Y S,K,Q,U).

Ôîðìàëüíûå ïàðàìåòðû èìåþò ñëåäóþùèé ñìûñë:

A � ëåâûé êîíåö îòðåçêà;
B � ïðàâûé êîíåö îòðåçêà;

DA, DB � ñîîòâåòñòâåííî, d0 è dN (ñì. (5));
M � ÷èñëî òî÷åê ðàâíîìåðíîãî ðàçáèåíèÿ îòðåçêà

[A,B] (îíî ðàâíî N + 1);
Y � ìàññèâ çíà÷åíèé ïðèáëèæàåìîé ôóíêöèè â ðàâ-

íîìåðíîé ñåòêå îòðåçêà [A,B] (ðàçìåðíîñòè M);
RL � ïàðàìåòð λ (ñì. (5));
X � ìàññèâ çíà÷åíèé àðãóìåíòà, â êîòîðûõ òðåáóåòñÿ

ïîñ÷èòàòü çíà÷åíèÿ ñïëàéíà (ðàçìåðíîñòè K);
Y S � ìàññèâ çíà÷åíèé ñïëàéíà â òî÷êàõ ìàññèâà X

(ðàçìåðíîñòè K);
X � ðàçìåðíîñòü ìàññèâîâ X è Y S;
Q, U � ðàáî÷èå ìàññèâû ðàçìåðíîñòè M .

Ïîäïðîãðàììà SPL3 èìååò ñëåäóþùèé âèä

SUBROUTINE SPL3(A,B,DA,DB,M, Y,RL,X,
* Y S,K,Q, U)

DIMENSION Y (M), X(K), Y S(K), Q(M), U(M)
M1 =M − 1
H = (B − A)/M1
H1 = 6./H ∗ ∗2
Q(1) = −.5 ∗RL
U(1) = −.5 ∗DA
DO 1 I = 2,M1
Q(I) = −1./(Q(I − 1) + 4.)
D = H1 ∗ (Y (I + 1)− 2 ∗ Y (I) + Y (I − 1))

1 U(I) = (D − U(I − 1))/(Q(I − 1) + 4.)
U(M) = (DB −RL ∗ U(M1))/(RL ∗Q(M1) + 2.)
DO 2 I = 1,M1
L =M − I

2 U(L) = Q(L) ∗ U(L+ 1) + U(L)
DO 3 I = 1, K
L =M1
DO 4 J = 2,M1
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IF (X(I).GT.A+ (J − 1) ∗H) GOTO 4
L = J − 1
GOTO 5

4 CONTINUE
5 X2 = A+ L ∗H

X1 = X2−H
3 Y S(I) = (U(L) ∗ (X2−X(I)) ∗ ∗3 + U(L+ 1) ∗ (X(I)−

* X1) ∗ ∗3/6./H + (Y (L)− U(L)/H1) ∗ (X2−X(I))
* /H + (Y (L+ 1)− U(L+ 1)/H1) ∗ (X(I)−X1)/H

RETURN
END

4. ÂÀÐÈÀÍÒÛ ÈÍÄÈÂÈÄÓÀËÜÍÛÕ ÇÀÄÀÍÈÉ

Â êàæäîì âàðèàíòå äëÿ çàäàííîé ôóíêöèè f(x) ïîñòðîèòü íà
óêàçàííîì îòðåçêå [a, b] èíòåðïîëÿöèîííûé êóáè÷åñêèé ñïëàéí äëÿ
N = 5 ñ êðàåâûìè óñëîâèÿìè:

y′′0 = f ′′(a), y′′5 = f ′′(b).

Âû÷èñëèòü çíà÷åíèå ñïëàéíà â ñåðåäèíå îòðåçêà
a+ b

2
è ñðàâ-

íèòü åãî ñ òî÷íûì çíà÷åíèåì ôóíêöèè.

1. tg x2, [0, π/3]
2. arctg

√
x, [1/2, 1]

3. ln(x2 + 1), [−2,−1]
4. ex−1, [0, 1]
5. arctg x, [0, 1]
6. ctg(x+ 1), [−1/2, 0]
7. ln(sin2x), [π/3, π/2]
8. cos(x2 − 1), [0, π/2]
9. 2sinx, [0, π/2]
10. arctg

√
x− 1, [2, 3]

11. ln(x2 + x), [1/2, 1]
12. 1/ lnx, [4, 5]
13. arctg(x2 − 1), [0, 1]
14. 1/ arcsinx, [1/2, 1]
15. sin

√
x, [1/2, 1]

16. tg(1/x2), [2, 3]

17. 1/
√
x2 + 4, [0, 1]

18. arcsinx2, [0, 1/2]

19. ex
2
, [1, 3/2]

20. ex/
√
x, [1, 2]

21.
√
x2 + x− 1, [2, 3]

22. ln(arctg x), [1, 2]
23. 1/((x2 + 1), [−1/2, 1/2]
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24. 3x
2+1, [−1, 0]

25. 1/ arctg x, [1, 2]
26. cos(1/x), [2, 3]
27. ln(arcsinx), [1/2, 1]
28. (2x+ 1)/x3, [1, 2]
29. e1/x, [1, 2]

30.
√
3− 2x+ x2, [−3,−2.5]
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