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Abstract. The paper considers a multidimensional problem of optimal recovery of an operator
whose action is represented by multiplying the original function by a weight function of a special
type, based on inaccurately specified information about the values of operators of a similar type.
An exact inequality for the norms of such operators is obtained. The problem under consideration
is a generalization of the problem of optimal recovery of a derivative based on other inaccurately
specified derivatives in the space R¢ and the problem of an exact inequality, which is an analogue
of the Hardy-Littlewood—Polya inequality.

1. General setting

Let X be a linear space, Yo,Y1,...,Yy be normed linear spaces, and Aj: X — Y;,
j=0,1,...,N, be linear operators. Consider the problem of optimal recovery of Ay on
the set

W:{XGX : ||ijHyj < 5]', 6]' >0, j:m+l,...,N},

where 1 <m < N (if m =N, then W = X), by values of operators Ay,...,A, given
with errors. More precisely, we will assume that for each x € W we know y =
V15---,Ym) €Yy X ... XY, such that Hij—yijj <6;,6;>0,j=1,....m.

Any recovery method by known information y = (y1,...,yn) should give an el-
ement from Y, that is taken as an approximate value of Agx. Thus, every recovery
method is a mapping ®: Y} x ... xY,, = ¥p. The error of a method @ is defined as

e(Ag,W,5,®) = sup | Aox —@(y)]|y, 5
XEW, y=(¥1 -, Ym) €Y1 X ... X ¥y
[Ajx=yjlly; <8j, j=1,....m

where 6 = (8y,...,0n).
‘We are interested in those methods for which the error is minimal, i.e. those meth-
ods @ for which

Ao, W.8,D) = inf Ao, W, 5, ®). 1
e(Ao,W,5,®) <I>:Y1><?.I.1><Ym%YOe( 0. W.8,%) M
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We will call such methods optimal recovery methods. The quantity on the right-hand
side of (1) will be called the error of optimal recovery and denoted by E(Ag,W,0).
Let
a:<a17"'7ak)€leH q’():((l’l()v’(pk())’
() =0 (). 0 (),
where @;(-), j=1,...,k are continuous (generally speaking, complex-valued) func-
tions on RY. Set

7,7 (R = {x() € Ly(RY) : 9% ()x() € Lp(RY), j=1,...,N },

2

where 1 <p <o, a/ Rk, j=1,...,N,and & = {a!,...,a"}. We define operators
Aj: W7 (RY) — Ly (R?) as follows

ij(.):(P(Xj(.)x(.)’ J:()vlvaN

For these operators we consider problem (1), in which X = 7/1;‘?{ R, Yo=Y =...=
Yw=1L, (R9). The corresponding set of functions W is denoted by WI;“/ (R4, §) where
8 = (8us1,...,0y). The case when @ (&) = iE was considered in [15].

The consideration of the problem posed is connected with the desire to generalize
the recovery problem for functions of many variables from inaccurately given values
of derivatives (see [14, p. 249]). In addition, as a consequence of the solution of the
problem under study, a generalization of the exact inequality of the Hardy—Littlewood—
Polya type is obtained (see [11]).

Note that the idea of considering recovery problems for a whole family of opera-
tors was used in [9, 10, 1, 2].

2. General result

Set
0 =cof{(a',In1/8y),...,(a",In1/8y)},

where coA is the convex hall of A. Define the function S(-) on R¥ by the equality
S(o) =max{zeR:(a,z) € 0} 3)

(S(a) = —eo, if (a,7) ¢ Q for all 7).

Let a® € co.o7 and let z = (@, n) +a, where 1) = (71,...,M) € R¥, be a support
hyperplane to the graph of S(-) at «®. By Caratheodory’s theorem there exist points in
this hyperplane (Ocj~‘,lnl/5js), s=1,...,1, 1 <k+1, such that

l .
a’=Y 0,0k, 6;,>0s=1,...1 Yo,=1 4)
s=1

s=1

Set
M:{]h?.]l}ﬁ{l,,m}



THEOREM 1. Let o® € cos/. Assume that for any ay,...,a; > 0 there exists
& € R? such that |@;(E)|=aj, j=1,...,k. Then

E(Ao, W (R,5),8) = e (@),

(5)
If M #£ 0, then all methods
D)) =Y ai()yi(), (6)
jeM
where functions a; (-), s=1,...,1, satisfy the conditions
l ols ol
Y 0% (§)a;i (&) = 9“ (E), (7)
s=1
L8P 1a: (EVP )
Z Js |a]x,(é)‘ < —pS((X) 1<p<c>o’ 4+ /_1’
s=1 9’1 /p p
max 6jv(ajs(§)| S(a0)7 p=1, (8)
1<s<] st
l
(0
Y laj,(8)]8, <e 5@, p = oo,
s=1

for almost all & € R, are optimal.
If M = 0 then the method ®(y(-))(-) = 0 is optimal

Proof. We prove that

E(AOaW;/(Rd73)76) > sup

x(-)ew,” (B4.8)
Hij<'>HLp(]Rd)S5j’ j=1,...m

[180x() I, (e)- ©

Indeed, for any method ®: (L,(R%))"
such that [|Ajx(-)l|, ey < 85, j=1,.

— Ly(R?) and any function x(-) € W, (R4, 8)
..,m, we have

2[|A0x()llz,, @y = 1A0x(-) = @(0)(-) = (Ao(=x(")) = D(0O) ()|, (ra)
< [[A0x(-) = @(0) (), (ra) + [1A0(=x(-)) = @O) ()1, (ra)

< 2e(Ao, W7 (R?,5),8,).
Due to the arbitrariness of & it follows that

180x() |, ey < E (Ao, W, (R, ), ).

Taking the upper bound over all functions x(-) satisfying the given conditions, we ob-
tain inequality (9).



The extremal problem in the right-hand side of (9) may be written in the form

0 j .
oI x ()l gy = max, @) ¥ >, @a) <&, j=1,....N,

where [@(£)[* = [@1(E)|% .. |@k(§)|% for a = (a,..., o) ERY.

~ ~

(10)

Let &5 € R¢ be such that l9;(&5)| = e M, j=1,... k. Consider the case when
1 < p < oo. Due to the continuity of the functions ¢s(-), s=1,...,k, for any € >0

and any j € {0,1,...,N} there exist §; such that
PP —lo(&)IP™ | <e
forall & € Bg.(gﬁ) where
J

Bs(&o) ={& R |E—&| <5}

Y

Set & = min{gl yeees SN} Then forall € € Bg(gﬁ) andall j€{0,1,...,N} inequalities

(Ihold.
Put A = ¢ 2@ and

where

—lte—
Ye mlnlgjgN 6][7
( |B,;(gﬁ)\ denotes the volume of the ball Bg(gﬁ) ).

We have

o~

o P ) +) | Ag

[ 0@ e (£ dE < 2 (Jo G +e) =

Since z = (&, N) +a is the equation of support hyperplane of Q, we get

(al,{)+a>1n1/8;.

Consequently,
P

; 57 + Ae
ol J p
[ o@1 e (@)1 ag < == <o,

Thus, xg7p(~) is an admissible function for extremal problem (10). Therefore, taking

into account (9) and (11), we obtain

E7 (8o W7 (R7.8),8)> [ 10(&)I" we(&))7 & > 3 (eI ~¢)

o P((@.7)+a)

—Ae

Ve



Making € tends to zero, we have
E(Ao, W (R%,5),8) > o~ (@¥M)+a) _ ,—5(a)

Now let p =co. Similar to the previous reasoning, for any € > 0 there exists 5§>0
such that for all § € B5(&5) and all j € {0,1,...,N} inequalities

@)1 ~lo &I | <

hold.
Put R
— s
re(§) = {0 = B5a)
0, ¢ ¢ B5(55),
where —~
— 1+
% min <<y 6;
We have
; A\ e7(< T’>+Zl\) +A\g
OO xe Oy < 2= (lo G +e) = 2 <5,
Ye Ye

Consequently, x¢ (-) is an admissible function for extremal problem (10). Thus,

E(Ao, W (R?,5),8) 2 [[190()|“"%e.e (). gty 2 0¢éﬂ”—@

e—(((X07TA]>+(’l\) _AAg

Ye

Making € tends to zero, we have
E(Ao, W (R?,§),8) > e~ (10" )+0) — o=5(a") (12)

Now we prove the optimality of the recovery methods (6). To estimate the error of
methods (6) we consider the following extremal problem

\w“ S Y a0

jem

— max,
Lp(RY)

9% (1) =3Ol ey < 8 = Lo
1% ()x()llp, ray < s j=m+1,...,N. (13)

For M = 0, the corresponding sums are considered equal to zero.



Put (&) = @ (&)x(&) —y;(&), j=1,...,m, and

o(&) =™ (&) - Y 0¥ (&)a;(&).

JjeEM
Then (13) may be written in the form
0@+ L @@ | - max
JEM Ly(R4)

sz(é)HLp(Rd) <6j, j=1,....m,

||‘Paj(')x(')||Lp(Rd) <6y, j=m+1,...

It follows from (7) that

o&= Y oY EaiE)xE&).

Thus, we have to estimate the value of the following problem

0% (&)a;(E)x(E) + Y aj(€)z;(&)

JELit it \M jeM

HZ./'(&)HLP(W) <6, j=1,....m,

— max,
Ly(RT)

9% ()l gy < 8y j=m+1,...

Let 1 < p <oo. Set
zj.? = ejfep<ajéia0.ﬁ>’ §= 17 M 7l)

Consider the case when 1 < p < eo. Then by Holder’s inequality we have

0™ (E)a(Ex(E) + Y a,-<§>z,-<é>\

JELit it \M jeEM
_ aj(&)=>1/p ai aj(&)=1y
=| XA GO+ Y = A 44(8)
Jelitdi}\M A jeM A,

N i - 1/p
SQp(§)< y Aj|<p<é>|"“|x<<:)|”+x,-|z,~<5>|ﬂ) ,

where

0,(8) = <i Wy/g

~
_ l}’ /p
s
In view of equalities

In1/§;, = (o’ ) +a, s=1,....0, S =(a’n)+a



we obtain

A, = 0 ere ot i) g opn1/6,-5(a) _ O -psia)

P
6]&
Hence,
L |a/v(§)\” 4
o L
It follows from (8) that Q,,(&) < 1 almost for all é € RY. Therefore, we get
, p
0% (§)aj(E)x(§) + Y aj(&)z(&)
Jeliv it \M JEM Lp(RY)
: A [ ol@r @rde+ L4, [ ) ds
Ses Jl}\M JjeM
!
Z ;8 Z 9;,e PS(@") = rS(@),
Consequently,

e(Ao, W (RY,5),8,®) < 5.

Taking into account (12), it means that methods (6) are optimal and equality (5) holds.
If p =1 we use the inequality

0¥ (E)a;(E)x(E)+ ¥ a;(é)zm\

Jeliismii \M JjeM
gQI@( y 71j<P(€)I°‘j|x(§)l+7ljlz,'(§)|),
Je{jtsmii}\M
where '
01(§) = max |a%(§)|-

By analogy with (14) we get
— S((XO) 6j,r‘ajs (é)‘
01(6) =% max e,

Using the same arguments as for the case 1 < p < oo, we obtain the assertion of the
theorem in the case under consideration.
For p = oo we use the inequality

0% (E)a;(E)x(&) + Y a;(&)zi(£)

JEL it \M jeM

Loo(RY)

<

l
Y la;,(8)|8;,

s=1

=3



It follows from (8) that
e(Ao, W7 (R4, 5),8,®) < &5

Consequently, using (12), we obtain that methods (6) are optimal and (5) holds.
It remains to show that the set of functions «; (-), s =1,...,/, satisfying condi-
tions (7) and (8) is nonempty. Let 1 < p < oo. Consider the function

:—1+Z)L plak=a®) e RE,

This is obviously a convex function, and it is easy to verify that f(7) = 0 and the
derivative of this function at the point 7] is also zero. It follows that £(n) > 0 for all
n € R¥. Consequently,

fi(n) =M f(n) > 0
for all n € R¥. Putting e~ = |@;(&)], j=1,...,k, we obtain that

R .
g(&) = o) + Y. A, lo(&)P*" >0

s=1

for all £ € R?. Thus,

O{O
_lo@pre
o1 Ajlo(E)[pe”
Set

2 -,(p<p/2—1>af5 (€ )¢n/2ocff (&)
a;,(§) = o' (&) ~ : . os=1,...,0
’ Y A&l

It is easy to check that condition (7) is valid. If 1 < p < o, then

3|JV5P/ — 0 |a
Z ’ p/p vt Z lp/p

J_s s=1

pal Pl
_ s l9(S)] < o V'S
Y Ao ) '

If p=1, then

SO _ sy 0@ s
6. Yot il e(§) "~

2 arelo®” (€))
LA le(E)



where
A = i st

= =1,...,L
Js 5 ’ s ) )
Js
Then condition (7) is obviously satisfied, and
0
ZI: laj, (& s ___19(6)|* < oS

YA le(E))e

Note that it follows from the proof of Theorem 1 that

sup 180x() |1, ety = H6 .

x(- )EWQ‘/(R" 3)
HA X )HL (R4)=

N

N N
min{nsff:ejzo, j=1L..N, Y 6;=10a"= Zeja/}. (15)
j=1" j=1

j=1
3. Exact Carlson type inequalities

The Carlson inequality [6]

Oy < VRO G IOl Gy Ry = [0,49),

was generalized by many authors (see [7, 3, 4, 5, 8, 12, 13]). In [12] we found exact

constants in inequalities of the form

IO a7y < Ko ROy 91 OXOE

where T is a cone in a linear space, w(-), wo(:), and w; () are homogenous functions,
u is a homogenous measure, and 1 < g < p,r < o (for T = R¢ the exact inequality
was obtained in [5]). Recall that a constant K is called exact if it cannot be replaced by

a smaller value. The inequality in this case is called exact.

Weighted inequalities and inequalities for derivatives do not always have a multi-
plicative form. For example, for analytic and bounded in the strip Sg = {z € C: [Imz| <

B} functions x(r) # 0 the inequality

¥ lle) (. e lC)l1Zs,)

_Zﬁ

></0 A4 2 IE: in2
VIO (5, 00571 + Ol sin’

holds (see [14, c. 177]).



In this regard, it becomes necessary to use a more general definition of exact
inequalities. Let X be a linear space, Yp,Y1,...,Yy be normed linear spaces, and
Aj: X —Y;, j=0,1,...,N, be linear operators. We say that the inequality

[A0x]ly, < k(Ax),  Ax=([|Aix]ly,.... [[Anxllyy), &:RY =Ry, (A7)
is exact, if it is fulfilled for all x € X and there is no such x¢ € X for which
sup ||A0x||y0 < K'(A)C()).
xeX
Ay <lAjxolly;, =150
PROPOSITION 1. Let § = (8y,...,0y) € Rﬂ*’r. Set

k&)= swp Aol

A pely, 850 j=1e¥
Then inequality (17) is exact.
Proof. For x € X we put
& = ([Axlly, - | ANl )-

From the definition of k(-) inequality (17) holds. Assume that it is not exact. Then
there is an element xy € X for which

sup [ Aoxly, < K(8°),
xeX
A jally; <89, j=1,...N
where
8% = (87,...,8%) = (IAsxollyy - [ Anxollwy )

This contradicts the definition of ().

The solution of extremal problem (15) allows us to obtain new exact inequalities
of Carlson type.

Let @(-) = (@1(+),..., 0(+)). Assume that @;(-),..., () are continuous on R?
and for any ay,...,a; > 0 there exists EE R for which |(p](g)| =aj, j=1,...,k. It
follows from Proposition 1 and (15) that for ° € co{a!,...,a} we have the exact
inequality

e j 0;
109" () g ey < mm{H 0% (IO gy
j=1

N N
0,>0,j=1,...N, Y 6;=1,a°= Ze,-af,}.
j=1 j=1

10



In particular, for @(&) = i€ and a® € co{a',...,a"} we obtain the exact in-
equality

0 N J 0;
1% X&)y o) < min{nl 119X, g
2

N N
0,>0,j=1,...,N, Y 6;=1,a’= Zejaf}.
j=1 j=1

Consider one more example. Let

0&) =vo(&) = (1 +..+1&)" . o0 1s)

In this case k = 1, Q is a convex set on R?, and () is a broken line. For o €
co{a!,...,aN} we have the exact inequality

0 . j j _
1w ()x() I, (ray < mm{|‘l’g“ OO ey 198 OxO Gy

0<A<I, ao—laflJr(l)L)ah}.

4. Recovery of differential operators and exact inequalities
Using notation (2), we set
7 () = {x() € La(RY) : 9% ()Fx() € LL(RY), j=1,....N |

where
Fx(t) = /dx(f)€7i<r’t> dr, <T,t> =T +...+ Ty,
R

is the Fourier transform of x(-). Define operators A;: %4 (RY) — Lh(RY), j =
0,1,...,N, as follows

Ap()=F (@Y ()Fx(:)(), j=0,1,...,N. (19)
Consider problem (1) of optimal recovery of Ay on the set

Wi (RY) = {x(-) € #37 (RY) 1 || Ajx(-) |, ey < 85 85> 0,
j=m+1,...,N}

by values of Ay,...,A,, given with errors.

11



Passing to Fourier transforms, we have

e(Ao, Wléy(Rd)7 87 QD)
1

0
~ (2n) sup 1o ()Fx()
(27) X()EWE (RY), y=(y1seeeym) E(La (RY) "
G 197 OFx()=Fy; ()l <8, j=1.0.m

—F(@() ()l ey
Putting | !
z(-)z(zT)de(-), Zj(')ZWFYJ(') j=1....m,

it is easy to verify that the problem under consideration is reduced to the one considered
earlier in Theorem 1 for p =2.

THEOREM 2. Let the conditions of Theorem 1 be satisfied with respect to the
functions @;(+), j=1,...,k, and &° € co.o/ . Then

E(Ag, W& (RY),8) = e5(@).
If M £ 0, then all methods of the form
2000 =F (L artPs0),
JEM

where functions a;j (), s=1,...,1, satisfy the conditions

ajv :(pOC (g)a

2
|a]¢ )| e_zg(a())

L
L

./v

for almost all & € RY, are optimal.
If M =0, then the method ®(y(-))(:) =0 is optimal.
The exact inequality

l

120 ()| gy < TTH1AGC)x( )HLZ Rd)

s=1
holds.

For ¢(&) = i§ the operators A; defined by (19) are the Weyl derivatives of orders
o/ which are denoted by D% . Thus, it follows from Theorem 2 the following result.

12



COROLLARY 1. ([14], Theorem 5.19) Let ot® € coo/. Then
E(DY W& (RY),8) = 5"
If M £ 0, then all methods of the form
200 =F (L ai0Fy0))
jem
where functions a;(-), s=1,...,1, satisfy the conditions

0

(i8)%" ay (&) = (&)Y,

61'2S |aj, 35 < p—25(a")
0; -

Js

M- i

“
Il
=N

for almost all & € R?, are optimal.
If M = 0, then the method ®(y(-))(-) = 0 is optimal.
The exact inequality

i
0 Js
ID% ()l ray < [TID*" x )IIL2 Rd)
s=1

holds.

Set ) .
AG =F 'y OFx()(), j=0,1,...N
where the function yy(-) is defined by (18). Note that Ay = —A, where A is the
Laplace operator. In this case Q is the set on R? because k = 1. Consequently, 1 <

1 <2. Assume that o ¢ <7 (otherwise the answer is written out in a trivial way). Then
[=2.

COROLLARY 2. Let «° € co./ and oy ¢ <7 . Then
E(AG Wi (). 8) = "),
If M £ 0, then all methods of the form
D(y(-) (Z aj Fy, )
JEM
where functions aj (-), aj,(-) satisfy the conditions
0
v (8)aj, (&) + v (E)apn(&) = wE (&),

jl\ah (§)|2 n j2|aj2(‘§)|2 <efzs<a°)
91 1—- 61 -

13



for almost all & € R?, are optimal.
If M =0, then the method ®(y(-))(-) =0 is optimal.
The exact inequality

0 J 0; J 1-6;
1AG 5 ey < IAE" KO | AE 5

holds.

In particular, for 8 =2 we obtain the exact inequality

0 j 0; J 1-6;
180K ety < =A% 3 | (A) 3

REFERENCES

[1] E. V. ABRAMOVA AND E. O. SIVKOVA, On the best recovery of a family of operators on a class
of functions according to their inaccurately specified spectrum, Vladikavkaz. Mat. Zh., 26, 1 (2024),
13-36 (in Russian).

[2] E. V. ABRAMOVA AND E. O. SIVKOVA, On the optimal recovery of one family of operators on a class
of functions from approximate information about its spectrum, Sib. Math. J., 65, 2 (2024), 245-256.

[3] F. I. ANDRIANOV, Multidimensional analogs of Carlson inequalities and its generalizations, 1zv.
Vyssh. Uchebn. Zaved. Mat., 56, 1 (1967), 3-7 (in Russian).

[4] V. V. ARESTOV, Approximation of linear operators, and related extremal problems, Proc. Steklov
Inst. Math., 138 (1977), 31-44.

[5] S.BARZA, V. BURENKOV, J. PECARIC, AND L.-E. PERSSON, Sharp multidimentional multiplicative
inequalities for weighted L, spaces with homogeneous weights, Math. Ineq. Appl., 1, 1 (1998) 53-67.

[6] F. CARLSON, Une inégalité, Ark. Mat. Astr. Fysik., 25B (1934), 1-5.

[7]1 V. 1. LEVIN, Exact constants in inequalities of Carlson type, Dokl. Akad. Nauk SSSR, 59, 4 (1948),
635-638 (in Russian).

[8] M.-J. Luo AND R. K. RAINA, A new extension of Carlson’s inequality, Math. Ineq. Appl., 19, 2
(2016) 417-424.

[9] G. G. MAGARIL-IL’YAEV AND K. YU. OSIPENKO, On the reconstruction of convolution-type oper-
ators from inaccurate information, Proc. Steklov Inst. Math., 269 (2010), 174-185.

[10] G.G. MAGARIL-IL’YAEV AND E. O. SIVKOVA, On the best recovery of a family of operators on the
manifold R" x T™, Proc. Steklov Inst. Math., 323 (2023), 188-196.

[11] G. G. MAGARIL-IL’YAEV AND V. M. TIKHOMIROV, Kolmogorov-type inequalities for derivatives,
Sb. Math., 188, 12 (1997), 1799-1832.

[12] K. YU. OSIPENKO, Optimal recovery of operators and multidimensional Carlson type inequalities, J.
Complexity, 32, 1 (2016) 53-73.

[13] K. YU. OSIPENKO, Inequalities for derivatives with the Fourier transform, Appl. Comp. Harm. Anal.,
53 (2021) 132-150.

[14] K. YU. OSIPENKO, Introduction to optimal recovery theory, Lan’, St Petersburg 2022, 388 pp. (in
Russian).

[15] K. YU. OSIPENKO, On the construction of families of optimal recovery methods for linear operators,
Izv. Math., 88, 1 (2024), 92-113.

Konstantin Osipenko, Department of General Problems of Control, Faculty of Mechanics and Mathematics,
Lomonosov Moscow State University, GSP-1, 1 Leninskiye Gory, 119991 Moscow, Russia

Institute for Information Transmission Problems of the Russian Academy of Sciences (Kharkevich Institute),
Bolshoy Karetny per. 19, build.1, 127051 Moscow Russia

e-mail: kosipenko@yahoo.com

14



