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INTRODUCTION

Let H be a Hilbert space and C' C H a centrally symmetric set. For
n € Z, the Kolmogorov n-widths of C'in H are given by

d.(C,H) = infsup inf ||z — y|/m,
L, zeC yELy,

where the left-most infimum is taken over all n-dimensional linear subspaces
L, of H.

Let r € IN and 1 < p < oo. Denote by W) (T) (T = [0, 27)) the Sobolev
class of 2m-periodic functions whose (r — 1)-st derivative is absolutely con-

tinuous and
1/p
Hx(T)HLP(T) - (/ |:E(T)(t)|pdt) <1.
T

The subject considered in this paper goes back to two papers by Kol-
mogorov. In [3] Kolmogorov proved the formula

don—1(W5(T), Lo(T)) = don(W5(T), Lo(T)) = n~".

In the paper of Kolmogorov, Petrov, Smirnov [4], which was supplemented
by Maltsev [5], the equality

N —n
d, (BN 1Y) = 1
( 172) N I ()

where
N
= {x:<x1,...,xN> e Y | |lalt, :=z|xk|p}, 1<p<oo
k=1

and BIY is the unit ball in [{ was, in fact, proved. The authors of these
papers did not actually state, that they had calculated n-widths. This was
noted by Stechkin [6]). Note that the Sobolev class W3 (T) is an elliptical
cylinder (it is the orthogonal sum of the one-dimensional space of constants
and compact ellipsoid) and BI} is a regular octahedra in IR"Y. We consider
generalizations of these two results.



1. n-WIDTHS OF ELLIPSOIDS AND ELLIPTICAL CYLINDERS

An ellipsoid is the image of a ball of a Hilbert space under a linear con-
tinuous mapping. If H and H; are Hilbert spaces, BH is the unit ball in H,
and T: H — H; is a linear continuous operator, then T'(BH) is an ellipsoid
which we denote by E(T). Let L be a finite-dimensional subspace in H;. We
call the orthogonal sum of an ellipsoid F(T') and L

EM)eL={y=y+we€H |yu€ET), €L, y1lys }

an elliptical cylinder with base E(T) and generalized axis L.

Denote by N, 0 < N < oo the dimension of span E(T"). Further we calcu-
late the n-widths of compact ellipsoids and elliptical cylinders with compact
base.

Let T be a compact operator. By the Hilbert—Schmidt theorem (see, for
example, [7, page 231]) for the self-adjoint compact operator T"T (1" is the
adjoint operator to T') there exists an orthonormal system of eigenvectors
{e}}r>1 which corresponding to eigenvalues sz, si | 0, s3 # 0, such that each
element x € H has the unique representation

r = Z<l’, €k>ek + &, (2)

k>1

where £ € KerT'. (The numbers sy, are called the s-numbers of 7".)
The following theorem was proved by many authors (see Comments be-
low).

THEOREM 1 (n-WIDTHS OF COMPACT ELLIPSOIDS). Let H and H; be
Hilbert spaces, T: H — Hy a compact operator, C = E(T)@® Ly, (dim E(T) =
N,dim L,, =m) andn € Z,. Then

00, n <m,
dn(07 Hl) - { Sp+l—m, MM <n< N + m,
0, n>N-+m.

The linear, Gel’fand, and Bernstein n-widths satisfy the same equalities.

Proof. We prove the theorem for the Kolmogorov n-width. The statement
of the theorem for the cases when n < m and n > N + m may be easily



checked. Let n < N and for simplicity assume m = 0 (the general case
easily follows from this). The upper bound will be proved by the Fourier
method. Let y € E(T) that is y = Tz, |||z < 1. By (2) y = Xps1(, ex)Tey,
and ||z||7; = Yis1 [{z,en))® + [[€]]7; < 1. Let us approximate y by S,y =
Sh_qi(z,er)Ter. Then taking into account the orthogonality of the system
{Te}, we have

ly— Sl = Y sElwel <2 Y Hwe < s
k>n+1 kzn+l

The upper bound is proved. The lower bound will be proved by the
method of embedded balls. We consider the n + 1-dimensional subspace
L = span{Te;}7*! of Hy and show that the set s, BH; N L lies in E(T).
Let y € s,.1BHy N L. Then y = Y3 . Tey, and Iyll3, = Sr5 visi < shia-
If x = ZZ;L% yrer, then it is clear that y = Tz and since

, n+1 , n+l 252 1 n+l .
||=’75||H = Zyk = Z = < YiSr < 1,
k=1 k=1 Sk Sn+1 k=1

we obtain that s, .1 BH; N LcC E(T). By the theorem on n-widths of a ball
(see, for example, [2, p. 12]) which is trivial for a Hilbert space, we have

dn (E(T), Hy) > d, (5n+1BH1 niL, Hl) = Sp+1- i

2. n-WIDTHS OF GENERALIZED OCTAHEDRA

In finite-dimensional geometry an octahedra is the convex hull of a sim-
plex with a vertex at the origin and simplex symmetric to it. For octahedra
which are so defined there is no known general method for calculating its
n-widths. But it is possible to calculate n-widths for octahedra in IR which
are the convex hull of the vectors {£f;}, 1 < k < N obtained from one vector
K = (ky,...,ky) by cyclical permutation. Such octahedra may be consid-
ered as Sobolev classes W[ (Z ) consisting of functions y = (y1,...,yx) on
the cyclical group of order N defined by a convolution

WK(Zy) = {y e R |y=K*a, |lz]x <1},

where z = (z1,...,2nN), ¥i = Zé-v,l ki+j_1z;, and the summation is carried

out modulo N. The regular octahedra can be defined in this same way as a
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convolution class on the cyclical group Zy with the kernel K equal to 1 at
the zero of the group and 0 at all other elements.

It gives us the possibility to consider generalized Sobolev classes of so-
called sourcewise represented functions which are similar to generalized oc-
tahedra.

First we recall some definitions (details may be found in [8]). Let G be
a compact group with Haar measure p (u(G) = 1). Let {T“}4eca (Where
A is at most a countable set) be a complete system of finite-dimensional
nonreducible unitary representations of G. For each a € A we denote by
t5(), 4,5 =1,...,nq = dim T, the matrix elements of the representation 7
in some orthonormal basis. These functions are continuous and the functions
{Vnatfi(l)}, a € A, i,j = 1,...,n, form an orthonormal basis in Ly(G).
Note that if G is an Abelian group, then all representations T%, a € A, are
one-dimensional. For each o € A and 1 < j < n, set Hf' = span{tf(-) | i =
1,...,nq}. The space Ly(G) is represented as the direct sum of those spaces
which are left translation-invariant.

A set X is called a homogeneous G-space if the group G acts transitively
on X. In other words, if there exists a map G x X — X, (¢,2) — gz such
that (g291)r = g2(g17), ex = x (e is the unity element of G) for all g1, g € G
and r € X and in addition for every zi,zo, € X there exists a g € G for
which zo = gx;. It is obvious that any group G is a homogeneous G-space
with respect to the operation (g, go) — ggo-

Let xg € X, H ={g € G| gxg = o} and G/H be the set of (left) residue
classes of group G on the subgroup H. Consider the map p: X — G/H which
associates x with the residue class gH such that grg = x. The map p is a one-
to-one mapping. Thus any function on X may be considered as a function
on (G, which is constant on the residue classes. By virtue of this fact for any
topological homogeneous G-space X with compact group GG and measure v
invariant with respect to G (that is v(A) = v(gA) for any measurable subset
A C X and g € G) the structure of Ly(X) is analogous to the structure of
Ly(G). More precisely Lo(X) is a direct sum of at most an enumerable set
of finite-dimensional subspaces Hy invariant with respect to G consisting of
continuous functions.

We will need the following auxiliary result.

LEMMA 1. Let X be a topological homogeneous G-space with compact
group G and probability measure invariant with respect to G. If {ex(-)}7_, is



an orthonormal system of continuous functions from Lo(X) such that L, =
span{ex () }1_, is invariant with respect to G, then

n

Z lex()]? = n.

k=1

Proof. For x € X consider the function

n

&) =D ex(@)er(:).

k=1

If y(-) € L, then it is clear that

(), &) = y(z). (3)

Let 1,29 € X and g € GG such that
To = gx1. (4)

Using the invariance of the measure, (3), and (4), for every y(-) € L,, we have

W) €aa(9)) = (Wlg™"), € () = w9~ w2) = (1) = (Y(), & (1))

Thus &,,(g-) = &, (+). Substituting here z; we obtain that

n

i lew(z1)]? = Z lex(z2)|? = C.

k=1

Since the given measure is a probability measure and the system {ex(-)}}_;
is orthonormal we have

C= /sz": lew (@) dp(z) = n. |

Let X be a topological homogeneous G-space with compact group G and
probability measure invariant with respect to G. As was mentioned, in this
case Ly(X) may be represented in the form

L2<X>:ZHk, dimHk:nk<oo,

k>1



where the Hj, are shift-invariant spaces of continuous functions. Consider the
classes of functions represented as a convolution with kernels

Zz%yek] ers (T ) (5)

k>17=1

where the {ey;(-)}7%, is an orthonormal basis for H}, of continuous functions
and 7; € C such that

> max [ < . (®
k>1

The function K(-,-) induces the operator

Ax(t) = /X K(t,7)a(r) du(r).

We show that A is a continuous operator from L;(X) into Ls(X). Indeed,
by the Cauchy-Bunyakovsky inequality for all ¢ € X

e < [ (1K@ D)) 2] dutr)

< ([ K@@l ) 1O,

Squaring this inequality, integrating it, and then changing the order of inte-
gration, we obtain

142() 0 < 2O, oo sup [ K (1) dp(r)
teX /X

2 2
= ||z(: sup || K (¢, -
| ()HLl(X) te)I()H ( )“LQ(X)

According to the Parseval equality for all t € X
1At )1 x) ZZWM lex; (1)
k>1j=1

By Lemma 1 3°7%, |e;(t)]* = ng. In view of (6) we have that || K(t,-)||1,x) <
C'. Therefore A: L1(X) — Ly(X) is a continuous operator.
Set

W (X) = {y() € Lo(X) [ y() = Az(), N2 ()2, <1}



THEOREM 2. Let X be a topological homogeneous G-space with compact
group G and probability measure invariant with respect to G. Let K: X x X —
C be a function of the form (5), where the vx; satisfy the additional condition
kil = Ak, 1 < <y, k> 1. Assume that {\;}r>1 are in decreasing order.
Then for alln =nq+ ...+ ng

00, L) = (3 M)

k>s+1

Proof. Since WE(X) = clco{K(-,7)},ex it is sufficient to prove the
statement of the theorem for the set {K(-,7)}rex.

The upper bound. We use the Fourier method projecting our class on the
subspace L, = span{ey;(-) | 1 < j <mng, 1 <k <s}. Then for any 7 € X
using the Parseval equality, hypothesis of the theorem, and Lemma, we have

(K (,7), Lo, Lo(X)) = > Ao

k>s+1

Hence the required estimate follows.

The lower bound. We use the method of averaging. Let L, be an n-
dimensional subspace of Ly(X), and {f,,}"_, an orthonormal basis of L,.
Then for all 7 € X

2

- (7)

[ KDFu® du(t)

U1 L 12(0) = I )~ 2

In view of the hypothesis of the theorem and by Lemma 1 we have

1K ()00 = ZZWM lex; () ZMZMJ = > N

k>1j5=1 k>1 7j=1 k>1

Furthermore,

2

=[5 S e [, eas(t) Tl (s

k>1j=1

‘/ (t,7) fr(t) dpu(t)

Substituting it and (8) into (7), integrating the obtained expression and using
the Parseval equality with the hypothesis of the theorem, we obtain

J PUC ), Ly La(X) dp(r)



2

=3 Ao — Zn: > i ks ‘/X erj(t) fm(t) dpu(t)

k>1 m=1k>1 j=1
2
DRI 9B SPY ol NG mOT G| I C)
k>1 m=1k>1 7=1

For &k > 1 set
2

o= 33| [ ew T ant)
m=1 j=1
It is easy to check that 0 < ¢, < ny and 33>y ¢ = ny + ... + n,. Consider
the problem of linear programming

Z)\ick%max, 0 <cr < ny, ch:n1+...+n
k>1 k>1

The solution of this problem is evidently
ce="np, 1<k<s, ¢=0k>s+1

(we recall that Ay > Ay > ...). Thus we obtain the lower bound for the
left-hand side of (9)

cr=np 1<k<s, ¢ =0 k>s+1.

Standard arguments now lead to the required estimate. |

3. COROLLARIES FROM THE GENERAL THEOREMS

We begin with n-widths of convolution classes of functions defined on a
compact group. Let G be a compact group and K(-) € Ly(G). The operator
of convolution is defined as

/ K(g s) du(s). (10)

It is a compact operator from Ly(G) into Lo(G). Moreover, it follows from
the Minkowski inequality that (10) is a continuous operator from L;(G) into
LQ(G) Set

WG = {y() € Lo(G) [ y() = Tx(), [2()llryey <1}, p=1,2



THEOREM 3. Let G be a compact group and K(-) € La(G) be such that
its Fourier coefficients cf; when expanded in the orthonormal basis ef(-) =
Vialii(), a € A, i, j = 1 , Ny, satisfy the condition: for any o € A the

matriz Cy, = (c%)na has the form AaUq where A, € C and U, is an unitary

matriz. Assume that {/\k/,/ ke>1 18 the sequence {\o/\/Ta faca ordered in
decreasing order. Then for all m > 1 (ny = 0)

1) for any n such that n? + ...+ n%_; <n<n?+...+n?

d, (W' (G), Lo(G)) =

>
S
;‘.3_

2) foranyn=mn3+ ...+ n2 | + npuSm,, where 1 < s, < 0y,

1/2
W (G), Lo(G)) = (Pl = 50+ 3 [l )

k>m+1

Proof. 1. Using properties of the matrix elements

t5(9192) = Y ti(90)te;(92),  t5(g) = 15:(97Y),
k=1

we have
K(gs™) = > > chefilgs™) = X Z Cij Zem k(s). (1)
acAij—=1 acAij—1 VTa
It is easy to verify that if v = (z1,...,x,,) is an eigenvector of C!C, for

the eigenvalue A, then for all 1 < k < n, the functions Z?;l a:je;?‘k(-) are
eigenfunctions for 7'T" with eigenvalue A\/\/n,. Consequently, s; are the
s-numbers of 7"T". It remains to use Theorem 1.

2. By (11) we have

Kigs™) = X —= 3 b))

acA Na k,i=1

Set

el (9)

Ep(g) = :
€nai(9)

10



[0}

aEA\/m:Zi(E?(Q),CQE?(S)) =£\jn_a§jl(@( ), U Eg(s))a,l

No
i=1

There exists an unitary matrix V,, such that

7"
auVi=| o, 0 | =T
Vra
where [y¢] =1, j=1,...,n4. Set
B fik(9)
Fi(9) = VaEi(9) = :
e (9)
Then E¢(g) = V. EX(g), f4(g) is an orthonormal basis, and
Ao & S —
-y e ( ) UV (S)).
vy} -

"Z (Fe(9). VTV (5))

@ k=1

e}
n

ZFZ( NACIIEDY

€A

Using Theorem 2 we obtain the desired equality. |

COROLLARY 1. Let G be a compact Abelian group, K(-) € Ly(G), ¢j, j >
1, be Fourier coefficients of K in an orthonormal basis formed by characters
of the group. Assume that the c; are arranged in decreasing order. Then for
alln € Z4
(W3 (G), La(@)) = |cnsal,

11



COROLLARY 2. For K = (ky,...,ky) set

N
— Z k,mefQTri(jfl)m/N'

m=1

Assume that c; are arranged in decreasing order. Then for alln € Z

4 (WE @), Lo(Z) = e,
V@), 1a(Z) = (3 )

If K=(1,0,...,0), then from the last equality we obtain (1).

Let
d+1

Sd:{ZL‘:(ZE17...,ZL‘d+1)E]I{d+1’ZI?Zl}
j=1

be the unit sphere. It is known (see [9]) that Ly($%) = 33°, H) where

d+k d+k—-1
dlmHk:nk:<;>—<_;;_2>

(Hy, is the set of spherical harmonics of the order k). Let {Y}}7%, be an
orthonormal basis of Hy. For the Laplace operator A and any x( ) S H « the
equality

Ax(:) = = z(+)

holds where A\, = k(k+d —1). For a > 0 the operator (—A)*/2 is defined by
Nk
( a/2 ZAQ/QZ-%MY;‘]C(')»
=1
where z(-) € Ly(8%) and z(-) = Y520 0%, i ().

Set
W5(8) = {a(-) € La(SY) | [I(=2)*22() || sty < 1}
It is easy to check that this class can be represented in the form
W3 (8%) = {a(-) € La(8) | 2() = ¢ + Ty(-), c € R, y(-) € Lo(8?), y(-)11},
where for y(-) = Y52 123 1 Yki Y ( )

oo N

Ty(-) =33 NPy YEC).

k=1j=1

12



COROLLARY 3. Letng+ ...+ np1 <n<ng+...+n,. Then
dn (W5 (87), La($")) = A,

The class Wg($?) for d = 1 and o = r € Z coincides with the Sobolev
class

W3 (T) = {a(-) € Lo(T) | «"~V(:) abs. cont., ()| m) <1}
In this case A\, = k%, ng = 1, n, = 2, kK > 1. Thus we obtain

COROLLARY 4. Foralln € Z,

o (W3 (T), Lo(T)) = don(W(T), Lo(T)) = —.

n’/’
One does not obtain results similar to those obtained in Corollary 3 and 4
for the classes W ($%) and W7 (T). The reason for this is the additional con-

dition y(+)L1 which does not permit us to apply Theorem 2. Some estimates
of d,(W{(T), Lo(T)) may be found in [2, p. 101].

4. AVERAGE WIDTHS

In this section we calculate exact values of average Kolmogorov widths for
some classes of functions defined on IR? and Z? in the L, metric. We begin
with the definition of the average dimension of subspace. Let G = IR? or
Z? and p¢ be the Lebesgue measure on G if G = IRY, and discrete measure

if G = Z% Let A(G) be the set of positive numbers if G = IR? and the
set of natural numbers for G = Z? Assume that A is a subset of L,(G)
(1 <p<oo)and a € A(G). Denote by A, the restriction of A to the set

Oa={t=(t,....t) €G] <a, j=1,...,d}.

Let L be a subspace of L,(G). For every ¢ > 0 and o € A(G) consider
the value

K.(a,L,L,(G)) =min{n € Z; | d, (LN BL,(G))a, L,(Ty)) < e},

where BL,(G) is the unit ball of L,(G). It is clear that K. (a, L, L,(G))
is the minimal dimension of a subspace of L,(0,) which approximates the

13



set (L N BL,(G)), to within e. It is easy to check that for every € > 0 the
function o — K. (o, L, L,(G)) does not decrease, and obviously for every
a > 0 the function ¢ - K. (a, L, L,(G)) does not increase.

The average dimension of L in L,(G) is defined as

@i (L, L,(G)) = lim lim inf 2= (& L Ep(@))
£50 a—oo pe(Oy)

It is clear that dim (L, Lp(Zd)) <1

We shall formulate here one result about average dimension of functional
spaces which we later need. Let G* be R® for G = R* and T (a d-
dimensional torus) for G = Z%. Let ug- be the Lebesgue measure on G*
divided by (2m)9. (The last condition is connected with the fact that ug is
the natural Haar measure on G as on a locally compact Abelian group and
fg= is just the Haar measure associated with it on the dual group G*.)

Let A be a subset of G* and 1 < p < co. Set

Bap(G) = {z(-) € Ly(G) [ supp Z(-) C A},

where supp Z(+) is the support of Fourier transform of z(-) (z(-) is considered
as an distribution). It is clear that B4 ,(G) is a subspace of L,(G).

Recall that a set A C G* is called Jordan measurable if its characteristic
function is integrable in the sense of Riemann. The following two theorems
(Theorem 4 and 5) were proved in [10, 11] for G = IR%. In a general case
these theorems may be proved in much the same way.

THEOREM 4 (ABOUT AVERAGE DIMENSION). Let G = RY or Z¢, A be
a Jordan measurable subset of G* with finite measure and 1 < p < oo. Then

dim (Ba,(G), Ly(G)) = pg-(A).

The notion of average dimension leads at once to the corresponding ana-
logue of Kolmogorov n-width. Let C' be a centrally symmetric subset of
L,(G) and v > 0. The Kolmogorov average v-width of C' in L,(G) is defined
as follows

dy (C, Lp(G)) = inf sup inf [[z(-) —y()llL,©),

L z()eCy()eL

14



where the first infimum is taken over all subspaces L of L,(G) such that
dim (L, L,(G)) < v. Any subspace for which this infimum is attained we call
an extremal subspace for d, (C, L,(G)).

The following analogue for average widths of the theorem about widths
of a ball holds.

THEOREM 5 (ABOUT WIDTHS OF A BALL). Let A C G* be a Jordan
measurable set, v > 0, and ug«(A) > v. then

d, (Ba,y(G) N BL,(G), L,(G)) = 1.

We calculate the exact value of the average width in Lo for the set C'
which is a convolution class of functions defined on G. If K(-) € Ly(G), then
the operator of convolution with this kernel z(-) — (K x z)(+) is obviously a
linear continuous operator from Lo(G) into Lo(G). Set

W3 (G) = {y() € L2(G) [ y() = (K *2) (), lo() o) < 1}
Denote by z(-) the Fourier transform of the function z() € Ly(G).

THEOREM 6. Let K(-) € Li(G)NLy(G), v > 0ifG =TR%, and0 < v < 1
if G=2Z" Then - N
d, (W5(G), Lo(@)) = K*(v),

where /[5*() is the non-decreasing permutation gj\”f(\() Moreover, the space
Baw)2(G), where A(v) = {7 € G* | |K(7)| > K*(v)} is an extremal space
for d, (W(G), Ly(G)).

Proof. The lower bound. We use the method of “embedded balls”. For
every v > 0 consider the set A(y) = {r € G* | K(7)| > ~v}. Since K(-) €
Ly(G) the function K(-) is continuous and K (7) — 0 as |7| — oo if G = R?.
Therefore the set A(y) is open and bounded. Thus it is Jordan measurable,
as is easy to check. We prove that

Baa(G) NBL(G) € WE(G). (12)

Indeed, let y(-) belong to the left-hand side of (12). Assume that x(-) € Lo(G)
is defined by the condition: Z(7) = 0 almost everywhere if 7 ¢ A(~) and

15



Z(r) = KX(7)5(r) almost everywhere if 7 € A(y). Thus y(-) = (K * z)(-)
and we have to show that [|z(-)||r,) < 1. By the Plancherel theorem
v R opn| dar= [ K05
le Ol = Kt Aw\ (1))

<97 [ BEPT < 9 Ol < 1

that is, y(-) € Wi(Q).
Now ~ > 0 is such that pg«(A(v)) > v. By Theorem 4

dim (Ba2(G), La(G)) = pg- (A()) > v.

Then by Theorem 5 (taking into account the obvious property of homogeneity
of these widths) we obtain

dy (Ba2(G) NYBLA(G). Lo(@)) = 7.
From this and (12), using the monotonicity of widths it follows that
d, (W3(G). La(@)) > .

Passing to the supremum in this inequality over all v > 0 for which
pe (A(y)) > v (in view of the continuity of K'(-) this is equivalent to passage
to the supremum over all v > 0 for which pg (A(v)) > v) we obtain the
required lower bound.

The upper bound is based on the approximation of W (G) by the Fourier
method. Let v = (v) be such that pe« (A(7y)) = v (it is clear that in this
case v = K*(v)). By Theorem 4 dim (BA(A,),Q(G), LQ(G)) = v. With every
y() = (K xx)(-) € Wi (G) associate the function n(-) € Bag)2(G) such
that 7(-) = xae)(-)¥(-) where xa¢,)(-) is the characteristic function of the set

A@). 1
The next result is the analogue of (1) for average widths.

THEOREM 7. Let 0 < v < 1. Then

d, (BL(Z%), l(Z) = VT =v.

16



Proof. The arguments do not depend on the dimension d so for simplicity
we consider the case d = 1.
The lower bound. Let L be a subspace of l(Z), dim (L, 15(Z)) < v, and

e > 0. Assume that { Ny} is a subsequence of natural numbers such that

lim inf KE (N’ L’ l2(z>) =l KE (Nk7 LJ lQ(Z))

= 13

By the definition of average dimension, for every k there exists a subspace
M, € M such that

d (L N Bl(Z))x, My, 137) < e, (14)

Let = € B Extending z by zero to Z we obtain x € Bly(Z) and
consequently x € Bly(Z). Let y € L and z € M, be such that

ly — 2l gwss = d (y, M, B (16)

Then using the triangle inequality, (16), (14), and again the triangle inequal-
ity, we have

12 = yll@) 2 e = yllpven = |z =2l 2y = [ly = 2] 2w
> d (w, My, 5™) = d (y, My, ) > d (w0, My, 5 = 2|yl
> d (2, My, 5") = ellz = yllu@) — elellu@)-
Consequently,
(14 = yllu@ = d (w, My, 5Y) —e.
Hence,
(1+¢)d(BW(Z), L,1x(Z)) > d (BN, My, 5N — e (17)

From (13) (taking into account (15)) it follows that for every 0 < § < 1—v
there exists kg such that for all & > kg

dim M, < K. (Ny, L, 15(Z)) < (v + 6)(2N, + 1).
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Put N(k) = 2Ny + 1 and n(k) = [(v + §)(2Ni, + 1)]. Then dim M;, < n(k) <
N (k). Taking into account these inequalities, (17), and (1) we have

(1+)d(BL(Z), L, 1(Z)) > dugy (B, 15"Y) — &

n(k
1_N((k;)) —e=/1—(v+9)—e.

In view of the arbitrariness of ¢, §, and L we obtain the required lower bound.
The upper bound. Let € > 0 and the numbers n, N € IN be chosen so that
n < N and (n/N) <v < (n/N) + ¢e. Denote by L, y a subspace of [} with

dimension at most n which is extremal for d, (Bl{v AN ) We consider this

subspace as a subspace of functions on Z with support on {0,1,..., N —1}.
Let e;(-), ¢ = 1,..., N, be a basis for L, n. If k € Z, then the functions
ei(-+kN),i=1,..., N, form a basis in the space of all functions from L, x

shifted by kN. Denote by L the set of functions y(-) defined on Z which
have the form y(-) = ez S0 zpie(- + EN) where ez S0 22, < oo. Tt
is clear that L is a subspace of I5(Z).

We show that dim (L, 5(Z)) < v. Indeed, denote by L,, the restriction of
Lto{—mN,...,mN}. It is easy to see that dim L,, < 2mn+1 and therefore

— .. . 2mn+1 n
dim (L, l5(Z)) < hmmaloréfm = <w.

Denote by M, the restriction of L to Ay = {kN,...,(k+1)N —1}.

Now let x € Bl;(Z) and z be the restriction of x to Ag. Since z; €
||$k||l{vBl{V and My = L, y (if L, v is considered as a set of functions defined
on Ay) there exists y, € M), for which

2k = glliy < /1= (n/N)[lzgliy- (18)

Let y € L be a function such that the restriction of y to Ay equals y,. Then
using (18) and the mean inequality we have

1/2 1/2
n
1z = yll@) = (Z lze — kazQQN) <yl-x (Z Ikallf{v)

keZ keZ
<\ f1- = J1- = < J1-2<ivre
= _Nke%”xk"l? = —NH?UHMZ) > S —v+e.

In view of the arbitrariness of € we obtain the required estimate. |
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We note here one general fact which in particular enables us to ob-
tain at once a series of extremal spaces for the widths d,(BIY, 1Y) and
d,(BlL(Z%),1,(Z%)).

Let G be a locally compact Abelian group (LCAG), G* be the dual group
to G (that is, the group of all continuous characters on G), and ch(g, g*) be
the value of g* € G* at the element g € G. We define by pug (pug+) the Haar
measure on G (G*).

For every z(-) € L1(G) the function Z(-) defined on G* which is given by
the formula

#g) = | alg)ch(~g,9")dpc (19)

is called the Fourier transform of x(-). By (19) it follows that Z(-) is a
continuous function and

1Z0) o < llz()lzue)- (20)

The Fourier transform can be extended up to an isometric operator from
Ly(G) onto Ly(G*) (this extension we define by the same symbol Z(-)). Thus
we have the Parseval equality

()o@ = 12()] a6 (21)

If G is a discrete group, then the dual group G* is compact and we shall
usually assume that pe«(G*) = 1.
Let A be a nonempty subset of G* and p =1 or 2. Set

Bap(G) = {z() € Ly(G) [ supp 2(-) C A},

where supp Z(-) is the support of Z(-). It is clear that B4 ,(G) is a subspace
of L,(G).

PROPOSITION 1. Let G be a discrete LOCAG and A a measurable subset
of G*. Then Li(G) is embedded in Lo(G) and

d(BLi(G), Bas(G), Ls(G)) < /1 — pg-(A).

Proof. Let x(-) € BL1(G) and the function y(-) € Ls(G) be such that
9(-) = xa(-)Z(+) (xa(:) is the characteristic function of A). It is clear that
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y(+) € Ba2(G). Using (21) and (20), we have
o) — . 2 = T * 2d * < z(- 2 * / d *
1) =4O i = [, 506 P < 10y [ dic
< JleOlZe (1 = pe-(4)) £ 1= pe-(A).
If we take here z(-) € L1(G) and y(-) = 0, then we obtain that ||z (-)| 1) <
lz(-)|| 2, (). This means that L,(G) is continuously embedded in Ly(G). |

We apply this result to the mentioned above problems.

1. The space l]])V, 1 < p < o0, can be considered as L,(G) where G =
Zy =1{0,1,...,N — 1} is a finite discrete Abelian group with the operation
of addition modulo N. Characters of this group are the functions k& —
exp(2mkl/N), k € Zy, where 0 < [ < N — 1. Therefore we can identify
the dual group Z}, with Zy. Let n < N and A = {l;,,....,1;,} C Zj\.
It is clear that uzs; (A) = n/N. Consider the space L, = span{exp(2milj, -
/N),...,exp(2mil;,-/N)}, dim L,, = n. From Proposition 1 and (1) it follows
that L, is an extremal subspace for d,(BIY,[Y).

2. Let A C T be Jordan measurable, ppe(A) = v, 0 < v < 1. Consider
the space L, = {z(-) € l5(Z%)|suppz(-) € A}. By Theorem 4 we have
dim(L,, 15(Z")) = v. Now from Proposition 1 and Theorem 4 it follows that
L, is an extremal subspace for d, (Bl (Z%),15(Z%)).

*\A

5. COMMENTS

Various statements which are equivalent to Theorem 1 were proved by
many authors (see [12, 13, 14, 15, 2]). Of course this result was known to
Kolmogorov who considered in [3] only particular cases of elliptical cylinders.

In a finite-dimensional space n-widths of regular octahedra were in fact
obtained in two papers [4] (the upper bound) and [5] (the lower bound). It is
interesting to note that Kolmogorov in 1948 did not take into consideration
that in these papers d,(BI},1)) were calculated. This fact was noted by
Stechkin [6] who used it to find asymptotic values of n-widths for functional
classes.

There is one more type of octahedra for which it is possible to calculate
exact values of widths. They are octahedra with different axes

N
Blf(a)::{xEIRN’Z‘ngl}, a > ...>ay.
k=1
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For the dual case Smolyak [16] found the exact values of the linear (\,) and

Gel'fand (d"™) n-widths

An(BIY (a), 1Y) = d"(BIY (a), 1Y) = max | ——*_.
men \[ 3RS ay,

For the Kolmogorov n-width d,(Bl;(a),ls) the exact result was obtained by

Sofman [17, 18] (see also [19]).

In the continuous case estimates for the n-widths of generalized octahedra
and even more general sets (images of compacts under continuous transfor-
mation in the Hilbert space) can be obtained using results such as a theorem
of Ismagilov [20] which is based on the method of averages (we demonstrated
this method in the proof of Theorem 2). Ismagilov cited Obukhov [21] as a
predecessor in using the method of averages. Several statements of a similar
type which are used for calculating exact values of n-widths for classes of
analytic functions can be found in [22, 23, 24]. In those papers the dual sit-
uation is considered and the exact values of linear, Gel'fand, and Bernstein
widths of W (X) in C(X) are found. In the dual case using the Hilbert
space structure it is possible to calculate the exact values of n-widths for
W5 ($%) and W3 (T).

The concept of average dimension takes the beginning from the definition
of “average entropy” for stochastic signals with bounded spectrum which
was offered by Shannon [25]. Further Kolmogorov modified this definition
for determined functions. Then Tikhomirov [26] defined the notion of aver-
age dimension replacing entropy by Kolmogorov widths. The definition of
the average dimension used in the paper is a modification of Tikhomirov’s
definition. The notion of the Kolmogorov average widths is due to Magaril-
[I'yaev.
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