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Ïîëîæèì

B(x, x) =
n∏
j=1

(
x− xj
1− xjx

)νj
,

ãäå x = (x1, . . . , xn), xj ∈ (−1, 1), a ν1, . . . , νn � íàòóðàëüíûå ÷èñëà.
Ôóíêöèÿ B(x, x) íàçûâàåòñÿ ïðîèçâåäåíèåì Áëÿøêå ñ âåùåñòâåí-
íûìè íóëÿìè xj êðàòíîñòè νj. Ïóñòü s(x) � íåîòðèöàòåëüíàÿ âåñî-
âàÿ ôóíêöèÿ, íåïðåðûâíàÿ â èíòåðâàëå (a, b) è îòëè÷íàÿ îò òîæäå-
ñòâåííîãî íóëÿ. Ïîëîæèì

ϕ(x) =

∫ b

a

|B(x, x)|qs(x) dx,

ãäå −1 ≤ a < b ≤ 1, a 1 ≤ q < ∞. Ðàññìîòðèì ýêñòðåìàëüíûå
çàäà÷è:

ϕ(x)→ inf, −1 < x1 < . . . < xn < 1,(1)

max
x∈[a,b]

|B(x, x)s(x)| → inf, −1 < x1 < . . . < xn < 1;(2)

â ïîñëåäíåì ñëó÷àå ñ÷èòàåòñÿ, ÷òî ôóíêöèÿ s(x) íåïðåðûâíà íà
[a, b].
Çàäà÷è ïîäîáíîãî òèïà âîçíèêàþò ïðè ðåøåíèè çàäà÷ îïòèìàëü-

íîé èíòåðïîëÿöèè [1�4], ýêñòðàïîëÿöèè [5], íàõîæäåíèè îïòèìàëü-
íûõ êâàäðàòóðíûõ ôîðìóë [6,7] è ïîïåðå÷íèêîâ [8] íà êëàññàõ îãðà-
íè÷åííûõ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå ôóíêöèé. Ðåçóëüòàòû,
êàñàþùèåñÿ çàäà÷è (2) ïðè s(x) = 1, ìîæíî íàéòè â ðàáîòàõ [1�5].
Çäåñü ìû ðàññìîòðèì çàäà÷ó (1).

Òåîðåìà 1. Ïðè ëþáîì 1 ≤ q < ∞ ñóùåñòâóåò ñèñòåìà òî÷åê

z = (z1, . . . , zn), íà êîòîðîé äîñòèãàåòñÿ íèæíÿÿ ãðàíü â çàäà÷å

(1), ïðè÷åì ëþáàÿ òàêàÿ ñèñòåìà óäîâëåòâîðÿåò íåðàâåíñòâàì

a < z1 < . . . < zn < b.

Äîêàçàòåëüñòâî. Áóäåì èñïîëüçîâàòü ñõåìó, ïðèìåíÿåìóþ â àíà-
ëîãè÷íîé òåîðåìå äëÿ ìíîãî÷ëåíîâ, èç ðàáîòû [9]. Íåòðóäíî ïîêà-
çàòü, ÷òî ôóíêöèÿ ϕ(x) íåïðåðûâíà ïðè −1 ≤ x1 ≤ . . . ≤ xn ≤ 1.
Ïîýòîìó ñóùåñòâóåò ñèñòåìà òî÷åê z = (z1, . . . , zn) èç ýòîé îáëàñòè,
íà êîòîðîé äîñòèãàåòñÿ íèæíÿÿ ãðàíü â çàäà÷å (1). Ïðè ξ = ±1

1 =

∣∣∣∣ x− ξ1− ξx

∣∣∣∣ > ∣∣∣∣ x− x1

1− x1x

∣∣∣∣
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äëÿ ëþáûõ x, x1 ∈ (−1, 1). Îòñþäà ñëåäóåò, ÷òî −1 < z1, a zn < 1.
Áîëåå òîãî, ìîæíî ïîêàçàòü, ÷òî a < z1, zn < b. Äåéñòâèòåëüíî,
ïóñòü−1 < a1 = z1 = . . . = zm è zm < zm+1, åñëèm < n. Ðàññìîòðèì
ôóíêöèþ

α(y) =

∫ b

a

∣∣∣∣ x− y1− yx

∣∣∣∣νq n∏
j=m+1

∣∣∣∣ x− zj1− zjx

∣∣∣∣νjq s(x) dx,

ãäå ν = ν1 + . . .+ νm. Ïîñêîëüêó α(a1) = ϕ(z), à ïðè a1 ≤ a

α′(a1) = −νq
∫ b

a

∣∣∣∣ x− a1

1− a1x

∣∣∣∣νq−1
1− x2

(1− a1x)2

× sign(x− a1)
n∏

j=m+1

∣∣∣∣ x− zj1− zjx

∣∣∣∣νjq s(x) dx < 0,

òî ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ y− a1, äîñòàòî÷íî áëèçêèõ ê íó-
ëþ, α(y) < α(a1), ÷òî ïðîòèâîðå÷èò ýêñòðåìàëüíîñòè z. Àíàëîãè÷íî
äîêàçûâàåòñÿ, ÷òî zn < b.
Äîêàæåì òåïåðü ñïðàâåäëèâîñòü íåðàâåíñòâ z1 < . . . < zn. Ïðåä-

ïîëîæèì, ÷òî zj = zj+1 = . . . = zm = c è zj−1 < zj ïðè j > 1, à
zm < zm+1 ïðè m < n. Ïîëîæèì

Φ(x) =

(
1− cx
x− c

)νj+νm

B(x, z),

ψ(ε) =

∫ b

a

∣∣∣∣ x− c1

1− c1x

∣∣∣∣qνj ∣∣∣∣ x− c2

1− c2x

∣∣∣∣qνm |Φ(x)|qs(x) dx,

ãäå c1 = c− νmε, c2 = c+ νjε. Èìååì

ψ′(ε) = −εqνjνm(νj + νm)

∫ b

a

(1− x2)[1− (c1 + c2)x+ x2]

(x− c1)(x− c2)(1− c1x)(1− c2x)

×
∣∣∣∣ x− c1

1− c1x

∣∣∣∣qνj ∣∣∣∣ x− c2

1− c2x

∣∣∣∣qνm |Φ(x)|qs(x) dx.

Îòñþäà ψ′(0) = 0 è

ψ′′(0) = −εqνjνm(νj + νm)

∫ b

a

(1− x2)(1− 2cx+ x2)

(x− c)2(1− cx)2

×
∣∣∣∣ x− c1− cx

∣∣∣∣q(νj+νm)

|Φ(x)|qs(x) dx < 0.

Òåì ñàìûì ïðè äîñòàòî÷íî ìàëûõ ïîëîæèòåëüíûõ ε ψ(ε) < ψ(0) =
ϕ(z), ò. å. ϕ(zε) < ϕ(z), ãäå zε = (z1, . . . , zj−1, c1, c, . . . , c, c2, zm+1, . . . ,
zn), ÷òî ïðîòèâîðå÷èò ýêñòðåìàëüíîñòè z. Òåîðåìà äîêàçàíà. �

Ïóñòü −1 < a < b < 1. Òîãäà ñ ïîìîùüþ êîíôîðìíîãî ïðå-
îáðàçîâàíèÿ åäèíè÷íîãî êðóãà çàäà÷à (1) ìîæåò áûòü ñâåäåíà ê
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àíàëîãè÷íîé çàäà÷å íà ñèììåòðè÷íîì îòðåçêå∫ √k
−
√
k

|B(z, z)|qs1(z) dz → inf, −
√
k < z1 < . . . < zn <

√
k.

Ñäåëàâ çàìåíó z =
√
kt, ïîëó÷èì ýêâèâàëåíòíóþ çàäà÷ó:

(3) F (t)→ inf, −1 < t1 < . . . < tn < 1,

â êîòîðîé

F (t) =

∫ 1

−1

|Q(t, t, k)|qp(t) dt,

Q(t, t, k) =
n∏
j=1

(
t− tj

1− ktjt

)νj
,

a p ∈ W , ãäå ÷åðåç W îáîçíà÷åí êëàññ íåîòðèöàòåëüíûõ âåñîâûõ
ôóíêöèé, íåïðåðûâíûõ â èíòåðâàëå (−1, 1) è îòëè÷íûõ îò òîæäå-
ñòâåííîãî íóëÿ.
Îòìåòèì, ÷òî çàäà÷à (3) ìîæåò ðàññìàòðèâàòüñÿ êàê îáîáùåíèå

çàäà÷è î íàèìåíåå óêëîíÿþùèõñÿ îò íóëÿ ìíîãî÷ëåíàõ ñ ôèêñèðî-
âàííûìè êðàòíîñòÿìè íóëåé (ñëó÷àé, êîãäà k = 0), ðàññìîòðåííîé
â ðàáîòå [9]. Îêàçûâàåòñÿ, ÷òî çàäà÷à (3) (ñëåäîâàòåëüíî, è çàäà-
÷à (1)) ìîæåò èìåòü íååäèíñòâåííîå ðåøåíèå. Òåì íå ìåíåå, ìû
ïîêàæåì, ÷òî ïðè äîñòàòî÷íî ìàëûõ k åäèíñòâåííîñòü åñòü.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

r = q min
1≤j≤n

νj, N =
n∑
j=1

νj.

ϕj(t) =
∂F (t)

∂tj

= −qνj
∫ 1

−1

|Q(t, t, k)|q 1− kt2

(t− tj)(1− ktjt)
p(t) dt, (j = 1, . . . , n),

I(t, p, k) = D(ϕ1, . . . , ϕn)/D(t1, . . . , tn),

γm(p, q) = inf
tj

∫ 1

−1

∣∣∣∣ m∏
j=1

(t− tj)
∣∣∣∣qp∗(t) dt,

ãäå p∗ � íîðìèðîâàííûé âåñ:

p∗(t) = p(t)

/∫ 1

−1

p(t) dt.

Ëåììà 1. Ïóñòü 1 < r <∞ è p ∈ W . Åñëè âûïîëíåíî óñëîâèå

(4) k ≤ [r − 1− (r + 1)k](1− k)4γN(p, q)

(1 + k)4qN2qN+1
,
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òî äëÿ ëþáîé ñèñòåìû òî÷åê −1 < u1 < . . . < un < 1, óäîâëåòâî-
ðÿþùåé íåîáõîäèìûì óñëîâèÿì ýêñòðåìóìà

(5) ϕj(u) = 0 (j = 1, . . . , n)

âûïîëíÿåòñÿ íåðàâåíñòâî I(u, p, k) > 0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ýëåìåíòû ÿêîáèàíà I(u, p, k) ÷åðåç
ajl. Èìååì

ajj =
∂ϕj
∂tj
∣∣t=u = qνj

∫ 1

−1

|Q(t, u, k)|q

× [qνj(1− kt2)− 1 + 2kujt− kt2](1− kt2)

(t− uj)2(1− kujt)2
p(t) dt.

Â ñèëó ðàâåíñòâ (5)

ajj = ajj +
2kuj

1 + ku2
j

ϕj(u)

= qνj

∫ 1

−1

|Q(t, u, k)|q 1− kt2

(t− uj)2(1− kujt)2

[
qνj(1− kt2)

−
1− ku2

j

1 + ku2
j

(1 + kt2)

]
p(t) dt ≥ qνj[r − 1− (r + 1)k]

∫ 1

−1

|Q(t, u, k)|q

× 1− kt2

(t− uj)2(1− kujt)2
p(t) dt.

Èç óñëîâèÿ (4) âûòåêàåò, ÷òî r − 1− (r + 1)k > 0. Îòñþäà ñëåäóåò
óòâåðæäåíèå ëåììû ïðè n = 1. Ïóñòü n > 1. Òîãäà

(6) ajj > qνj
[r − 1− (r + 1)k](1− k)

(1 + k)qN+2

×
∫ 1

−1

|t− uj|qνj−2
∏
m6=j

|t− um|qνmp(t) dt

> qνj
[r − 1− (r + 1)k](1− k)

4(1 + k)qN+2
γN(p, q)

∫ 1

−1

p(t) dt.

Ïðè l 6= j

ajl =
∂ϕj
∂tl
∣∣t=u

= q2νjνl

∫ 1

−1

|Q(t, u, k)|q (1− kt2)2p(t)

(t− uj)(1− kujt)(t− ul)(1− kult)
dt.
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Â ñèëó ðàâåíñòâ (5)

ajl = ajl + q
νl(1 + ku2

j)ϕj(u)− νj(1 + ku2
l )ϕl(u)

(uj − ul)(1− kuluj)

= −2kq2νjνl

∫ 1

−1

|Q(t, u, k)|q t2(1− kt2)p(t)

(t− uj)(1− kujt)(t− ul)(1− kult)
dt.

Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè âñåõ u, t ∈ [−1, 1]∣∣∣∣ t− u1− kut

∣∣∣∣ ≤ 2

1 + k
,

1− kt2

(1− kut)2
≤ 1

1− k
,

1

1− kut
≤ 1

1− k
.

Òàêèì îáðàçîì,

|ajl| ≤ kq2νjνl(1− k)−3(1 + k)2−qN2qN−1

∫ 1

−1

p(t) dt.

Îòñþäà

(7)
∑
l 6=j

|ajm| ≤ kq2νjN(1− k)−3(1 + k)2−qN2qN−1

∫ 1

−1

p(t) dt.

Äëÿ ïîëîæèòåëüíîñòè ÿêîáèàíà I(u, p, k) äîñòàòî÷íî âûïîëíåíèÿ

íåðàâåíñòâ ajj >
∑
l 6=j

|ajl| (j = 1, . . . , n) (ñì., íàïðèìåð, [10, ñ. 415]).

Ïîýòîìó, ó÷èòûâàÿ (6) è (7), äîñòàòî÷íî äîêàçàòü, ÷òî

[r − 1− (r + 1)k](1− k)

4(1 + k)2
γN(p, q) ≥ kqN

(1 + k)22qN−1

(1− k)3
.

Ïîñëåäíåå íåðàâåíñòâî ýêâèâàëåíòíî íåðàâåíñòâó (4). Ëåììà äîêà-
çàíà. �

Ëåììà 2. Ïðè n = 1 è 1 < r <∞ çàäà÷à (3) èìååò åäèíñòâåííîå

ðåøåíèå äëÿ ëþáîé ôóíêöèè p ∈ W òîãäà è òîëüêî òîãäà, êîãäà

0 < k ≤ (r − 1)/(r + 1).

Òåîðåìà 2. Ïóñòü 1 < r < ∞ è p ∈ W . Åñëè âûïîëíåíî óñëîâèå

(4), òî ñóùåñòâóåò åäèíñòâåííàÿ ñèñòåìà òî÷åê −1 < u1 < . . . <
un < 1, óäîâëåòâîðÿþùàÿ ðàâåíñòâàì (5).

Äîêàçàòåëüñòâà ëåììû 2 è òåîðåìû2 àíàëîãè÷íû äîêàçàòåëü-
ñòâàì ëåììû 3.2 è òåîðåìû 3.2 èç [7].
Çàìåòèì, ÷òî óñëîâèå (4) âûïîëíåíî, åñëè

(8) k ≤ r − 1

9r − 7 + qN2qN+1γ−1
N (p, q)

.

Äåéñòâèòåëüíî, ôóíêöèÿ f(k) = [r − 1 − (r + 1)k](1 − k)4(1 + k)−4

íà îòðåçêå [0, (r− 1)/(r + 1)] âûïóêëà âíèç, à f ′(0) = 7− 9r, ñëåäî-
âàòåëüíî, f(k) ≥ r− 1− (9r− 7)k íà ýòîì îòðåçêå. Òàêèì îáðàçîì,
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åñëè âûïîëíåíî íåðàâåíñòâî

k ≤ [r − 1− (9r − 7)k]γN(p, q)

qN2qN+1
,

êîòîðîå ýêâèâàëåíòíî (8), òî èìååò ìåñòî íåðàâåíñòâî (4).
Îáîçíà÷èì ÷åðåç K, L è Λn ïîëíûå ýëëèïòè÷åñêèå èíòåãðàëû

ïåðâîãî ðîäà äëÿ ìîäóëåé k, l è λn, ñîîòâåòñòâåííî.

Òåîðåìà 3. Ïóñòü ν1 = . . . = νn = 1. Ñèñòåìû òî÷åê

u1 =

{
sn

[(
2j − 1

n
− 1

)
K, k

]}n
j=1

,

u2 =

{
sn

[(
2j

n+ 1
− 1

)
K, k

]}n
j=1

.

äëÿ âåñîâ

p1(t) =
1√

(1− t2)(1− k2t2)
, p2(t) = p1(t)

(
1− t2

1− k2t2

)q/2
,

ñîîòâåòñòâåííî, ïðè ëþáûõ 1 ≤ q <∞ è 0 ≤ k < 1 óäîâëåòâîðÿ-

þò ðàâåíñòâàì (5).

Äîêàçàòåëüñòâî. Ïîëîæèì

t(x) =

(
2

1 + k
x− 1

)(
1− 2k

1 + k
x

)−1

.

Ñäåëàâ çàìåíó t = t(x), ïîëó÷èì

ϕj(ur) =
1

2(1− k)

(
1− 2k

1 + k
xrj

)2(
2

1 + k

)q(n+r+1)

Arj (r = 1, 2),

ãäå t(xrj) = urj,

Arj =

∫ 1

0

n∏
m=1

∣∣∣∣ x− xrm
1− l2xrmx

∣∣∣∣q 1− l2x2

(x− xrj)(1− l2xrjx)
sr(x) dx,(9)

s1(x) =
1√

x(1− x)(1− l2x)
, s2(x) = s1(x)

[
x(1− x)

1− l2x

]q/2
,

l =
2
√
k

1 + k
.

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ãàóññà ýëëèïòè÷åñêèõ ôóíêöèé (ñì.,
íàïðèìåð, [11, ñ. 134]) ìîæíî ïîêàçàòü, ÷òî

x1j = sn2

(
2j − 1

2n
L, l

)
, x2j = sn2

(
j

n+ 1
L, l

)
(j = 1, . . . , n).
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Ñäåëàåì â èíòåãðàëàõ (9) çàìåíó x = sn2(y, l). Â ñèëó ïåðâîãî ãëàâ-
íîãî ïðåîáðàçîâàíèÿ 2n-é è 2(n+1)-é ñòåïåíåé [11, ñ. 136, 284] èìååì

n∏
m=1

x1m − sn2(y, l)

1− l2x1m sn2(y, l)
= cn(l) sn

[(
2ny

L
+ 1

)
Λn, λn

]
,

n∏
m=1

x2m − sn2(y, l)

1− l2x2m sn2(y, l)

= cn+1(l) sn

[
2(n+ 1)y

L
Λn+1, λn+1

]
dn(y, l)

sn(y, l) cn(y, l)
,

ãäå

cn(l) =
n∏

m=1

sn2

(
2j − 1

2n
L, l

)
, λn = l2nc2

n(l).

Òàêèì îáðàçîì,

A1j = 2cqn(l)

∫ L

0

∣∣∣∣sn [(2ny

L
+ 1

)
Λn, λn

]∣∣∣∣q
× 1− l2 sn4(y, l)

[sn2(y, l)− x1j][1− l2x1j sn2(y, l)]
dy,

A2j = 2cqn+1(l)

∫ L

0

∣∣∣∣sn [2(n+ 1)y

L
Λn+1, λn+1

]∣∣∣∣q
× 1− l2 sn4(y, l)

[sn2(y, l)− x2j][1− l2x2j sn2(y, l)]
dy.

Èç ëåììû 2.2 ðàáîòû [7] ñëåäóåò, ÷òî A1j = A2j = 0 (j = 1, . . . , n).
Òåîðåìà äîêàçàíà. �

Ïðè âñåõ x ∈ (−1, 1) è zj ∈ C ñïðàâåäëèâî íåðàâåíñòâî∣∣∣∣ x− zj1− zjx

∣∣∣∣ ≥ ∣∣∣∣ x− z∗j1− z∗jx

∣∣∣∣ ,
ãäå z∗j = min(1, |Re zj|) sign Re zj, êîòîðîå ÿâëÿåòñÿ ñòðîãèì ïðè
zj 6= z∗j . Îòñþäà ñëåäóåò, ÷òî ïðè ν1 = . . . = νn = ν çàäà÷à (1)
ýêâèâàëåíòíà çàäà÷å∫ b

a

∣∣∣∣ n∏
j=1

x− zj
1− zjx

∣∣∣∣νqs(x) dx→ inf, zj ∈ C,

a çàäà÷à (3) � çàäà÷å∫ 1

−1

∣∣∣∣ n∏
j=1

t− tj
1− ktjt

∣∣∣∣νqp(t) dt→ inf, tj ∈ C.
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Åñëè k = 0, òî K = π/2, sn(x, 0) = sinx, à ñèñòåìû òî÷åê u1, u2

ñîâïàäàþò ñ íóëÿìè ìíîãî÷ëåíîâ ×åáûøåâà

Tn(t) =
1

2n−1
cos(n arccos t).

Un(t) =
1

2n
sin[(n+ 1) arccos t]√

1− t2
,

ñîîòâåòñòâåííî. Èç òåîðåì 2 è 3 â ýòîì ñëó÷àå ñëåäóåò (ñì. òàêæå
[12, ñ. 292]), ÷òî

(10) inf
tj∈C

∫ 1

−1

∣∣∣∣ n∏
j=1

(t− tj)
∣∣∣∣q dt√

1− t2

=

∫ 1

−1

|Tn(t)|q dt√
1− t2

=

√
πΓ((q + 1)/2)

2(n−1)qΓ(q/2 + 1)
,

inf
tj∈C

∫ 1

−1

∣∣∣∣ n∏
j=1

(t− tj)
∣∣∣∣q(1− t2)(q−1)/2 dt

=

∫ 1

−1

|Un(t)|q(1− t2)(q−1)/2 dt =

√
πΓ((q + 1)/2)

2nqΓ(q/2 + 1)
.

Òåîðåìà 4. Ïóñòü ν1 = . . . = νn = 1, 1 < q <∞. Òîãäà ïðè

(11) 0 ≤ k ≤ (q − 1)Γ((q + 1)/2)

(9q − 7)Γ((q + 1)/2) + 2
√
πqΓ(q/2 + 1)n2q(2n−2+r)

èìåþò ìåñòî ðàâåíñòâà

(12) inf
tj∈C

∫ 1

−1

∣∣∣∣ n∏
j=1

t− tj
1− ktjt

∣∣∣∣qpr(t) dt =

∫ 1

−1

|Q(t, ur, k)|q pr(t) dt

=
2dqn+r−1(k)K

Λn+r−1

Iq(λn+r−1) (r = 1, 2),

ãäå

dm(k) =

[m/2]∏
j=1

sn2

(
2j − 1

m
K, k

)
, Iq(λ) =

∫ 1

0

xq dx√
(1− x2)(1− λ2x2)

,

λm = kmd2
m(k).

Ñèñòåìû òî÷åê u1 è u2 åäèíñòâåííûå, íà êîòîðûõ äîñòèãàåòñÿ

íèæíÿÿ ãðàíü â ðàâåíñòâàõ (12).

Äîêàçàòåëüñòâî. Èìååì∫ 1

−1

p2(t) dt ≤
∫ 1

−1

p1(t) dt = 2K,
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êðîìå òîãî, p1(t) ≥ (1 − t2)−1/2, p2(t) ≥ (1 − t2)(q−1)/2. Ó÷èòûâàÿ
ðàâåíñòâà (10), ïîëó÷àåì

γ(pr, q) ≥
√
πΓ((q + 1)/2)

2(n−2+r)qΓ(q/2 + 1)

1

2K
(r = 1, 2).

Â ðàáîòå [7] áûëî ïîêàçàíî, ÷òî K ≤ π(1 − k2)−1/2, ïîýòîìó íåðà-
âåíñòâî (4) áóäåò âûïîëíåíî äëÿ âåñà pr, åñëè

k ≤ Γ((q + 1)/2)

2
√
πqΓ(q/2 + 1)n2q(2n−2+r)

g(k),

ãäå g(k) = [q − 1 − (q + 1)k](1 − k)5(1 + k)−3. Ïîñêîëüêó ôóíêöèÿ
g(k) âûïóêëà ââåðõ ïðè k ∈ [0, (q − 1)/(q + 1)] è g′(0) = 7 − 9q, òî
g(k) ≥ q−1−(9q−7)k íà ýòîì îòðåçêå. Òàêèì îáðàçîì, íåðàâåíñòâî
(4) âûïîëíåíî, åñëè

k ≤ [q − 1− (9q − 7)k]Γ((q + 1)/2)

2
√
πqΓ(q/2 + 1)n2q(2n−2+r)

,

÷òî ðàâíîñèëüíî íåðàâåíñòâó (11). Èç òåîðåì 2 è 3 âûòåêàåò òåïåðü,
÷òî ïðè âûïîëíåíèè óñëîâèé (11)

(13) inf
tj∈C

∫ 1

−1

∣∣∣∣ n∏
j=1

t− tj
1− ktjt

∣∣∣∣qpr(t) dt =

∫ 1

−1

|Q(t, ur, k)|q pr(t) dt

(r = 1, 2),

ïðè÷åì ñèñòåìû u1 è u2 åäèíñòâåííûå, äëÿ êîòîðûõ ñïðàâåäëèâû
ýòè ðàâåíñòâà. Äëÿ âû÷èñëåíèÿ çíà÷åíèé èíòåãðàëîâ, ñòîÿùèõ â
ïðàâûõ ÷àñòÿõ ðàâåíñòâ (13), âîñïîëüçóåìñÿ çàìåíîé t = sn(u, k), à
òàêæå ïåðâûì ãëàâíûì ïðåîáðàçîâàíèåì n-é è (n + 1)-é ñòåïåíåé.
Ïîëó÷àåì∫ 1

−1

|Q(t, ur, k)|q pr(t) dt =
2dqn+r−1(k)K

Λn+r−1

∫ Λn+r−1

0

snq(x, λn+r−1) dx

=
2dqn+r−1(k)K

Λn+r−1

Iq(λn+r−1) (r = 1, 2) (r = 1, 2).

Òåîðåìà äîêàçàíà. �

Ðàöèîíàëüíûå ôóíêöèè Q(t, ur, k) ïðè ν1 = . . . = νn = 1 ìîãóò
ðàññìàòðèâàòüñÿ êàê îáîáùåíèå ìíîãî÷ëåíîâ ×åáûøåâà, òàê êàê

Q(t, u1, 0) = Tn(t), Q(t, u2, 0) = Un(t).

Âîçâðàùàÿñü ê çàäà÷å î ìèíèìèçàöèè ïðîèçâåäåíèé Áëÿøêå, èç
òåîðåìû 4 ñ ïîìîùüþ çàìåíû t = z

√
k ïîëó÷àåì
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Ñëåäñòâèå 1. Ïóñòü ν1 = . . . = νn = 1, 1 < q < ∞. Òîãäà ïðè

âûïîëíåíèè óñëîâèé (11) èìåþò ìåñòî ðàâåíñòâà

(14) inf
zj∈C

∫ √k
−
√
k

∣∣∣∣ n∏
j=1

z − zj
1− zjz

∣∣∣∣qsr(z) dz =

∫ √k
−
√
k

|B(z, Zr)|q sr(z) dz

=
2λqn+r−1K

k(r−1)q/2Λn+r−1

Iq(λn+r−1) (r = 1, 2),

ãäå

Z1 =

{√
k sn

[(
2j − 1

n
− 1

)
K, k

]}n
j=1

,

Z2 =

{√
k sn

[(
2j

n+ 1
− 1

)
K, k

]}n
j=1

,

s1(z) =
1√

(k − z2)(1− kz2)
, s2(z) = s1(z)

(
k − z2

k − k2z2

)q/2
.

Ñèñòåìû òî÷åê Z1 è Z2 åäèíñòâåííûå, íà êîòîðûõ äîñòèãàåòñÿ

íèæíÿÿ ãðàíü â ðàâåíñòâàõ (14).

Ñëó÷àé ðàâíûõ êðàòíîñòåé ν1 = . . . = νn = ν ñâîäèòñÿ ê ñëó÷àþ
ν1 = . . . = νn = 1 çàìåíîé q íà νq.
Îòìåòèì, ÷òî ñèñòåìû òî÷åê u1 è u2 óäîâëåòâîðÿþò íåîáõîäè-

ìûì óñëîâèÿì ýêñòðåìàëüíîñòè äëÿ ñîîòâåòñòâóþùèõ âåñîâ ïðè
âñåõ k ∈ [0, 1), ïîýòîìó èíòåðåñåí ñëåäóþùèé âîïðîñ: îñòàþòñÿ ëè
ðàâåíñòâà (12) è (14) ñïðàâåäëèâûìè äëÿ âñåõ k ∈ [0, 1)?
Ç à ì å ÷ à í è å ï ð è ê î ð ð å ê ò ó ð å. Òåîðåìà 1 äëÿ

s(x) = 1 íåçàâèñèìî äîêàçàíà â [13], âûøåäøåé ïîñëå ñäà÷è ñòàòüè
â ðåäàêöèþ.

Ìîñêîâñêèé àâèàöèîííûé òåõíîëîãè÷åñêèé Ïîñòóïèëî
èíñòèòóò èì. Ê. Ý. Öèîëêîâñêîãî 16.09.1987

Ïåðåðàáîòàííûé âàðèàíò
10.08.1989
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