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1. Ïóñòü Ω ⊂ C � íåêîòîðîå ìíîæåñòâî è µ � ïîëîæèòåëüíàÿ
ìåðà íà íåì. ×åðåç Lp(Ω, µ) îáîçíà÷èì ïðîñòðàíñòâî êîìïëåêñíî-
çíà÷íûõ ôóíêöèé, äëÿ êîòîðûõ

‖f‖p =

(∫
Ω

|f(z)|p dµ(z)

)1/p

<∞, 1 ≤ p <∞,

‖f‖∞ = vraisup
z∈Ω

|f(z)| <∞, p =∞.

Ïóñòü Xp � ëèíåéíîå ïîäïðîñòðàíñòâî Lp(Ω, µ) è L, l1, . . . , ln � ëè-
íåéíûå ôóíêöèîíàëû, çàäàííûå íà Xp.
Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ ôóíêöèîíàëà L íà åäèíè÷-

íîì øàðå BXp = {f ∈ Xp : ‖f‖p ≤ 1} ïî çíà÷åíèÿì l = (l1, . . . , ln).
Ïîëîæèì

(1) E(L, l,Xp) = inf
S

sup
f∈BXp

|L(f)− S(l(f))|,

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì ôóíêöèÿì (ìåòîäàì)
S : Cn → C. Íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ íàçîâåì ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü â ðàâåíñòâå (1), à ôóíêöèþ,
íà êîòîðîé äîñòèãàåòñÿ âåðõíÿÿ ãðàíü äëÿ íàèëó÷øåãî ìåòîäà, áó-
äåì íàçûâàòü ýêñòðåìàëüíîé.
Èç ðàáîòû [1] ñëåäóåò, ÷òî â ðàññìàòðèâàåìîé çàäà÷å âñåãäà ñó-

ùåñòâóåò ëèíåéíûé íàèëó÷øèé ìåòîä è ñïðàâåäëèâî ðàâåíñòâî

(2) E(L, l,Xp) = sup
f∈BXp

l(f)=0

|L(f)|.

Ñëåäóþùàÿ òåîðåìà äàåò âîçìîæíîñòü â íåêîòîðûõ ñëó÷àÿõ äî-
âîëüíî ïðîñòî ñòðîèòü ëèíåéíûé íàèëó÷øèé ìåòîä è íàõîäèòü åãî
ïîãðåøíîñòü.

Òåîðåìà 1. Ïóñòü g ∈ Xp, ‖g‖p 6= 0, l(g) = 0 è ñóùåñòâóþò

òàêèå α, c1, . . . , cn ∈ C, ÷òî ïðè âñåõ f ∈ Xp

(3) L(f)−
n∑
j=1

cjlj(f) =


α
∫
Ω

g(z)|g(z)|p−2f(z) dµ(z), 1 ≤ p <∞,

α
∫
Ω

g(z)ϕ(z)f(z) dµ(z), p =∞,
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ãäå ϕ ∈ L1(Ω, µ). Ïóñòü, êðîìå òîãî, ïðè p =∞ |g(z)| = 1 ïî÷òè

âñþäó. Òîãäà ìåòîä âîññòàíîâëåíèÿ

L(f) ≈
n∑
j=1

cjlj(f)

ÿâëÿåòñÿ íàèëó÷øèì, ôóíêöèÿ f ∗ = eiθg/‖g‖p � ýêñòðåìàëüíàÿ è

E(L, l,Xp) =

{
|α|‖g‖p−1

p , 1 ≤ p <∞,
|α|‖ϕ‖1, p =∞.

Äîêàçàòåëüñòâî. Ïðè 1 ≤ p <∞ èç (1), (3) è íåðàâåíñòâà Ã¼ëüäåðà
èìååì

E(L, l,Xp) ≤ sup
f∈BXp

∣∣∣∣L(f)−
n∑
j=1

cjlj(f)

∣∣∣∣
= sup

f∈BXp

∣∣∣∣α ∫
Ω

g(z)|g(z)|p−2f(z) dµ(z)

∣∣∣∣ ≤ |α|‖g‖p−1
p .

Ïðè p = ∞ àíàëîãè÷íàÿ îöåíêà äàåò E(L, l,X∞) ≤ |α|‖ϕ‖1. Äëÿ
ëþáîãî ìåòîäà S ñïðàâåäëèâî íåðàâåíñòâî

|L(f ∗)− S(0)|+ |L(−f ∗)− S(0)| ≥ 2|L(f ∗)|.

Îòñþäà, ó÷èòûâàÿ (2), ïîëó÷àåì

E(L, l,Xp) ≥ |L(f ∗)| =

{
|α|‖g‖p−1

p , 1 ≤ p <∞,
|α|‖ϕ‖1, p =∞.

Òåîðåìà äîêàçàíà. �

Çàìåòèì, ÷òî â ñëó÷àå n = 0 (ò. å. îòñóòñòâèÿ ôóíêöèîíàëîâ,
çàäàþùèõ èíôîðìàöèþ) òåîðåìà 1 îñòàåòñÿ â ñèëå (çäåñü è äàëåå
ñ÷èòàåòñÿ, ÷òî â ñëó÷àå, êîãäà âåðõíèé ïðåäåë ñóììèðîâàíèÿ ìåíü-
øå íèæíåãî, ñóììà ðàâíà íóëþ).
2. Ïóñòü D = {z ∈ C : |z| < 1} è Hp � ïðîñòðàíñòâî Õàðäè, ò. å.

àíàëèòè÷åñêèå â D ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ

‖f‖Hp = sup
0<r<1

1

2π

(∫ 2π

0

|f(reiθ|p dθ
)1/p

<∞, 1 ≤ p <∞,

èëè

‖f‖H∞ = sup
z∈D
|f(z)| <∞.

Îáîçíà÷èì ÷åðåç Zν =

(
z1, . . . , zn
ν1, . . . , νn

)
ñèñòåìó ðàçëè÷íûõ òî÷åê

zj ∈ D ñ êðàòíîñòÿìè νj. Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ ôóíê-
öèîíàëà

Lλξ (f) = λ0f(ξ) + . . .+ λkf
(k)(ξ),
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ãäå ξ ∈ D, λ = (λ0, . . . , λk) ∈ Ck+1, λ 6= 0, íà êëàññå BHp ïî èíôîð-
ìàöèè l(f) = {f(z1), . . . , f (ν1−1)(z1), . . . , f(zn), . . . , f (νn−1)(zn)}. Ïî-

ëîæèì Zz
n =

(
z
n

)
, ek = (0, . . . , 1) ∈ Ck+1.

Òàêèì îáðàçîì, ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà Ω = {z ∈ C : |z| =
1}, dµ =

dθ

2π
, Xp = Hp, à L(f) = Lλξ (f). Âåëè÷èíó (1) îáîçíà÷èì â

ýòîì ñëó÷àå ÷åðåç E(ξ, λ, Zν , Hp). Îòìåòèì, ÷òî ïðè Zν = ∅ èç (2)
èìååì E(ξ, λ, ∅, Hp) = sup

f∈BHp

|Lλξ (f)|.

Íåêîòîðûå ñëó÷àè ðàññìàòðèâàåìîé çàäà÷è èçó÷àëèñü â ðàáîòàõ
[1] (p =∞, λ = e0), [2] (p =∞, λ = e1), [3,4] (1 ≤ p <∞, λ = e0), [5,
ñ. 486, 491], [6, ñ. 176] (p = 1,∞, ξ = 0, Zν = ∅), [7] (p = 2, λ = ek,
Zν = Z0

n).
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

W (z) =
n∏
j=1

(
z − zj
1− zjz

)νj
, ïðè n = 0 W (z) ≡ 1,

ωj(z) = W (z)

(
1− zjz
z − zj

)νj
, εp =

{
1/p, 1 ≤ p <∞,
0, p =∞,

β(ξ) = λk−1
1− |ξ|2

2
W (ξ)

+ kλk

[
1− |ξ|2

2
W ′(ξ) +

(
εp +

k − 1

2

)
ξW (ξ)

]
,

D1 = { ξ ∈ D : |β(ξ)| < (1− εp)k|λkW (ξ)| }, D0 = D \D1,

b =



β(ξ)

(1− εp)kλkW (ξ)
, ξ ∈ D1,

kλkW (ξ)ei arg β(ξ)

|β(ξ)|+
√
|β(ξ)|2 − (1− 2εp)k2|λkW (ξ)|2

,

ξ ∈ D0 \ {z1, . . . , zn},

a =
ξ − b
1− ξb

, uξ(z) =

1, ξ ∈ D1,
z − a
1− az

, ξ ∈ D0 \ {z1, . . . , zn},

c(ξ) =


k!λkW (ξ)

uξ(ξ)
, λk 6= 0,

(k − 1)!λk−1(1− |ξ|2)W (ξ), λk = 0.

Òåîðåìà 2. Ïóñòü

Zν =

(
z1, . . . , zn, ξ
ν1, . . . , νn, k − 1

)
, k ≥ 1.
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Òîãäà ìåòîä

λk−1f
(k−1)(ξ) + λkf

(k)(ξ)

≈
n∑
j=1

νj−1∑
m=0

cjm(ξ)f (m)(zj) +
k−2∑
m=0

cn+1,m(ξ)f (m)(ξ),

ãäå

cjm(ξ) = − c(ξ)(1− |ξ|2)3−k−4εp

m!(νj −m− 1)!(1− aξ)2(1−εp)

× ∂νj−m−1

∂zνj−m−1

[
(1− zjz)νj(1− az)2(1−εp)uξ(z)

ωj(z)(1− ξz)3−k−4εp(z − ξ)k+1

] ∣∣∣∣
z=zj

,

cn+1,m(ξ) = − c(ξ)(1− |ξ|2)3−k−4εp

m!(k −m)!(1− aξ)2(1−εp)

× ∂k−m

∂zk−m

[
(1− az)2(1−εp)uξ(z)

W (z)(1− ξz)3−k−4εp

] ∣∣∣∣
z=ξ

,

ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå BHp ïðè

âñåõ 1 ≤ p ≤ ∞. Ïðè ýòîì ôóíêöèÿ

f ∗(z) = eiθ
(1− |ξ|2)εp|1− ξb|2εp

(1 + |b|2)εp

(
z − ξ
1− ξz

)k−1

× (z − a)W (z)(1− az)2εp

(1− az)uξ(z)(1− ξz)4εp

ÿâëÿåòñÿ ýêñòðåìàëüíîé, à

E(ξ, λ, Zν , Hp) = |c(ξ)| (1 + |b|2)1−εp

(1− |ξ|2)k+εp
.

Äîêàçàòåëüñòâî. Ïîëîæèì

g(z) =

(
z − ξ
1− ξz

)k−1
z − a
1− az

W (z)(1− az)2εp

uξ(z)(1− ξz)4εp
,

ϕ(z) =
(1− az)2

(1− ξz)4
, α = c(ξ)

(1− |ξ|2)3−k−4εp

(1− aξ)2(1−εp)
.
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Èìååì

λk−1f
(k−1)(ξ) + λkf

(k)(ξ)

−
n∑
j=1

νj−1∑
m=0

cjm(ξ)f (m)(zj) +
k−2∑
m=0

cn+1,m(ξ)f (m)(ξ)

=
α

2πi

∫
|z|=1

uξ(z)(1− az)2(1−εp)f(z)

W (z)(1− ξz)3−k−4εp(z − ξ)k+1
dz

=


α

2π∫
0

g(z)|g(z)|p−2f(z) dµ(z), 1 ≤ p <∞,

α
2π∫
0

g(z)ϕ(z)f(z) dµ(z), p =∞.

Èç ýòèõ æå ðàâåíñòâ ïðè f = g ïîëó÷àåì

‖g‖pHp
= ‖ϕ‖H1 =

1

2πi

∫
|z|=1

(1− az)(z − a)

(1− ξz)2(z − ξ)2
dz =

1 + |b|2

(1− |ξ|2)|1− ξb|2
.

Çàïèñàâ âûðàæåíèå äëÿ |α| â âèäå

|α| = |c(ξ)| |1− ξb|
2(1−εp)

(1− |ξ|2)k−1+2εp
,

ïîëó÷àåì äîêàçûâàåìîå óòâåðæäåíèå èç òåîðåìû 1. �

Îòìåòèì, ÷òî äîêàçàííàÿ òåîðåìà äàåò âîçìîæíîñòü âîññòàíàâ-
ëèâàòü íà êëàññå BHp ëèíåéíûé ôóíêöèîíàë λ0f(ξ) + λ1f

′(ξ) ïî
èíôîðìàöèè â ïðîèçâîëüíîé ñèñòåìå òî÷åê.
Èç òåîðåìû 2 ñëåäóåò, ÷òî ïðè |β(ξ)| < (1 − εp)k|λkW (ξ)| ó ýêñ-

òðåìàëüíîé ôóíêöèè êðîìå íóëåé â òî÷êàõ çàäàííîé ñèñòåìû ïî-
ÿâëÿåòñÿ äîïîëíèòåëüíûé íóëü â òî÷êå a. Íàçîâåì êðèâóþ

Γ = { ξ ∈ D : |β(ξ)| = (1− εp))k|λkW (ξ)| }

êðèâîé ïåðåêëþ÷åíèÿ. Â ñëó÷àå, êîãäà îäíî èç ìíîæåñòâ D0 èëè
D1 ïóñòî, áóäåì ãîâîðèòü, ÷òî ïåðåêëþ÷åíèÿ íåò. Îòìåòèì, ÷òî
ïåðåêëþ÷åíèå îòñóòñòâóåò ïðè p = 1 èëè λk = 0 (â ýòèõ ñëó÷àÿõ
D1 = ∅). Îáîçíà÷èì ÷åðåç

Z0,ξ
n,k−1 =

(
0 ξ
n k − 1

)
, n ≥ 0, k ≥ 1 (ξ 6= 0 ïðè n ≥ 1)

è ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ k-é ïðîèçâîäíîé (λ = ek) ïî

èíôîðìàöèè Z0,ξ
n,k−1. Ëåãêî ïîêàçàòü, ÷òî çäåñü äëÿ n ≥ 1 ïåðåêëþ-

÷åíèÿ åñòü ëèøü ïðè k = 1, 2 < p ≤ ∞ è k = 2, 4 < p ≤ ∞. Äëÿ
n = 0 ïåðåêëþ÷åíèÿ íåò â ñëåäóþùèõ ñëó÷àÿõ: p = 1 (D1 = ∅);
k = 1, 2 ≤ p ≤ ∞ (D0 = ∅); k = 2, 4 < p ≤ ∞ (D0 = ∅), â îñòàëüíûõ
ñëó÷àÿõ ïåðåêëþ÷åíèÿ åñòü.
Èç òåîðåìû 2 íåïîñðåäñòâåííî âûòåêàåò
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Ñëåäñòâèå 1. Ïðè âñåõ n ≥ 0, k ≥ 1 è 1 ≤ p ≤ ∞ èìåþò ìåñòî

ðàâåíñòâà

E(ξ, ek, Z
0,ξ
n,k−1, Hp)

=


k!|ξ|n

(1− |ξ|2)k+εp

(
1 +

d2

|ξ|2

)1−εp
, ξ ∈ D1 \ {0},

k!|ξ|n−1

(1− |ξ|2)k+εp
d

(
1 +
|ξ|2

d2

)1−εp
, ξ ∈ D0 \ {0},

E(0, ek, Z
0
k−1, Hp) = k!;

çäåñü

d =


γ

1− εp
, ξ ∈ D1,

γ +
√
γ2 − (1− 2εp)|ξ|2 ξ ∈ D0,

γ = n
1− |ξ|2

2
+

(
εp +

k − 1

2

)
|ξ|2.

Îòìåòèì, ÷òî ïðè k = 1 ìû ïîëó÷àåì âîññòàíîâëåíèå ïðîèç-
âîäíîé ïî òåéëîðîâñêîé èíôîðìàöèè Z0

n. Ñëåäñòâèå 1 ïðè k = 1
îáîáùàåò ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòàõ [8] (p = ∞, n = 1)
è [2, 4] (p =∞, n ≥ 1). Âûðàæåíèå äëÿ âåëè÷èíû E(ξ, ek, Z

0
n, H2) â

âèäå ðÿäà áûëî ïîëó÷åíî â ðàáîòå [7].
3. Ðàññìîòðèì òåïåðü àíàëîãè÷íûå çàäà÷è äëÿ ïðîñòðàíñòâà

Áåðãìàíà Ap, êîòîðîå îïðåäåëÿåòñÿ êàê ìíîæåñòâî àíàëèòè÷åñêèõ
â D ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ

‖f‖Ap =

(
1

π

∫
D

|f(u)|p dσ
)1/p

<∞,

ãäå dσ � ïëîñêàÿ ìåðà Ëåáåãà. Òåì ñàìûì Ω = D, dµ = (1/π)dσ, à
Xp = Ap.

Òåîðåìà 3. Ìåòîä f (n)(ξ) ≈
n−1∑
m=0

cm(ξ)f (m)(ξ), ãäå

cm(ξ) = (−1)n−m+1Cm
n

(
ξ

1− |ξ|2

)n−m
Γ(n+ 4/p)

Γ(m+ 4/p)
,

ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå BAp ïðè
âñåõ 1 ≤ p <∞ è ξ ∈ D. Ôóíêöèÿ

f ∗(u) = eiθ
(
n
p

2
+ 1
)1/p

(1− |ξ|2)2/p (u− ξ)n

(1− ξu)n+4/p

ÿâëÿåòñÿ ýêñòðåìàëüíîé, à

E(ξ, en, Z
ξ
n, Ap) =

n!
(
n
p

2
+ 1
)1/p

(1− |ξ|2)n+2/p
.
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Äîêàçàòåëüñòâî. Ïîëîæèì

g(u) =
(u− ξ)n

(1− ξu)n+4/p
, α =

n!
(
n
p

2
+ 1
)

(1− |ξ|2)n−2+4/p
,

I =
n!

(1− |ξ|2)n−1+4/p
· 1

2πi

∫
|u|=1

(1− ξu)n−1+4/p

(u− ξ)n+1
f(u) du.

Äëÿ ëþáîé ôóíêöèè f ∈ H∞ èìååì

I = f (n)(ξ)−
n−1∑
m=0

cm(ξ)f (m)(ξ).

Ñ äðóãîé ñòîðîíû, ïî ôîðìóëå Ñòîêñà (ñì. [9, ñ. 78])

(4) I =
n!

(1− |ξ|2)n−1+4/p
· 1

2πi

∫
|u|=1

∣∣∣∣ u− ξ1− ξu

∣∣∣∣n(p−2)(
u− ξ
1− ξu

)n+1

× f(u)

(1− ξu)2(p−2)/p
du =

n!

(1− |ξ|2)n−1+4/p

× 1

2πi

∫
D

∂

∂u

(∣∣∣∣ u− ξ1− ξu

∣∣∣∣n(p−2)(
u− ξ
1− ξu

)n+1
f(u)

(1− ξu)2(p−2)/p

)
du ∧ du

=
α

π

∫
D

g(u)|g(u)|p−2f(u) dσ.

Òàêèì îáðàçîì, äëÿ ëþáîé ôóíêöèè f ∈ H∞

(5) f (n)(ξ)−
n−1∑
m=0

cm(ξ)f (m)(ξ) =
α

π

∫
D

g(u)|g(u)|p−2f(u) dσ.

Ïîñêîëüêó ôóíêöèè èç H∞ ïëîòíû â Ap, òî ðàâåíñòâî (5) èìååò
ìåñòî äëÿ âñåõ f ∈ Ap. Èç ðàâåíñòâà (4) ïðè f = g èìååì

‖g‖pAp
=

1(
n
p

2
+ 1
)

(1− |ξ|2)

∫
|u|=1

du

(u− ξ)(1− ξu)

=
1(

n
p

2
+ 1
)

(1− |ξ|2)2
.

Òåïåðü äîêàçûâàåìîå óòâåðæäåíèå ñëåäóåò èç òåîðåìû 1. Òåîðåìà
äîêàçàíà. �

Â ñèëó òîãî, ÷òî c0(0) = . . . = cn−1(0) = 0, èç òåîðåìû 3 âûòåêàåò
ðàâåíñòâî

sup
‖f‖Ap≤1

|f (n)(0)| = n!
(
n
p

2
+ 1
)1/p

.
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Òåîðåìà 4. Ìåòîä f(ξ) ≈
n−1∑
m=0

cm(ξ, z)f (m)(z), ãäå

cm(ξ, z) =
(ξ − z)n(1− |ξ|2)2(p−2)/p

m!(n−m− 1)!(1− zξ)n+1[ϕ(ξ)](p−2)/p

× ∂n−m−1

∂un−m−1

[
(1− zu)n+1(ϕ(u))(p−2)/p

(ξ − u)(1− ξu)2(p−2)/p

] ∣∣∣∣
u=z

,

ϕ(u) = 1 + n
p

2
− np

2

u− z
1− zu

· ξ − z
1− zξ

,

ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå BAp,
1 ≤ p <∞. Ïðè ýòîì ôóíêöèÿ

f ∗(u) = eiθ
(1− |ξ|2)2/p

(ϕ(ξ))1/p

(
u− z
1− zu

)n
(ϕ(u))2/p

(1− ξu)4/p

ÿâëÿåòñÿ ýêñòðåìàëüíîé, à

E(ξ, e0, Z
z
n, Ap) =

∣∣∣∣ ξ − z1− zξ

∣∣∣∣n (ϕ(ξ))1/p

(1− |ξ|2)2/p
.

Äîêàçàòåëüñòâî. Ïîëîæèì

g(u) =

(
u− z
1− zu

)n
(ϕ(u))2/p

(1− ξu)4/p
, α =

(
ξ − z
1− zξ

)n
(1− |ξ|2)2(p−2)/p

(ϕ(ξ))(p−2)/p
,

I =
α

1− zξ
1

2πi

∫
|u|=1

(1− zu)n+1(ϕ(u))(p−2)/p

(u− ξ)(u− z)n(1− ξu)2(p−2)/p
f(u) du.

Äëÿ f ∈ H∞

I = f(ξ)−
n−1∑
m=0

cm(ξ, z)f (m)(z).

Ñ äðóãîé ñòîðîíû, òåîðåìà Ñòîêñà äàåò

I =
α

1− zξ
· 1

2πi

∫
|u|=1

∣∣∣∣ u− z1− zu

∣∣∣∣n(p−2)

× (u− z)n+1(ϕ(u))(p−2)/p

(1− ξu)(1− zu)n(1− ξu)2(p−2)/p
f(u) du

=
α

π

∫
D

g(u)|g(u)|p−2f(u) dσ.

Äàëåå ïîâòîðÿþòñÿ ðàññóæäåíèÿ, èñïîëüçîâàâøèåñÿ ïðè äîêàçà-
òåëüñòâå òåîðåìû 3. Òåîðåìà äîêàçàíà. �

Èç òåîðåìû 4, â ÷àñòíîñòè, ñëåäóåò, ÷òî

E(ξ, e0, Z
0
n, Ap) = |ξ|n

(
1 + n

p

2
(1− |ξ|2)

)1/p

(1− |ξ|2)2/p
.
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Îòìåòèì, ÷òî ïðè p = 2 è z = 0 íàèëó÷øèì ìåòîäîì âîññòàíîâ-
ëåíèÿ ÿâëÿåòñÿ îòðåçîê ðÿäà Òåéëîðà. Ýòîò æå ôàêò èìååò ìåñòî
â àíàëîãè÷íîé çàäà÷å íà êëàññå BH2, ÷òî îòìå÷àëîñü â ðàáîòå [4].
Ïîëîæèì òåïåðü

β(ξ) = λ0
1− |ξ|2

2
+ λ1

2

p
ξ,

D0 =

{
ξ ∈ D : |β(ξ)| ≥ 3p− 2

2p
|λ1|

}
, D1 = D \D0.

Ïóñòü

ψ(x) =
(

1− p

2

)
|λ1|x3 −

(
1− p

2

)
|β(ξ)|x2

+

(
2 +

p

2
− 2

p

)
|λ1|x−

(
1 +

p

2

)
|β(ξ)|.

Ïðè ξ ∈ D1 ÷åðåç b1(ξ) îáîçíà÷èì êîðåíü óðàâíåíèÿ ψ(x) = 0,
óäîâëåòâîðÿþùèé óñëîâèþ 0 ≤ b1(ξ) < 1. Ñóùåñòâîâàíèå òàêîãî
êîðíÿ ñëåäóåò èç òîãî, ÷òî

ψ(0) = −
(

1 +
p

2

)
|β(ξ)| ≤ 0,

ψ(1) =
3p− 2

2p
|λ1| − 2|β(ξ)| > 0.

Ìîæíî ïîêàçàòü, ÷òî òàêîé êîðåíü åäèíñòâåíåí. Ïîëîæèì, êðîìå
òîãî,

b =


2
λ1

β(ξ)

1 +

√
1− 2(p− 2)

p

∣∣∣∣ λ1

β(ξ)

∣∣∣∣2
−1

, ξ ∈ D0,

ei arg β(ξ) · b1(ξ), ξ ∈ D1,

a =
ξ − b
1− ξb

.
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Òåîðåìà 5. Ïðè âñåõ 1 ≤ p <∞ èìååò ìåñòî ðàâåíñòâî

sup
‖f‖Ap≤1

|λ0f(ξ) + λ1f
′(ξ)|

=



|λ0|
(1− |ξ|2)2/p

, ξ ∈ D0, λ1 = 0,

2|λ1|
(

1 +
1

2
|b|2
)(p−1)/p

(1− |ξ|2)(p+2)/p|b|
, ξ ∈ D0, λ1 6= 0,

|λ1|
[(

1− p

2

)
|b|4 + 4|b|2 + 1 +

p

2

](p−1)/p

(1− |ξ|2)(p+2)/p
[(

1− p

2

)
|b|2 + 1 +

p

2

](p−2)/p
, ξ ∈ D1.

Ôóíêöèÿ

f ∗(u)

=



eiθ|1− ξb|2/p(1− |ξ|2)2/p(1− au)2/p(
1 +

1

2
|b|2
)1/p

(1− ξu)6/p

, ξ ∈ D0,

eiθ|1− ξb|4/p(u− a)(ϕ(u))2/p[(
1− p

2

)
|b|4 + 4|b|2 + 1 +

p

2

]1/p

(1− au)(1− ξu)4/p

, ξ ∈ D1,

ãäå

ϕ(u) =
(

1 +
p

2

)
(1− |a|2) + 2(ξ − a)

u− a
1− ξu

,

ÿâëÿåòñÿ ýêñòðåìàëüíîé â äàííîé çàäà÷å.

Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî ôóíêöèÿ ϕ(u) íå îáðàùà-
åòñÿ â íóëü ïðè u ∈ D. Â ñèëó îïðåäåëåíèÿ a èìååì

ϕ(u) =
1− |ξ|2

|1− ξb|2

[(
1 +

p

2

)
(1− |b|2) + 2|b|2 + 2b

u− ξ
1− ξu

]
.

Îñòàåòñÿ çàìåòèòü, ÷òî(
1 +

p

2

)
(1− |b|2) + 2|b|2 > 1 + |b|2 > 2|b|.

Ïîëîæèì ïðè ξ ∈ D1

g(u) =
u− a
1− au

(ϕ(u))2/p

(1− ξu)4/p
, α =

λ1(1− |ξ|2)2(p−2)/p

(1− aξ)2(ϕ(ξ))(p−2)/p
,

I =
α

2πi

∫
|u|=1

(1− au)2(ϕ(u))(p−2)/p

(u− ξ)2(1− ξu)2(p−2)/p
f(u) du.

Äàëåå äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî òîé æå ñõåìå, ÷òî è äîêàçà-
òåëüñòâà òåîðåì 3 è 4. �
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