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Îáîçíà÷èì ÷åðåç C(Ω) ëèíåéíîå ïðîñòðàíñòâî íåïðåðûâíûõ
ôóíêöèé (êîìïëåêñíûõ èëè âåùåñòâåííûõ), îïðåäåëåííûõ íà Ω ⊂
C è óäîâëåòâîðÿþùèõ óñëîâèþ

‖f‖Ω = sup
z∈Ω
|f(z)| <∞,

Ïóñòü X � íåêîòîðîå ïîäïðîñòðàíñòâî íà C(Ω) è BX = {f ∈ X :
‖f‖Ω ≤ 1}, L � ëèíåéíûé ôóíêöèîíàë íà X è M ⊂ Ω. Ðàññìîòðèì
çàäà÷ó î íàõîæäåíèè âåëè÷èíû

(1) E(L,M, δ,X) = inf
S

sup
f∈BX

‖f−f̃‖M≤δ

|Lf − Sf̃ |,

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì ôóíêöèÿì (ìåòîäàì)
S : C(M) → C(R). Ìåòîä S0 íàçîâåì îïòèìàëüíûì, åñëè íà íåì
äîñòèãàåòñÿ íèæíÿÿ ãðàíü â (1). Åñëè S0 � îïòèìàëüíûé ìåòîä, òî
ôóíêöèÿ f0, äëÿ êîòîðîé

sup
‖f−f̃‖M≤δ

|Lf0 − S0f̃ | = E(L,M, δ,X)

íàçûâàåòñÿ ýêñòðåìàëüíîé.
Çàäà÷à (1), íàçûâàåìàÿ çàäà÷åé îá îïòèìàëüíîì âîññòàíîâëåíèè

ôóíêöèîíàëà L ïî íåòî÷íûì äàííûì (èëè ïî èíôîðìàöèè, çàäàí-
íîé ñ ïîãðåøíîñòüþ), áûëà ïîñòàâëåíà â ðàáîòå [1] (ñì. òàêæå [2]�
[5] è îáøèðíóþ áèáëèîãðàôèþ, ïðåäñòàâëåííóþ â ýòèõ ðàáîòàõ).
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à (1), êîãäà X � ïîä-

ïðîñòðàíñòâî àíàëèòè÷åñêèõ èëè ãàðìîíè÷åñêèõ â Ω ôóíêöèé (ýòè
ïîäïðîñòðàíñòâà îáîçíà÷àþòñÿ ÷åðåç H∞(Ω) è h∞(Ω), ñîîòâåò-
ñòâåííî), Lf = f ′(x), x ∈ Ω. Áóäåì îáîçíà÷àòü âåëè÷èíó (1) â ýòîì
ñëó÷àå ÷åðåç E1(x,M, δ,X). Àíàëîãè÷íûå çàäà÷è äëÿ êëàññîâ ãëàä-
êèõ ôóíêöèé ðàññìàòðèâàëèñü â ðàáîòàõ [3], [6].

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ. Õîðîøî èçâåñòíî (ñì. [1]� [5]),
÷òî â çàäà÷å (1) ñðåäè îïòèìàëüíûõ ìåòîäîâ ñóùåñòâóåò ëèíåé-
íûé (ò. å. ìåòîä, ÿâëÿþùèéñÿ ëèíåéíûì ôóíêöèîíàëîì íà C(M))
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è ñïðàâåäëèâî ðàâåíñòâî

E(L,M, δ,X) = sup
f∈BX
‖f‖M≤δ

|Lf |.

Â òåõ ñëó÷àÿõ, êîãäà óäàåòñÿ ïîñòðîèòü ìåòîä, ïîãðåøíîñòü êî-
òîðîãî äîïóñêàåò èíòåãðàëüíîå ïðåäñòàâëåíèå îïðåäåëåííîãî âèäà,
ìîæíî äîêàçàòü îïòèìàëüíîñòü òàêîãî ìåòîäà. À èìåííî, èìååò ìå-
ñòî ñëåäóþùèé ðåçóëüòàò (ìû ôîðìóëèðóåì ÷àñòíûé ñëó÷àé òåî-
ðåìû 2 èç [7]).

Òåîðåìà 1. Ïóñòü Ω = {z ∈ C : |z| < 1}, M ⊂ Ω, X � ïîäïðî-

ñòðàíñòâî ôóíêöèé èç C(Ω), èìåþùèõ ïî÷òè âñþäó ãðàíè÷íûå

çíà÷åíèÿ, f0 ∈ BX, |f0(eiθ)| = 1 ïî÷òè âñþäó, ‖f0‖M ≤ δ, S0 �

ëèíåéíûé ôóíêöèîíàë íà C(M), S0f0 = δ‖S0‖, ϕ(eiθ) ∈ L1(0, 2π) è
ïðè âñåõ f ∈ X ñïðàâåäëèâî ðàâåíñòâî

Lf − S0f =
1

2π

∫ 2π

0

f0(eiθ)|ϕ(eiθ)|f(eiθ) dθ.

Òîãäà S0 � îïòèìàëüíûé ìåòîä, f0 � ýêñòðåìàëüíàÿ ôóíêöèÿ è

E(L,M, δ,X) = Lf0 =

∫ 2π

0

|ϕ(eiθ)| dθ + δ‖S0‖.

Ïîëîæèì D = {z ∈ C : |z| < 1}, H∞ = H∞(D), h∞ = h∞(D).
×åðåç H2 îáîçíà÷èì ïðîñòðàíñòâî àíàëèòè÷åñêèõ â D ôóíêöèé,
óäîâëåòâîðÿþùèõ óñëîâèþ

‖f‖H2 = sup
0<r<1

(
1

2π

∫ 2π

0

|f(eiθ)|2 dθ
)1/2

<∞.

Ñîîòâåòñòâóþùåå ïðîñòðàíñòâî ãàðìîíè÷åñêèõ ôóíêöèé îáîçíà-
÷èì ÷åðåç h2.
Íàïîìíèì, ÷òî áåñêîíå÷íûì ïðîèçâåäåíèåì Áëÿøêå íàçûâàåòñÿ

ôóíêöèÿ âèäà

(2) B(z) =
∞∏
n=1

− zn
|zn|
· z − zn

1− znz
,

ãäå zn ∈ D (äëÿ zn = 0 ÷àñòíîå −zn/|zn| çàìåíÿåòñÿ íà åäèíèöó).
Èçâåñòíî (ñì., íàïðèìåð, [8, ñ. 61]), ÷òî åñëè zn ∈ D óäîâëåòâîðÿþò

óñëîâèþ Áëÿøêå
∞∑
n=1

(1− |zn|) <∞, òî ïðîèçâåäåíèå (2) ñõîäèòñÿ â

D, B(z) ∈ BH∞ è |B(eiθ)| = 1 ïî÷òè âñþäó.

Ëåììà 1. Ïóñòü zn ∈ (0, 1) óäîâëåòâîðÿþò óñëîâèþ Áëÿøêå, z1 <
z2 < . . . < zn < . . .,

B(z) =
∞∏
n=1

z2
n − z2

1− z2
nz

2
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è ñóùåñòâóþò òàêèå an ∈ (zn, zn+1), ÷òî |B(an)| ≥ c > 0. Òîãäà
ïðè âñåõ f ∈ H2 èìååò ìåñòî ðàâåíñòâî

1

2πi

∫
∂D

f(z) dz

B(z)z2
=
f ′(0)

B(0)
+
∞∑
n=1

f(zn)− f(−zn)

B′(zn)z2
n

.

Äîêàçàòåëüñòâî. Ïîëîæèì Dj
n = {z ∈ C : |z − (−1)j| ≤ 1 − an},

j = 1, 2, Dn = D \ (D1
n ∪ D2

n), Γn = ∂D ∩ Dn, γn = ∂Dn ∩ D. Ïî
òåîðåìå î âû÷åòàõ è â ñèëó íå÷åòíîñòè B′(z) èìååì

rn =

∣∣∣∣ 1

2πi

∫
∂D

f(z) dz

B(z)z2
− f ′(0)

B(0)
−

n∑
j=1

f(zj)− f(−zj)
B′(zj)z2

j

∣∣∣∣
=

∣∣∣∣ 1

2πi

∫
∂D

f(z) dz

B(z)z2
− 1

2πi

∫
∂Dn

f(z) dz

B(z)z2

∣∣∣∣
=

∣∣∣∣ 1

2πi

∫
Γn

f(z) dz

B(z)z2
− 1

2πi

∫
γn

f(z) dz

B(z)z2

∣∣∣∣
≤ 1

2π

∫
Γn

|f(z)| |dz|+ 1

2π

bn
a2
n

∫
γn

|f(z)| |dz|,

ãäå bn = sup
z∈γn
|B(z)|−1. Íåòðóäíî óáåäèòüñÿ, ÷òî ìíîæåñòâî òî÷åê z,

äëÿ êîòîðûõ ∣∣∣∣ z − zj1− zjz

∣∣∣∣ < ∣∣∣∣ an − zj1− zjan

∣∣∣∣ ,
ïðè âñåõ j ≥ n + 1 ÿâëÿåòñÿ êðóãîì, ëåæàùèì âíóòðè D2

n, à ïðè
âñåõ j ≤ n � êðóãîì, ëåæàùèì âíå D2

n. Îòñþäà ñëåäóåò, ÷òî ïðè
âñåõ z ∈ γn ∩D2

n è ëþáîì j∣∣∣∣ z − zj1− zjz

∣∣∣∣ ≥ ∣∣∣∣ an − zj1− zjan

∣∣∣∣ .
Àíàëîãè÷íî äîêàçûâàåòñÿ ñïðàâåäëèâîñòü ïðè âñåõ j è z ∈ γn ∩D2

n

íåðàâåíñòâ ∣∣∣∣ z + zj
1 + zjz

∣∣∣∣ ≥ ∣∣∣∣ an + zj
1 + zjan

∣∣∣∣ .
Ñëåäîâàòåëüíî, ïðè âñåõ z ∈ γn ∩D2

n |B(z)| ≥ |B(an)| ≥ c. Â ñèëó
÷åòíîñòè B(z) ýòî íåðàâåíñòâî ñïðàâåäëèâî ïðè âñåõ z ∈ γn Òàêèì
îáðàçîì, bn ≤ c−1.
Èç íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî èìååì∫

Γn

|f(z)| |dz| ≤
√
|Γn|

(∫
Γn

|f(z)|2 |dz|
)1/2

≤
√

2π|Γn|‖f‖H2 .

Òåì ñàìûì

rn ≤
√
|Γn|
2π
‖f‖H2 +

1

2πca2
n

∫
γn

|f(z)| |dz|.
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Ïîñêîëüêó zn óäîâëåòâîðÿåò óñëîâèþ Áëÿøêå, òî lim
n→∞

an = 1, è

ñëåäîâàòåëüíî, |Γn| → 0 ïðè n→∞. Îñòàåòñÿ ïîêàçàòü, ÷òî∫
γn

|f(z)| |dz| → 0

ïðè n→∞. Ýòî ëåãêî ñäåëàòü, ïîëüçóÿñü èçâåñòíîé îöåíêîé

|f(z)| ≤ ‖f‖H2(1− |z|2)−1/2.

Ëåììà äîêàçàíà. �

Ïóñòü 0 < δ < 1. Îáîçíà÷èì ÷åðåç K è K ′ � ïîëíûå ýëëèïòè÷å-
ñêèå èíòåãðàëû ïåðâîãî ðîäà äëÿ ìîäóëåé k = δ2 è r′ =

√
1− δ4,

ñîîòâåòñòâåííî. Ïîëîæèì

αn = th

[
(2n− 1)

πK

2K ′

]
, n = 1, 2, . . . ,

è ðàññìîòðèì ïðîèçâåäåíèå Áëÿøêå

B0(z, δ) =
∞∏
n=1

α2
n + z

1 + α2
nz
.

Ýòà ôóíêöèÿ ÿâëÿåòñÿ ýêñòðåìàëüíîé â çàäà÷å Ìèþ î íàõîæäåíèè
âåëè÷èíû

sup
f∈BH∞
‖f‖(−1,0)

|f(z0)|

äëÿ z0 ∈ (0, 1) è áûëà íàéäåíà Õåéíñîì â ðàáîòå [9] (ñì. òàêæå
[10]). Îíà ìîæåò áûòü âûðàæåíà ÷åðåç ýëëèïòè÷åñêèå ôóíêïèè â
ñëåäóþùåì âèäå

(3) B0(z, δ) = δ sn

(
2

π
K ′v +K, δ2

)
, z = − th2 v.

Ïîëîæèì

B2(z, δ) = B0(−z2, δ) =
∞∏
n=1

α2
n − z2

1− α2
nz

2
.

Èç ïðåäñòàâëåíèÿ (3) èìååì

(4) B2(z, δ) = δ sn

(
2

π
K ′ arth z +K, δ2

)
.

Îòìåòèì, ÷òî ïðè âñåõ z ∈ (−1, 1) |B0(z, δ)| ≤ δ è äëÿ βn =

th

(
n
πK

K ′

)
, n = 0, 1, . . ., ñïðàâåäëèâû ðàâåíñòâà

(5) B2(±βn, δ) = (−1)nδ.

Ðàññìîòðèì òàêæå ôóíêöèþ

B1(z, δ) = B2

(
z − α1

1− α1z
, δ

)
.
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Íåòðóäíî óáåäèòüñÿ, ÷òî

(6) B1(z, δ) = z
∞∏
n=1

β2
n − z2

1− β2
nz

2
= δ sn

(
2

π
K ′ arth z, δ2

)
.

Ïîëîæèì

h0(z, δ) =
∞∏
n=1

(
1− β2

nz
2

1− α2
nz

2

)2

.

Ïîñêîëüêó

αn =
1− h2n−1

1 + h2n−1
, βn =

1− h2n

1 + h2n
,

ãäå h = e−
πK
K′ , òî, ïîëüçóÿñü èçâåñòíûìè ôîðìóëàìè èç òåîðèè ýë-

ëèïòè÷åñêèõ ôóíêöèé (ñì., íàïðèìåð, [11]), ïîëó÷àåì

h0(z, δ) =
∞∏
n=1

(
1 + h2n−1

1 + h2n

)4(
1 + 2h2n cos 2πv + h4n

1 + 2h2n−1 cos 2πv + h4n−2

)2

=
cn2(2K ′v, k′)

dn2(2K ′v, k′) cos2 πv
,

ãäå cos 2πv = (1 + z2)(1− z2)−1. Â ñèëó òîãî, ÷òî v =

(
i

π

)
arth z è

cn(iu, k′) =
1

cn(u, k)
, dn(iu, k′) =

dn(u, k)

cn(u, k)

(ñì. [11, ñ. 133]), èìååì

(7) h0(z, δ) =
1− z2

dn2

(
2

π
K ′ arth z, δ2

) .
Ïîëîæèì

ϕ(z, δ) =
B1(z, δ)h0(z, δ)

zB2(z, δ)
.

Ëåììà 2. Ïðè âñåõ 0 < δ < 1 è θ ∈ (0, π) ∪ (π, 2π)

(8)
2| sin θ|
1 + δ2

≤ ϕ(eiθ, δ) ≤ 2| sin θ|
1− δ2

.

Äîêàçàòåëüñòâî. Èç (4), (6), (7), ïîëîæèâ u =
2

π
K ′ arth z è ïîëü-

çóÿñü ïðåîáðàçîâàíèåì Ãàóññà (ñì. [11, ñ. 134]), èìååì

ϕ(z, δ) =
1− z2

z

sn(u, δ2)

sn(u+K, δ2) dn2(u, δ2)
=

1− z2

z

sn(u, δ2)

cn(u, δ2) dn(u, δ2)

=
1− z2

z

1

1 + δ2

sn[(1 + δ2)u, λ]

cn[(1 + δ2)u, λ]
,
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ãäå λ = 2δ(1+δ2)−1. Îáîçíà÷èì ÷åðåç L′ ïîëíûé ýëëèïòè÷åñêèé èí-

òåãðàë ïåðâîãî ðîäà äëÿ ìîäóëÿ λ′ =
√

1− λ2. Òîãäà K ′ =
2

1 + δ2
L′

è u =
4L′

π(1 + δ2)
arth z. Òåì ñàìûì

ϕ(z, δ) =
1− z2

z

1

1 + δ2

sn

(
4L′

π
arth z, λ

)
cn

(
4L′

π
arth z, λ

)
= −1− z2

z

i

(1 + δ2) dn

(
4L′

π
arth z + iL′, λ

) ,
Ïîëîæèì òåïåðü z = eiθ, θ ∈ (0, π) ∪ (π, 2π). Òîãäà arth z = x +

i
π

4
sign sin θ, ãäå x =

1

2
ln
∣∣∣ctg

θ

2

∣∣∣. Ñëåäîâàòåëüíî,
ϕ(eiθ, δ) = − 2 sin θ

(1 + δ2) dn

[
4L′

π
x+ iL′(1 + sign sin θ), λ

]
=

2| sin θ|

(1 + δ2) dn

(
4L′

π
x, λ

) .
Â ñèëó òîãî, ÷òî äëÿ âñåõ x ∈ R ñïðàâåäëèâû íåðàâåíñòâà

1 ≥ dn

(
4L′

π
x, λ

)
≥ λ′ =

1− δ2

1 + δ2
,

ïîëó÷àåì íåðàâåíñòâî (8). Ëåììà äîêàçàíà. �

2. Îñíîâíûå ðåçóëüòàòû. Ðàññìîòðèì çàäà÷ó (1) äëÿX = H∞,
Lf = f ′(x), x ∈ (−1, 1) è M = (−1, 1).

Òåîðåìà 2. Ïðè âñåõ 0 < δ < 1 è x ∈ (−1, 1) ìåòîä

f ′(x) ≈ S0(x, δ)f̃ =
2π

K ′(1− δ4)(1− x2)

∞∑
n=−∞

(−1)n+1

sh2

[
(2n− 1)

πK

K ′

] f̃(zn),

ãäå

zn =

th

[
(2n− 1)

πK

K ′

]
+ x

1 + x th

[
(2n− 1)

πK

K ′

] ,
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ÿâëÿåòñÿ îïòèìàëüíûì íà êëàññå BH∞, ôóíêöèÿ B1

(
z − x
1− xz

, δ

)
� ýêñòðåìàëüíàÿ è

E1(x, (−1, 1), δ,H∞) =
2δK ′

π(1− x2)
=

4

π(1− x2)
δ ln

2

δ
+O

(
δ5 ln

2

δ

)
.

Äîêàçàòåëüñòâî. Äëÿ f ∈ H∞ ïîëîæèì

If =
δ

2πi

∫
∂D

h0(z, δ)f(z)

B2(z, δ)z2
dz.

Òàê êàê H∞ ⊂ H2, òî èç ðàâåíñòâà (5) ñëåäóåò, ÷òî ê ýòîìó èíòå-
ãðàëó ïðèìåíèìà ôîðìóëà, ïîëó÷åííàÿ â ëåììå 1. Èìååì

If = f ′(0) +
∞∑
n=1

δ
f(αn)− f(−αn)

B′(αn, δ)α2
n

h0(αn, δ).

Èñïîëüçóÿ ðàâåíñòâà (4) è (7), ïîëó÷àåì

B′2(αn, δ) = δ(−1)n
2K ′

π(1− α2
n)
, h0(αn, δ) =

1− α2
n

1− δ4
.

Òåì ñàìûì

If = f ′(0)− 2π

K ′(1− δ4)

∞∑
n=1

(−1)n+1 f(αn)− f(−αn)

sh2

[
(2n− 1)

πK

K ′

]
= f ′(0)− S0(0, δ)f.

Ñ äðóãîé ñòîðîíû, íåòðóäíî óáåäèòüñÿ, ÷òî

If =
1

2π

∫ 2π

0

B1(eiθ, δ)ψ(eiθ)f(eiθ) dθ,

ãäå ψ(eiθ) = δϕ(eiθ, δ). Èç ëåììû 2 ψ(eiθ) > 0 ïî÷òè âñþäó è ψ(eiθ) ∈
L1(0, 2π). Ïîñêîëüêó B1(·, δ) ∈ BH∞, ‖B1(·, δ)‖(−1,1) = δ è

S0(0, δ)B1(z, δ) = δ
2π

K ′(1− δ4)

∞∑
n=−∞

1

sh2

[
(2n− 1)

πK

K ′

] = δ‖S0‖,

òî, ïðèìåíÿÿ òåîðåìó 1, ó÷èòûâàÿ ðàâåíñòâà

B′1(0, δ) =
2

π
δK ′, K ′ = ln

4

k
+O

(
k2 ln

4

k

)
,

ïîëó÷àåì óòâåðæäåíèå òåîðåìû äëÿ x = 0. Åñëè x ∈ (−1, 1), òî ñ
ïîìîùüþ êîíôîðìíîãî ïðåîáðàçîâàíèÿ åäèíè÷íîãî êðóãà w(z) =
(z+x)(1+xz)−1 è ðàññìîòðåíèÿ ôóíêöèé g(z) = f(w(z)), äëÿ êîòî-
ðûõ g′(0) = (1− x2)f ′(x), ïîëó÷àåì óòâåðæäåíèå òåîðåìû â îáùåì
ñëó÷àå. Òåîðåìà äîêàçàíà. �
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Ïîëîæèì DH = {z ∈ C : | Im z| < H/2}. Òîãäà ñ ïîìîùüþ êîí-
ôîðìíîãî îòîáðàæåíèÿ ýòîé ïîëîñû íà åäèíè÷íûé êðóã w(z) =

th
πz

2H
èç òåîðåìû 2 ïîëó÷àåì

Ñëåäñòâèå 1. Ïðè âñåõ 0 < δ < 1 è x ∈ R ìåòîä

f ′(x) ≈ SH0 (x, δ)f̃ =
π2

HK ′(1− δ4)

×
∞∑

n=−∞

(−1)n+1

sh2

[
(2n− 1)

πK

K ′

] f̃ (x+ (2n− 1)
HK

K ′

)

ÿâëÿåòñÿ îïòèìàëüíûì íà êëàññå BH∞(DH), δ sn

[
K ′

H
(z − x), δ2

]
� ýêñòðåìàëüíàÿ ôóíêöèÿ è

E1(x,R, δ,H∞(DH)) =
δK ′

H
=

2

H
δ ln

2

δ
+O

(
δ5 ln

2

δ

)
.

Ïóñòü òåïåðü X = h∞, Lu = u′(x), x ∈ (−1, 1) è M = (−1, 1)(
äëÿ u(z) ∈ h∞ ÷åðåç u′(x) îáîçíà÷àåòñÿ

∂u(z)

∂x

∣∣∣∣
z=x

)
.

Òåîðåìà 3. Ïðè âñåõ 0 < δ < 1 è x ∈ (−1, 1) ìåòîä

u′(x) ≈ cos−2 π

4
δS0

(
x, tg

π

4
δ
)
ũ

ÿâëÿåòñÿ îïòèìàëüíûì íà êëàññå Bh∞, ôóíêöèÿ

4

π
Re arctgB1

(
z − x
1− xz

, tg
π

4
δ

)
� ýêñòðåìàëüíàÿ è

E1(x, (−1, 1), δ, h∞) =
8 tg

π

4
δ

π2(1− x2)
K ′0

=
4

π(1− x2)
δ ln

8

πδ
+O

(
δ3 ln

8

πδ

)
,

ãäå K ′0 � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà äëÿ ìîäóëÿ

k0 =

√
1− tg4 π

4
δ.

Äîêàçàòåëüñòâî. Äëÿ f ∈ H2 ïîëîæèì

If =
∆

2πi

∫
∂D

h0(z,∆)(1 +B2
1(z,∆))

B2(z,∆)z2
f(z) dz,

ãäå ∆ = tg
π

4
δ. Àíàëîãè÷íî ðàññóæäåíèÿì, ïðèâåäåííûì â äîêàçà-

òåëüñòâå òåîðåìû 2, ïîëó÷àåì

(9) If = f ′(0)− (1 + ∆2)S0(0,∆)f.
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Ñ äðóãîé ñòîðîíû,

If =
∆

2πi

∫
∂D

2[ReB1(z,∆)]ϕ(z,∆)f(z)
dz

z
.

Ðàññìîòðèì ãàðìîíè÷åñêóþ â D ôóíêöèþ

u1(z,∆) =
4

π
Re arctgB1(z,∆).

Â ñèëó òîãî, ÷òî u1(eiθ,∆) = sign Re arctgB1(eiθ,∆) ïðè θ ∈ (0, π) ∪
(π, 2π), èìååì

(10) If =
1

2π

∫ 2π

0

u1(eiθ,∆)ψ1(eiθ)f(eiθ) dθ,

ãäå ψ1(z) = 2∆|ReB1(z,∆)|ϕ(z,∆). Èç ëåììû 2 ñëåäóåò, ÷òî
ψ1(eiθ) > 0 ïî÷òè âñþäó è ψ1(eiθ) ∈ L1(0, 2π). Âçÿâ âåùåñòâåííûå
÷àñòè îò ðàâåíñòâ (9), (10) è îáîçíà÷èâ ÷åðåç u = Re f , ïîëó÷àåì

(11) u′(0)− (1 + ∆2)S0(0,∆)u =
1

2π

∫ 2π

0

u1(eiθ,∆)ψ1(eiθ)u(eiθ) dθ.

Åñëè u ∈ h∞ ⊂ h2, òî ñîïðÿæåííàÿ ôóíêöèÿ v ∈ h2 (ñì. [12, ñ. 380])
è, ñëåäîâàòåëüíî, u+iv ∈ H2. Òåì ñàìûì ðàâåíñòâî (11) ñïðàâåäëè-
âî äëÿ âñåõ u ∈ h∞. Äëÿ ïðèìåíåíèÿ òåîðåìû 1 îñòàåòñÿ çàìåòèòü,
÷òî S0(0,∆)u1 = δ‖S0(0,∆)‖, òàê êàê u1(αn,∆) = (−1)n+1δ. Òàêèì
îáðàçîì, ïðè x = 0 ìåòîä

(1 + ∆2)S0(0,∆) = cos−2 π

4
δS0

(
x, tg

π

4
δ
)

ÿâëÿåòñÿ îïòèìàëüíûì, ôóíêöèÿ u1(z,∆) � ýêñòðåìàëüíàÿ è

E1(0, (−1, 1), δ, h∞) =
∂u1(z,∆)

∂x

∣∣∣∣
z=0

=
8∆

π2
K ′0.

Ïåðåõîä ê ïðîèçâîëüíîìó x ∈ (−1, 1) îñóùåñòâëÿåòñÿ àíàëîãè÷íî
ñîîòâåòñòâóþùåìó ïåðåõîäó â äîêàçàòåëüñòâå òåîðåìû 2. Òåîðåìà
äîêàçàíà. �

Ñëåäñòâèå 2. Ïðè âñåõ 0 < δ < 1 è x ∈ R ìåòîä

u′(x) ≈ cos−2 π

4
δSH0

(
x, tg

π

4
δ
)
ũ

ÿâëÿåòñÿ îïòèìàëüíûì íà êëàññå Bh∞(DH), ôóíêöèÿ

4

π
Re arctg

[
tg
π

4
δ sn

(
K ′0
H

(z − x), tg2 π

4
δ

)]
� ýêñòðåìàëüíàÿ è

E1(x,R, δ, h∞(DH)) =
4 tg

π

4
δ

πH
K ′0 =

2

H
δ ln

8

πδ
+O

(
δ3 ln

8

πδ

)
,
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