OIITUMAJILHOE BOCCTAHOBJIEHUE ®YHKIIUN 1
nXxX IMPON3BOJAHBIX ITO KO®PUITVEHTAM
®OYPBE, SAJIAHHBIM C ITOI'PEIITHOCTDBIO

I. T. MATAPIJI-MJIBAEB, K. F0. OCUIIEHKO

AHHOTALIMA. B pabore paccMarpuBaroTcs 3a1a4u OLUTHMAJILHOIO
BOCCTAHOBJIEHUS (DYHKIMI W WX MPOM3BOIHBIX MO MPUOIMKEHHBIM
suadenusM Kodhdunuentos @ypoe. [IpuBosTcs aBHBIE BhIpaKe-
HUS OMTUMAJBHBIX METOIOB BOCCTAHOBJICHUS JJIT KIACCOB TIIAJIKUX
¥ AHAJIUTUYECKUX (DYHKIUHN, ONPEICJIeHHBIX HA PA3JIMIHBIX KOM-
MAKTHBIX MHOPOOOPA3USIX.

1. TTOCTAHOBKA 3AJTAYU

Haunem ¢ obmieit moctaHoBKH 3a71a9u 00 ONTUMAJILHOM BOCCTAHOB-
Jgeann. [lycrs X — BeKTOpHOE NMPOCTPAHCTBO, Z — HOPMUPOBAHHOE
npoctpanctso u 1T': X — Z — nuneiinsiit oneparop. Tpebyercsa Boc-
cTaHOBUTH 3HaveHust T Ha MHOKecTBe (Kiacce) W C X 1o HEKOTO-
poit madopMaIun 06 JIeMeHTaX U3 ITOTO Kjaacca. TouHee roBops, Ipo
KazKIplit sjiement © € W mbl pacuosiaraem undopmanueii 1(x), e [
— HekoTopoe orobpazkeHue (HazpiBaeMoe un@opmayuonmvim) u3 W B
BeKTOpHOE mpocTpancTBo Y. Nndopmanusa od anementax u3 W moxer
OBITH 3a/]aHa HETOYHO, U TTOITOMY [, BOODIIE TOBOPS, — MHOIO3HAYHOE
oToOparkeHue.

B kadecTtBe MeTO/1a BOCCTAHOBJICHU JOMYCKAeTCA JI000e 0TOOpazKe-
Hue @: Y — Z. llozpewrocmbio 3TOTO MeTO/Ia Ha3bIBAaeTCA BEJIUIUHA

(T, W, L, p) = sup [Tz = p(y)llz

yel(z)

Beanunna

(1) E(T,W,I)= inf e(T,W,I,¢p)
p:Y—=Z

HOCHT HA3BAHHE NOZPEULHOCTIU ONMUMAALHO20 60CCTNAHOGACHUS, A Me-
TOJ, HA KOTOPOM JIOCTUIaeTCsS HUZKHSL IPaHb, HA3bIBACTCS ONMUMAND-
HoM MEModom socemanosaerus (oneparopa T Ha kaacce W no um-
dbopmanuu T).

B pabore uzy4aerca cuTyanud, Korja X — HEKOTOPOE IIOJIIPOCTPAH-
crBo byHKIMA B Lo(M), rie M — xomMmakTHOe MHOTOOOpasue (HAIpu-
Mep, OKPYZKHOCTb, d-MepHag cdepa, KpyT B KOMILIEKCHOH TIJIOCKOCTH ),

Pabora soimonnena npu ¢urancosoit momaepxkke Poccuiickoro ¢onga dymnma-
MeHTaJbHbIX nccsenoBannii (rpantst Ne99-01-01181 u Ne00-15-96109).
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2 I. T. MATAPWI-UJIBAEB, K. 0. OCUIIEHKO

W C X — kuacc (pyHKIHMIE TaKOi, YTO €ro 4aCTHBIMHU CJAYYasdMU SB-
JISTIOTCST Pa3IMdHble KJAACCH TIAJKUX W aHAJIATHIeCKUX DyHKIHi (Ha-
npumep, kiaaccel Cobosesa, Xapau—CobosieBa, Beprmana—CoboieBa),
T: X — M — onepaTop MYJbTHILIUKATOPHOTO TUTIA, JaCTHBIM CJIyYa-
eM KOTOpOro sBisercs omneparop auddeperiupopanus, u nHMOpMa-
st 06 x(+) € W 3akI09Iaercs B TOM, 9TO HAM U3BECTHBI ¢ HEKOTODOIi
HOTPENIHOCTBIO (B TOH MM MHOJ METPHKE) BCe MJIM KOHEYHOe YUCJIO
ko durmenror Pypbe GyHknm x(-).

3a/aua BOCCTAHOBJIEHWS JHHEHHBIX OIEPATOPOB B THJIBOEPTOBBIX
IPOCTPAaHCTBAX, Korga I — nuHeiinbiii onepatop (T.e. nadopmanus 3a-
JaHa TOYHO), u3ydasnach B pabore [1|. B caydae, korma urdopmarm-
OHHOEe oToOpazkenue I €O 3HAYECHUAMHU B T'MJILOEPTOBOM ITPOCTPAHCTBE
eCTh CyMMa JIHHEHHOTO OTepaTopa U mapa HeKOTOPOro pajauyca (3a1a-
IOIIEro MOrPENTHOCTE ), COOTBETCTBYOIIASI 33129 BOCCTAHOBIEHHS PAC-
cMarpuBasach B pabore [2]| (em. Takxke [3|-[5]). B [2]|, B wacTHOCTH,
JIOKQ3aHO, YTO CPeIU ONTUMAJIHHBIX METO/IOB BOCCTAHOBJ/ICHUS] MMeEeT-
csl IMHEIHbIN, U TPeJIJIOKeH HeKuil crmocod ero HaxoxKjeHus. Mbl He
MOJIL3YEMCST 3TUM Pe3yaAbTaToM. Harm moaxol OCHOBAH Ha CTAHIAPT-
HBIX PWHIIAIIAX BBITTYKJION OMTHMU3AINHT, SIBJISIONUXCS] €CTECTBEHHBIM
HHCTPYMEHTOM DeIleHus T000H0r0 pojia 3a/1a4 (0 PeIeHn 33,189 BOC-
CTAHOBJICHUS JIMHEHHBIX (PYHKIIMOHAIOB ¢ OOIMUX IMO3UIUANA TEOPHHU IKC-
TpemyMma cM. [6]-[8]). Takoit moaxom MO3BOJISET MOTYIUTH SIBHBIE BBIPa-
JKeHHUsl JIIsT ONTUMAJILHBIX METOI0B BOCCTAHOBJAECHHUS U B TeX CIYYasX,
KOIJIa HOTPENTHOCTH HH(MOPMAIMOHHOTO OIepaTopa 3a/aeTCsi B PABHO-
MEpPHOIl MeTpHuKe.

B nacrogmieit pabore cHadaJsia 1mogpoOHO paccMaTPHBAIOTCS 3aJ1a-
91 BOCCTAHOBJIEHUS I KJIacCOB (DYHKIWIA, 33 JaHHBIX HA OKPYKHO-
ctu. MbI 0Ka3biBaeM Pe3yJbTaThl JTOCTATOYHO OOINETro XapakTepa u
U3BJIEKAEM M3 HUX CJCJCTBUS JIJIA PA3JHIHBIX KJIACCOB IVIAKUX U aHa-
JuTndeckux pyukmnuit. Hesnaunreabuas MoaupUKAIUsS TUX Pe3YJIib-
TATOB IO3BOJISIET IMOJYYaTh AHAJOTUYHBIE YTBEP:KICHUS I KJIACCOB
bYHKITNR Ha APYrUX MHOMOOOPA3HUIX, UTO HJLTIOCTPUPYETCS Ha KJac-
cax yHKIuil, 3a/JlaHHBIX Ha d-MepHON chepe u Ha eJMHUYHOM KpyTe
KOMILTEKCHOH m10CKOCTH. CHHUCOK MOMOOHBIX TPUMEPOB MOYXKET OBITh
TIPO/TOJI?KEH.

[Tepeiizem Kk TouHOMY onucanuio Kjaacca W, oneparopa 1" n nuadop-
MAaIMOHHBIX oToOpazenuit I B caydae, korga M = T. Ilycrs x(-) npu-
Ha1esKuT pocTpatcTBy Lo(T) ¢ HOpMOI

1 1/2
leOllas = (5= [ leOR

1 .
v;=— [ z(t)edt, jeL,
2m T
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— ko3ddunmentsr Pypoe z(-). Iycrs, nanee, v = {v;}cz, — mocie-
JIOBATEILHOCTH HEOTPUIATENbHBIX unces. COMOCTaBUM I CJIEyIONIee
noanpocTpancTBo B Lo(T)

X = X¥(T) = {x(.) € Ly(T) : Yyl < oo}
JEZ
U COOTBETCTBYIOIIUN KAACC
W = W*(T) = {x(-) eX:Y yla <1 }
JEL
[IpuBeneM mpuMephl KJIacCOB Takoro tuma. lIpexkie Bcero, 3To co-
bonesckuti kaace Wi (T), cocrosmuit 3 2w-mepuoauaeckux GyHKIH

x(+), y koropbix (r — 1)-g npou3sBojHas abCOJIOTHO HelnpepbiBHA U
2T ()| oery < 1. Homoxus

X:{ ) € Lo(T Zﬁ’“ya;]|2<oo}

JEL

o TeopeMe ILnanmiepesis OJIyIUM SKBUBAJIEHTHOE OIIpeiesieHue cobo-
JIEBCKOTO KJACCA:

Wi (T) = {x(.) eX: Y <1 }
jEL.
Taxmm obpaszom, Wi (T) = WY (T), tae v = {j* }jez.
O6o3HaunM 4epes 7—[5 (T) npocmpancmeo Xapdu 2T-1epuojudecKux

dbyuxnumit (), anaauTHdeckn IpogoKaeMbix B mostocy Sz = {z € C:
Im z| < 8} u yIOBIETBOPSIONINX YCIOBHIO

1 / , 1/2
()|l = sup x(t+ip)|” + |x(t —ip dt) < 00.
[EAQH TN Sup <47r (lz(t +ip)* + |z (t —ip)[*)

Ipocmpancmeom Bepemana A5 (T) HA3HBACTCH MHOKECTBO 27-Tie-
puoandeckux GyHKUil z(-), AHATATHICCKH TPOIOJIKACMBIX B IOJIOCY
Sp ¥ YAOBIETBOPSAIONINX YCIOBUIO

1/2

1 B
Hx(.)HAg(T) = (m/T dt/_ﬁ lz(t +ip)|? d,o) < 00.

Kaacco Xapou-Cobosesa Hy®(T) u Bepemana—Cobosesa Ay (T)
ONPEJIETAIOTCA KAK MHOKECTBA 2m-nepruoanaeckux dyHknmii z(-), ana-
JTUTHYECKH HpogLomKaeMbIX B [0JIOCY Sj M YIOBIETBOPSIIONINX YCIOBHIO
(|2 (- )H,Hﬁ o S 1 |z ()||A§(T) < 1 COOTBETCTBEHHO.

QYHKIUA U3 TPOCTPAHCTBA Xap/In 7—[5 (T) umeror mouTu BCIOLY Tpa-
HUMHBIE 3HAYEHHs, a camo npocrpanctso Ho(T) asasercs ruanbepro-
BbBIM CO CKaJIAPHBIM HpOI/I3B€,ZL€HI/IeM

@O0 = 37 [ (ot + D) + at = i8)yT=75)) .
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[IpocTpancTBOo Beprmana A§ (T) Takke ABJISETCS THILOEPTOBBIM CO
CKaJISIPHBIM TIPOU3BEJIeHuEM

B
OO g = 5 [ [ ote+ 00T o)

Cucrema dbynkunit {€"'},cz 06pasyer OpToronasbHbIH 6a3uC B IPO-
crpancrax Hy(T) u A5 (T), mpu sToM

ch2jB, W =H5(T),
1, W= A3(T), j=0,

Tem campim, z(-) € W = Wi (T), Hy?(T), Ay (T) B Tom 1 To16KO0 TOM

ciydae, ecju
x(t) = E z;ett

le”" By =

JEZ
n
> W)l <1,
JEZ
rie
7%, W = Wi (T),
v (W) = {57 ch2j8 W = H%(T),
! 5, Sh 253 g
J W = Ay7(T).

2jB

IIpm sToM B KadecTBe X paccMaTPUBAIOTCA IPOCTPAHCTBA

X = x*) = {x(.) € Lo(T) = 3 v (W)|? < oo }

JEZ

Omeparopsl Mmyabrumankaropaoro tuna 1: X — Lo(T), koropsie
3/1eCh M3YYAIOTCs, ONMPEeISIOTCs CJIeIyomuM obpasoM: ecan y(-) =
Tx(-) u {x;}iez, {y;}jez — xko3bDuMenTsr Pypoe z(-) u y(-) coorser-
CTBEHHO, TO Y; = Y%, j € Z, tae {7;}jez — HEKOTOpas MoCIe10BATEb-
HOCTH uHuces. SIcHO, 9T, HampuMep, oneparopy auddepeHnpoBaHns
nopsiyika k > 0 coorsercrsyer nocieposarejbuocts v; = (i5)%, j € Z.

Omnumem, Hakouern, WHMOPMAIMOHHBIE OTOOPAKEHWS, KOTOpbIE Oy-
JIyT PacCMaTPUBATHCS.

1. Undopmanus [x(-) = Lsz(-) o dynxmun z(-) € W 3akmouaercs
B TOM, 9TO MBI DACIOJAraeM IHCIAME {Y; }jcz TAKUMH, 9TO

Z |xj - yj|2 < 527

JEZ
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rae {z;}jez — xoapdbunuenter Pypoe z(-) mw 6 > 0. PopMaIbHO ITO
O3HAYAET, UTO CCJIN

Y=t ={z={z}e: I} =D |5l < o0},
jez
F: X — Y — nuueiinetit oneparop Taxoit, ¥to Fu(-) = {z;}cz, a BY
— eauununelif map B Y, to [yz(-) = Fz(-) + 0BY.
2. Undbopmanus [x(-) = [Z¥2(.) o byukuuu z(-) € W sakioua-
€TCdA B TOM, 9YTO MbI pacCloJlara€eM YuC/IaMKU {y]}|]|SN TaKHMHU, 9TO

Z |37j - yj’2 < 627
lJI<N

rae {;}jj<y — nepsbie 2N + 1 kosdbunuentos Pypre z(-) n d > 0.
B nannom ciayuae [7Va(.) = Fa(-) + dBY, rae

Y= 3 = e = Gy el = D 15},

Fa() = {;}jj<n-

3. Undopmanusa [x(-) = I§N+1x(~) o dyuknun z(-) € W 3akmmo-
4aeTcsd B TOM, YTO Mbl pacrosaraeM duciami {y;}jj<y TAKAMH, 9TO
\z; — ;] <05, [J] < N, vae {x;}j<ny — mepseie 2N + 1 koapdpunmen-
toB ®ypre (), 0 = {6, }j<n u d; > 0, |j| < N. Ecom

Y =127 = o= by allgrn = swp Jl },
l7I<N

Fa(-) = {z;}j<n n
(2) B(S):{Z:{Zj}leSN: |25 < 05, /] SN},

TO I§N+1x(-) = Fx(-) + B(9).

[Ipn HEKOTOPBIX MHPEIHOJOKEHHSX O M[OCAEeIOBATEIBHOCTH UV =
{v;}jez, 3anatomeit knace W u noctenosarensnocts v = {7, }jez, 3a1a-
fomieii oneparop T, /Uit BceX NePeInCIeHHBIX HHMOOPMATHOHHBIX 0TO0-
pazKeHuii MBI HAXOIMM BEJMYHHY MOTPEITHOCTH OMTHMATBHOTO BOCCTA~
HOBJIEHUY W BbIIIKCbIBAEM OIITHUMAaJIbHbINA METOL BOCCTaHOBJICHUA OlIC-
paropa T ua kJacce W. B kadecTBe cjie/ICTBUsI IIPUBOJIATCS COOTBET-
CTBYIOIIHE yTBEpzKACHUA AJd pPAdda KOHKPETHBIX KJIaCCOB TJIaAKHX H
AHATUTUYECKUX (PYHKITHI.

2. DOPMYJIUPOBKA OCHOBHBIX PE3VJILTATOB

[Tycrs mamsl mocsenoBareabHOCTH V = {Vj}jez 1 7 = {7;}jez. o-
aoxuM 1 = |y;]%, j € Z. Byaem npeanonarath, 9TO BBIIOJHEHBI CJIe-
JIYIOIIHE YCJIOBUS:

1) {u;}jez u {v;}jez — dernsie mociemoBareabuocT (T.€. f1; =
po;uv;=v_j, jE€L)u py=1vy=0;
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2) {1} jen, {vjn; ' }jen — monoxuTeILHBIE BO3pACTAIONIHE MOCTE-
JIOBATEJILHOCTH U Vj — 00 IMPHU j — OC;

3) upu Bcex A1, Ag > 0 mocirenoBaTenbHOCTD {— 11+ A1+ Aot ez,
uMeeT He GoJiee JIBYX HepeMeH 3HAKa (IPH 3aMeHe HyJIEBbIX 3Ha-
JeHnii Ha Jr000e 3 3HaudeHnit +£1).

2.1. BoccraHoBjenune 1mo HeTO4YHON mHOpMamum o Ko3dddodu-
nuenTax ®yppe B meTpuke ly. Sagauda (1) 3amuceiBaeTcst B JaHHOM
cJIydae Tak:

(3) E(TW.I5)= inf sup | T2() = () ()l Lo,
p: lo—Lo(T) z()EW, y€ls
[Fz()=ylli, <6

rae Fa(-) = {z;}jez — xod3ddbunmentsr Pypoe z(-).

Teopema 1. [lycmw nocaedosamenvrocmu {ji;}jez w {v;}ien ydosae-
meopaom ycaosuam 1)-3), a T u W — coomeememsyrousue um one-
pamop u xaacc. Tozda

([ -
T 52”1 1/27
n

E(T, W, I5) = \/

525 + (1 — 52VS)M’ V;:I/Q <6< 1/5_1/2,
Vst1 — Vs
\ s> 1.

1Ipu smom memod

—1
~ Hs+1 — HUs ii
W) =" <1 R ) yje”

jez MsVs1 — Ms1Vs

—-1/2

AGAACTNCA ONMUMANLHBIM, ecau Vo 1~ < 0 < vs /", s > 1, a ecau

o> V1—1/2’ mo (y)(-) =0 — onmumarvruil memoo.

[Ipumenum Teopemy 1 K 3ajiade ONTHMAJIBHOTO BOCCTAHOBJICHHA k-
il mpou3BOMHOI (COOTBETCTBYIONMI omeparop OyaemM 0003HAYATH Ye-
pes D¥) dynkmmum w3 kmacca W = Wi (T), Hy?(T), Ay%(T) o un-
dopmanun I5. Herpyano ybennrbesg, 4T0 B 3TOM Ciaydae g V; =
vi(W) m p; = j2 yeaosus 1)-3) Boinmosnensr (mocsiemee M3 HEX
BBITEKAET M3 TOrO, 9TO MPHU BCeX A1, Ay > ( mociemnoBaTebHOCTh
{(M 4 Xovj(W)) ;' }jen siBIsIETCA BBIIYKIOI, T.€. € BTopas pasHOCTb
HeoTpuIaTesbHa). Tem caMbiM MOJIyYaeM

CaencrBue 1. Jlaa nozpewnocmu onmuMaibHo20 60CCMAHOBACHUA
Y vl — s T75 T7B

k-t npoussodnoti ymruuu us xaacca W = Wi (T), Hy"(T), Ay”(T) no

unopmayuu Is umeem mecmo pagencmeo

E(D*F, W, Iy) = v 2 (W)
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npu § > ufl/Q(W) U

(s +1)%F — g%
Vs+1<W> - VS(W>

E(DF, W, I5) = \/525% + (1 — 82, (W))

npu V;rll/Q(W) <6< VS_I/Q(W), s > 1. Ilpu amom memod

R y +1)% — g% -
D = k1 . (s et

() =D (i) ( + VJ(W)S%VS+1(W) el ML

l71>1

~1/2 ~1/2
ABAAECTNCA ONIMUMANOHBIM, €CAU VS“/ (W) <6 <ws / (W), s>1,a

ecau § > ul_l/2(W)7 mo @(y)(+) =0 — onmumasvroiii memod.

g Boccranossenns cavux dynknuii (K = 0) u3 ximacco W =
Wi (T), Hy®(T), Ay”(T) mmeer Mecto cireyomuii pesybrar:

(4) E(d,W.I5) = 4,

rie Id — ToxkmecTBeHHBIN omepaTop, H

(5) Py)() =y

JET

— ONTHMAJBbHBIA METOII.

2.2. BoccraHoBJenune 1mo HeTo4YHON nadopmamnuu o Kodddun-

entax ®ypwe B merpuke [ 1. B stom cayuae zazada (1) nmeer
BUJI:
E(T,W, ;") = inf sup 1T () = (W) ()l Lo,

p: l§N+1—>L2(’H‘) z(-)EW, y€l§N+1
||Fx(')*y|\l§1v+1 <6

rae Fa(-) = {;}/<y — nepsbie 2N + 1 xosddunuentos Pypre x(-).

Teopema 2. [lycmv svinoanens, ycaosua meopemw, 1. Ilonoorcum

(6) SOZSO(N):min{SGN:MSJ'_l_H’SSH’N—Q—l}.
Vsy1 — Vs UN+1

Toz0a npu 6 > 1/5_01/2
E<T7 VV; [§N+1) = E(T7 W7 [t;)

U Memod

—1
~ MS - ,us 37
W) => v (1 + v ) yje”

HsVs+1 — Hs+1Vs

l71<N
~1/2 ~1/2
AGAACTNCA ONIMUMAALHILM, ecau Vo 1~ < 0 < vs 7, 1 < s < 59— 1,
~1/2 A~ .
a ecau 6 > vy 2 mo o(y)(-) = 0 — onmumarvrod memod. Ilpu



8 I. T. MATAPWI-UJIBAEB, K. 0. OCUIIEHKO

0< 3 < vy’

E(T, W, I;"*) = \/52%0 (1= 32,

UN+1

PW)) =D (1 +y Hn+1 )1 g

iI<N HsoVN+1 — UN+1Vs
— ONMUMANOHBLT MEOO.

Herpyuano ybeaurnes, aro npu M > N
E(T,W, Nt > BE(T, W, I}M*™ > BE(T, W, I5).

[TosToMy U3 TeopeMbl 2 BHITEKAET, 9TO IPH § > Oy = 1/;)1/ 2 yBeJIUIeHue
qucsia Koxdunuentos Pypbe, WIBECTHBIX ¢ TOW K€ MOTPEITHOCTHIO 0,
He TPUBOJAUT K YMEHBITEHUIO MOTPENTHOCTH ONMTUMATEHOTO BOCCTAHOB-
JICHUSI.

Tem cambim 11pu (PUKCUPOBAHHOM yPOBHE MOTPEITHOCTH 0 MUHUMAIb-
HOe 4ucyio nepBuix Koabdunuento Pyppe (6e3 yuera HyJgeBOro, Tak
KaK B CUJIy yCJa0BHUS g = () OH HE UCMOJIb3YeTCs B ONTUMAJJIBLHOM METO-
Jie), KOTOpble HAJI0 3HATH JJIsi MAKCHMAJIbHO TOYHOIO BOCCTAHOBJICHUST
omeparopa 1, paBHO 2Ny, THE

No=min{ N e N:jy <0}

OueBnaHBIM 00pa30M MOXKET OBITH CHOPMYJIHMPOBAH AHAJOT CJIE/I-
cTBUd 1 JIjId 3a71a9M BOCCTAHOBJICHHUA k-ii MpOU3BOIHON (DYHKIIUH W3
kiacca W = Wi (T), Hy?(T), Ay’(T) uo undopmanuu 1Y, ro ka-
CaeTCsi BOCCTAHOBJIEHUST caMuX (DYHKIUI U3 9TUX KJAACCOB, TO CIIPABE/I-
JUB CJIeAYIOIUNA pe3yabrar:

E(Id, W, 12V = /62 + vyl (W)

7SN

— OINTHMAJbHBII METOII.

2.3. BoccraHosjienue 1mo HeTo4HOIT nH@Opmaliuu o ko3dduin-
earax Pypne B paBHOMEPHOIT meTpuke. 3ajada (1) 3anuceiBaercs
B 9TOM CJIy4ae TaK:

E(T,W,2X*Y) = inf sup || T2(-) — () ()l oy
¢: BT = La(T) o()ew, yei2N+1
Fz(-)—y€eB(6)

rae Fu(-) = {x;}<y — nepssie 2N + 1 kosddunuenro Pypwe x(-),

a B(0) — mapasutesienume/|, OIpe/Ie/eHHBIN PABEHCTBOM (2).
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Teopema 3. Ilycmo pj,v; >0, j €N, {l/]uj_l}]eN — 603pacmarowa
nocaedosamenvrocmo, Vo = 0, {1;}jez u {v;}jez — wemmnwe nocaedo-
sameavrocmu, o T uW — coomeememeyiousue um onepamop u Kaacc.
Ionrootcum

po=po(@) =max{p€Zi: Y ot <1, 0<p< N |
lil<p

Toeda

1% 1%
Potli<po po+l

npu 9mom memod

Hpo+1V ij-
W) =m0+ Y %( ol J> yje"

Vpo+1
1<|3<po Po 1/

ACAACITNCA ONMNMUMAADHOIM.

DTa TeopeMa TaKzKe IPHMEHIMA K 33/a9e¢ ONTHMAJIBLHOTO BOCCTAHOB-
senns Gynknuil u ux npoussosubx u3 kaaccos W = Wi (T), Hy?(T),
AQ’B(T) 10 HHGPOPMAIIH [;NH. [Tpu 3T0M, Kak u paHblIie, s Gopmy-
AMPOBKIN COOTBETCTBYIOMIErO PSYIINTATA HA0 HOJOKNTE | TEOpeNte 3

=5, vy =v;(W), j € Z.

3. JOKABATEJ/ILCTBA

[lepe HemocpeJACTBEHHBIM JIOKA3ATEIbCTBOM CGOPMYJIUPOBAHHBIX
BBIIIIE TEOPEM OTMETUM JIBA YTBEPKJICHUS ODIIEro Xapakrepa U 3aTeM
OTUIIIEM CXEMY, TI0 KOTOPOi 3TH TEOPEeMbI OYIyT JTOKA3bIBATHCA.

Jlemma 1. ITyemo 6 sadave (1)
grl ={(z,y) e X xY:zeW, yel(z)}

ABAACNCA  GONYKADM  UEHMPAAOHO-CUMMEMPUSHYIM  MHONACECTNEOM.
Toz0a
E(T,W,I)> sup ||Tz|z,
zeW
zel~1(0)
20e I7H0)={x eW:0€I(x)}.
Joxazameavemeo. g moboro merojia ¢ npu Bcex © € W takux, 9410
x € I710), umeem
2||Tzl[z < |T2z = 0(0)|lz + [T (=2) = £(0)l|z < 2e(T, W, 1, ¢).

CanenoBaTe/IbHO, JIJIA JTIOOOTO METOA (P

e(T,W,1,¢) > sup ||Tz|z,
zeW
z€I~1(0)

OTKYJIa CPa3y K€ BBITEKAeT JIOKAa3biBaeMasd OIeHKA. Il
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JIemma 2. ITyemv X, Y, Z, W, T u I me srce, wmo u 6 3adaqe (1), Yy
— AuHelH0e NPOCMPAHCMBO € NOAYCKAAAPHLM Npoudsedenuem (-, )y,
u coomsememeyrowet nosynopmot || - ||y, lo: X — Yy, S: Y = Yy —
AUHETHYLE ONEPATNOPDL U

grl C{(z,y) € X XY :|Ipx — Sylly, <1}.

Iycmo, danee, : Y — X — omobpastcenue, conocmasaaowee y €Y
PEWEHUE IKCMPEMANDOHOT 30004

2 .
(7) |loz — Sylly, — min, =€ X.
Tozda das nozpewnocmu memoda @ =T o 1) cnpasedausa ouenra

G(TaVV,],@) < sup ||T'r||Z

[ Tox|ly, <1

oxazameavemeo. HerpynHo mpoBepuTh, 9To I/t TOro 4Tobel T € X
ObL10 perenneM 3a1adu (7), HEOOXOAUMO U JOCTATOYHO BBILHOJIHEHUE
COOTHOTITEHU ST

(8) (lox — Sy, Ipx)y, =0 Vz e X.

Ilycts (x,y) € grl (re. 2 € W ny € I(x)), Torna no yciosuiwo ||lox —
Sylly, < 1. Tak kak ¢ (y) — pemenue (7), To BeinoaHeHo (8) (¢ 3aMenoi
7 Ha Y (y)) u mosTOMY

1oz — Sylly, = oz — L(L W)Y, + I1o((y)) — Syl

CaemgoBaTebHO,

Ho(z = 9W)llyo < [[lox = Sylly, <1

7, 3HAYUT,

1Tz=2(y)llz = Te=TWW)lz = T(x=bW)lz < sup [[Thiz.

[ Tohlv, <1

g

Janbueiimuit mwiaH JoKa3aTeabcTBa TeopeM TakoB. OIEHKA CHU3Y
(memma 1) u omenka cBepxy (emMma 2) J7isi HOTDENTHOCTH ONTHMAJb-
HOT'O BOCCTAHOBJICHUSI TIPEJICTABILAIOT COOO0H 3HAYEHNS IKCTPEMATHHBIX
3aga4. B cuty onpenenennit kiacca W ou oneparopa T' 3tu 3a1a4n pe-
JYIUPYIOTCA K 3aJadaM BBIIYKJIOTO HporpaMMupoBaHud. Vcmoap3ys
CTaHIAPTHBIE METO/IBI BBITYKJIOM OMTUMU3AINN, Mbl HAXO/IUM 3HAUEHTEe
3a/1a9H, COOTBETCTBYIOINIEH OlleHKe CHU3Y, W TTOKa3bIBaeM, 9TO OHO COB-
MaJIaeT cO 3HAYeHWeM 3aJIa9M, COOTBETCTBYIONIEH OIEeHKe CBEpPXY MpHU
HEKOTOPHIX Yy, [p m S. DTo o3HAUAET B CUIY jJeMM 1 U 2, 9TO JaHHOe
3HAYEHUE €CTh IIOTPENIHOCTDL ONTHMAJIbLHOIO BOCCTAHOBJICHHS, & METO/L
U3 JIeMMbl 2 — ONTHMAJbHBIH METOJ BOCCTAHOBJIEHUs (IPU STOM OH
OKa3bIBAETCsI JIMHEHHBIM ).
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Hoxazameavcmeo meopemur 1. 1. Onenka cunsy. CoracHo gemme 1 u
(3) MBI JIOJIZKHBI HAHTH 3HAYEHHE CJENYIONed 3a1a9u

(9) T2 ()| La(ry = max,  [[Faz()ll, <6, 2() € W.

[Iepexons k obpazam @ypbe, moaydyaeM B cuiay papeHcTBa [lapcepasis
u onpejesnenuii oneparopa T u kiacca W, 9ro s1a 3amada (¢ 3ame-
noit || T(-)||,(m) Ha ||T2(: )||L2(T ) MOXKET ObITh 3AIUCAHA CJIELYIOTIIM
obpazom

(10) D pylaP s max, D [P <67 ) wlaylP < 1L

jez jEz jET
O6osnauast u; = |z;|?, j € Z, sanaqy (10) nepenmuem B Buje
(11) Zujuj — makx, Zuj < 6%, Zujuj <1, wu;>0.

ez jEz jET
D10 3a/1a9a BEIIYKJIOro (U jazke JuHEHHOT0) nporpamMuposaus. Co-
nocrasuM el pyuxmuio Jlarpamxka (u = {u;};ez)

L= E(u, )\07 )\1, )\2) = Z()\oﬂj + /\1 + )\QVj)Uj,
jez

e Ao < 0, A, Ay > 0 — muoxkurenn Jlarpanzka. CorsacHo TeopemMe
Kyna-Takkepa ecim U = {U, } jez — pemenne 3agaqu (11), To HaitxyTcs

Takue MHOKuTe U Jlarpamxka A\g < 0, Ay, Ao > 0, He Bce paBHbBIE HYJIIO,
YTO BBIIOJIHEHBI YCIOBHS

(a> mi>%£<u7/>:07/>:17/>\\2) = £(a7/):07/)‘\17//\\2>7

)\1 (Z ﬂj - 62> = 0, )\2 (Z l/jaj - ].) = 0.
JEL jez
Ecnu nas gomycrumoit B (11) mociaegosaresbrocta U = {Uj}jecz BbI-

nosaensl yeaosus (a) u (b) ¢ Ag < 0, To U — pemrernue 3agaqu (11).

[locrenmee yTBep:KAeHHEe MOXKET OBITH JIETKO mpoBepeno. leiicTau-
TEJBHO, IYCTh U = {U; }jez — AOLYCTHMA OCTEI0BATETLHOCTH B (11).
Torma, yauteiBas (a) u (b), Oyaem mMeThb

/):0 Z MU > /)\\0 Z iU + /):1 (Z U; — (52) -+ /):2 (Z viu; — 1)

jez jez jez jez
a) ~ b)
2Rty + (L - 2) + R Lt - 1) 20Tt
JEL JEL JEZ JEZ

T.e. U = {U;}jez — pemenne 3amaun (11).

Mbl nperbsiBuM ceiidac Takue /)\\1, /)\\2 > 0 u JIoIyCTUMYTO TIOCJIe/10Ba-
TEJIBHOCTD U = {U; } jez, A1 KOTOPBIX BBIMOIHAIOTCA yeaosud (a) u (b)
c XO = —1. Torma o nokazanuomy u — perenne 3amaqdu (11). Bug Xl,
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Ao M T CJIEIYeT W3 AHAJIA3A COOTHOMIEHT (a) m (b). deiicTBUTeNbHO, TTO-
CJIeI0BATEIBHOCTD fj = — [, +X1 +X21/j, J € Z, noJrzKHa OBITH HEOTPU-
IIATEJIBHOI U PeIleHne JOJIKHO ObITh cOCpesoToIeHo B HyIsX { f;}icz.
BenencrBue yeoBus Ha 9HCIO epeMeH 3Haka ITOH TOCIe0BATETbHO-
cru (ycsosue 3)) nmostokurenbubie Hyiau {fj}jez MOIYT HATH TOJBKO
EO,ZLRH,ZL. STI/I Ha6JIIO,ZLeHI/IH MO3BOJIAIOT NPEeAbABUTH COOTBETCTBYIOIIUE
)\1, )\2 n ﬂ

[Iycth cHagama 0 < § < ufl/

2 .
. Tak xak v; — 00 1pu j — 00,

Haligercd s > 1, A1 KOTOPOro ;31/2 <0< VS_I/Z. Haitnem \; u Ay u3

yesoBus, 9T0 fs = fo11 = 0. Torma moxyumm

-~

0N HsVst+1 — Hs+1V, N Hs+1 — 1
(12) Al — s¥Ss S 57 AZ — S S .
Vsy1 — Vs Vsy1 — Vs
W3 npeanonoxennit o nocaeposarensnoctax {;}jez m {vj}jez cne-
ayet, 910 A, Ag > 0. C moaydeHHbBIMH A1 U Ao TOCJIEI0BATEIHLHOCTD
{f;}jez HeOTpHIIATE IbHA B CUITy YCIIOBHA HA THCIIO IIepeMeH 3HAKA ITOI
[OCJIeI0BATEILHOCTH. Tenepb HafileM MOCIe0BATELHOCTD U 3 YCI0-
BHsI, UTO OHA COCPEIOTOYCHA B TOUKAX S U S+ 1 U BBIOTHSAIOTCS YCIOBUS
(), T.e. Us + Usy1 = 0% M Vyly + Vsi1Usy1 = 1. OTcrona momyvaem, 9ro
N Pvegr —1 1 — 6%,
(13) =t g o120
Vg41 — Vg Vgy1 — Vs
(us > 0, Usy1 > 0 B cuuty ycsoBus na 0). [onoxkum u; = 0 upu j #
s, s+1. Tem caMbIM U — JOIycTHMAS HOCIEL0BATEILHOCTD. YCA0BHL (a)
u (b) ¢ HAMEHHBIMI A1, Ao, U BBITOIHSIOTCS MPH \g = — 1, U MOITOMY
u — pemenne 3aaa4n (11).
~1/2 N N -

Iycrs renepn 6 > vy /2 Tlonomum A =0, Ay = vyt Torga fj = 0
npu [j| < 1u f; > 0 upn [j| > 2. Homowum @ = vy u U; = 0 upu
j # 1. Tak kKak U; = v; < 62, TO U — JOMYCTUMAL OCICA0BATEILHOCTD.
Yeaosust (a) u (b) oueBHIHBIM 06Pa30M BBIIOJIHSIIOTCS ¢ A\g = —1, H,
CJIeIOBATEILHO, U — perrenne 3aga4n (11).

Nrak, maiigeno pemenne 3aga«an (11) aast Bcex 0 > 0, a 3uaqnr,
pemenue 3a1a4 (10) u (9). [loxcrasiasas U B MakCHMU3UPYeMbIil (DYHK-
muouas B (11) u u3B/IeKasd KBAaJAPATHBI KOPEHD, MOTYydaeM 3HAUCHUE
3aa9u (9), KOTOpoe JaeT ONEHKY CHU3Y JJIs MOTPEITHOCTH ONTHMAJb-
HOT'O BOCCTAHOBJICHUST

([ —1/2
) 52”1 /7
41

E(T,W,15) > \/

Pus + (1 — 521/5)M, V;:I/Q <)< VS_I/Q,
Vsy1 — Vs

\ s> 1.

2. Onenka cBepxy. /s HaiileHHBIX BbIIIE N, T Ny TOMOKHM A =
AO%+ X u @ = Ao(A6%+ o)7L Venorue (a) aist naiigennoro penrenus
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~

u 3amaan (11) mMoxker GbITH mepenucano B Buje (¢ \g = —1)

(@) min >ty + A1 = )5 4w,

JEZL

N ~\ ¢—2 ~ ~

=D + ML= @)52 + avy))a,
JEZ
Kpome Toro, jerko npoBepuTh, YTO BHIIOJIHAETCS COOTHOIIEHHE
-2
(b)) (1—a)s E u]+ag vju; = 1.
JEZ JEZ

[To Tem 2Ke coOOparkeHHSIM, UYTO U PAHbBIIE, STH YCJIOBHS JTOCTATOIHBI
JLIA TOTO, YTOOBI U OBLIO pellleHHeM 3a/1a9K

(14) Zujuj — max, (1—a)§? Zuj + E)ZZVjuj <1, wu;>0.
jez jEz jEz

Takum o6pazom, 3Hadenust 3aga4 (11) u (14) coBmamator.
[Tokazkem, 9To K 3ajaue (14) MoxkeT GBITH PeIyIUpOBaHA 3a/1aua U3
JeMMbl 2. [lelicTBUTEIbHO, YCTh Yy = [y X [Y, T11€

T {Z = {Zj}jEZ : Zl/j|2j|2 < o0 }
JEZ
Onpegennm Ha Yy TOJIYCKAJIIPHOE TPOU3BEICHNE
(z,2), (@, 2y = (L= Q)02 2@+ 8 vy27,.
JEZL JEZ

[Tycrb, manee, oneparop Iy: X — Yy onpenesen pasencrBom Ipz(-) =
(Fz(-), Fx(-)),a S: Iy — Yy — pasencrsom Sy = (y,0). Ecm 2(-) € W
n HF.Z’() - y”lz < 67 T.C.

S ovilalP <1, ) -yl <6
jez jez
TO, OYEBUIHO,
Hox(-) = Sylly, = (1= Q)0 > |o; —ys* + @) _wilay)* < 1.
JEZ JEZL

CoracHo JjemMMme 2 KBaJpaT 3Ha4Y€eHHdA ITOI'PEITHOCTH OITHMAJLHOIO
BOCCTaHOBJICHHA He IIPEBOCXOJNT 3Ha4YCHUA 3aJa49U

T2 ()7, — max, [Tz ()}, <1,

KoTOpast nocie mepexona K kKodbdurmenram Pypbe (10 paBeHCTBY
[Tapcesasia) B MakcuMHU3UPYeMOM (QYHKIHOHAIE U 3aMeHbl |x;|* Ha u;
CTAHOBUTCS B TOYHOCTH 3ajadeil (14).
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3. OnrumasnbHbit MeTo. 113 leMMBI 2 BBITEKAET, 9TO ONTUMAJIHHBIIT

MeTon nMeeT Bui @ = 1o, tne koabdurmentsr Pypoe {1); }cz GyHK-
mn 1) = 1 (y) ecTh peleHne SKCTPeMaJbHOI 3a1a91

(1—a)62 Z |z — ) + az vlz;? — min, () € X.
JEZ JEZ

Herpynuo ybenurhes, 9o

(1—a@)s2 :
‘ , €.
vi= (1—-a)2+av y] J
[ocraB/isis croja BblpazkeHue jiist O, 10y 4aeM TpebyeMblil pesyJIbTar.

g

Orenka cuusy B (4) cpasdy ciemyer u3 JeMMBI 1, a ONTHMATLHOCTD
MeToza (5) IpOBEPSeTCs: HEMOCPEJCTBEHHO.

Jokasameavcmeo meopemoi 2. [Ipexkie BCero orMeTnM, d9TO OIpee-
JIeHe 9UCIa Sg paBeHCTBOM (6) KOPPEKTHO, TaK KaK U3 BO3PACTAHUS
TOC/IE0BATENLHOCTH {Vj/1; ' }jen BHITEKAET HEPABEHCTBO

UN+1 — UN MN+1
UN41 —UN VN+1
Tem campim 1 < 59 < N.

OcTramoBrMcd TOJILKO Ha pemeHnu SKCTpeMaJIbHOfI 3aJa491

(15) T2 ()| La(ry = max,  [[Fa()llgye <6, x(-) € W,

MOCKOJIBKY BCE OCTAJbHBIE PACCYKICHUS B 3HAYUTEILHON Mepe TOBTO-
p4IoT JlokazaresibeTBo TeopeMbl 1. [lepexoys kK koadduimenram Pypbe
u 00o3HauYad KBaJpaT UX MOJyJeil yepes u;, IPUXOIUM K IKBHBAJICHT-
HOH 337a4e

(16) Zujuj — max, Z u; < 62, Zyjuj <1, u;>0.
JEZ 7SN JEL

st perenust 310 3ama4u (TaK JKe Kak W JIda perreHust 3agaqu (11))

JOCTATOMHO TPETBABATL TAKAE Aj, Ag > 0 7 JOMYCTUMYIO IIOCJIeI0BA-
TeJIBHOCTD {U; }jez, 1 KOTOPBIX IpH Beex u; > 0, j € Z,

(@) Y (= +Auxs + Aavy)uy > > (=5 + Mg + Aovy);,

JEZ JEZ

rme
_ L |J|§N7
Y70, s N,

", KPOME TOTO,

/)\\1(2 ﬂj—52)20, XQ(ZVJﬂj—l):O

liI<N JEZ
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[IycTh 1/;:1/2 <4< 1/;1/2 nl<s<syg— 1 Onpegenum A\ 1 Ay u3
YCJIOBUI

— s + )\1 + )\QVS = 07
—Hsp1 + AL+ Aavsir = 0.
Torna mra Xl n Xg cripaBeINBbI paBeHcTBa (12), W3 KOTOPHIX CJeLyer,

910 A1, A2 > 0. B cmiy roro uro mocremosarensocts {—p; + A +
AoVj}jez, mMMeer He Gojiee JIBYX HePeMeH 3HAKA, TOJTyYaeM

—; + AL+ Aoy >0, || < N

3 Bo3pacTanus MOCJIEI0BATEILHOCTI {l/ju;l}jeN U TOro, 4To S < S,
upu j > N + 1 umeem

Hj < HN+1 < Hst1 = Hs /)\\2.

v UN+1 Vsy1 — Vs

Orcroga —p; +X21/j > 0 npu |j| > N + 1. Oupenenus U u Uy 1 paBeH-
crBamu (13) u momoxus u; = 0, j # s, s+ 1, nomydnm, 910 {U;}jez —
JOIYCTHMAs [OCIEJ0BATEIBHOCTD, JIJisi KOTOPOH BBIIOJHSAIOTCS YCJIO0-
Bus (as) u (by). Crnenosarensho, {U;} ez — pemtenne 3amaan (16).

[Iycts Temeps 0 < 6 < u;f/? [Momoxum

N — MN+1 N, — MN+1
1= Msy — sy, 2 .
UN+1 VUN+1

W3 onpeneneHus: Sy UMeeM

Msg — Msg—1 > HN+1
ySo - VSofl UN+1

Takum obpazom, —p; + /):1 + /):27/]‘ >0 gna g = 0,80 — 11 —pg, +
N+ XWEO = 0. U3 ycj0BHA Ha YHUCJI0 HepeMeH 3HaKa HOJIydaeM, 9TO
—j + A+ Xguj > 0 opu Beex [j| < so. Ecomm sg < N, 1o B cuy
OlpeIeIeHus S
Psot1 = sy HN+1
Vso+1 — Vsg  VUN+1

Y

T.e. —flsr1 + M 4 Aavsgr1 > 0. Torga u3 yeaoBus Ha UncIo mepeMen
3HAKa —[i; + A1 + Agv; > 0 mpu Beex |j| < N. Ecam |j| > N, 10

N N Vj UN+1
— 5 + )\QVj = ,uj'u + (—j — + ) Z 0.
UN+1 \Hj  HEN+1

Tem caMbIM JI0Ka3aHO, YTO MPH BCeX ] € Z

—pj + /):1)(]' + /)\\QVJ‘ > 0.
Ionoxus

~ 2 ~ 1 _62V80 ~ .
Uy, = 07, UN-H:V—, u; =0, j# so, N+1,
N+1
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Jerko ybenurnes, 910 {Uj}jcz — HOMyCTHMAsl MOC/IEI0BATENIbHOCTD,
JJIsT KOTOPO# BHITIOJHEHBI yeaoBust (az) u (be).

. ~1/2
Cuydait 0 > v, / paccMaTpUBaAETCsd TOYHO TaK yKe, KaK M B JI0Ka3a-
TeJIbCTBE TeOpeMbI 1. Il
g Boccranossiennst camoit dyukiun u3 kiaacca W = Wi(T),

HY?(T), AyP(T) meopemy 2 dopmampro mprvenuts weabss (u; = 1,
J € Z, u TeM caMbIM He BBIIOJHEHbl YCJIOBUS TEOPEMbl OTHOCUTEILHO
39TOil mocse0BaTebHOCTH ). TeM He MeHee, camMa CXeMa JJOKA3aTeTbCTBa
OCTaeTCA ITPEXKHEH.

Hoxazameavcmeo meopemur 3. 1. Ouenka cuuzy. 13 memmbr 1 mosry-
YJaeM, 9TO MOTPEnTHOCTh ONITUMaJIbHOT'O BOCCTAHOBJIEHUA OICHUBACTCA
CHU3Y 3HaYCHUEM 3aJa4n

IT2( )| Loy = max, o] <65, [j| <N, a() e W,
e {x;}j<n — nepsoie 2N + 1 xkoabdurmenros Oypre byuxunn z(-).
[onarast u; = |z;|?, j € Z, npuxoauM K 9KBHBAJEHTHO{ 3a1a4e
(17) Z,ujuj—>max, Zyjujgl, 0<u; <67, |jl| < N.
jET JEZ
17151 HAXOYKICHIS PETIIeH st STOMH 3aadH JOCTATOMHO HANTH Takie A >

0, A; >0, |j| <N, n momycrumyio mocaenoBaTeabHoCTh {U; }jez, 114
KOTOPBIX 11pu Beex u; > 0, j € Z,

(as) > (= + A + Ay =Y (=g + Ay + Axg)i;

JEZ JEZ

(bs) X(Zujaj—1):o, Xi(@; —62) =0, [j| < N.

jez
Toommy \ = M,
Vpo+1
Hpo+1 )
~ == il <o,
>\j = Vpo+1
[TocrenoBaresbHOCTE {U)}jez ONPEIETIHEM DABEHCTBOM
6j2'7 |.]’ S Po,
2
T 1- Z\k\gpo Vi0y, g 1
u; = ]52 52 ) |j’_p0+ 3
( po+1 + fpofl)ypo+1
0, 1| > po + 1.

13 ompeesieHnst py CIeLyer, 9TO MOCAEA0BATEIBHOCTD U = {Uj }jez, 10-
mycrumas. Kpome toro, —p; + Av; + A; = 0 mpu [j| < po. B cuy
BO3PACTAHNS NOCHEA0BATENBHOCTH { /05 Fien uph || > po + 1 umeem
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— 5 + /)\\I/j > 0. Tem cambIM BBITIOTHEHO yeaoBHE (ag). Jlerko ybemanTs-
cst, uro ycaosue (bg) rakzke Boino/iHeHo. Takum o6pazoM, U — pelneHue
sagaun (17). Tlomcrabiss U B MakCUMHU3UDYeMblii (DyHKIHOHAT U W3-
BJIEKAs KBaJAPATHBINH KOPEHb, MOJIyYaeM

E(T7 WV7]§N+1) Z /"LPO+1 + Z (H] . 7/] :upo-i-l) 5]2

Vpo+1 Vpo+1
pot l71<po +

2. Onenka csepxy. s naiienusix oiie A 1 \;, |j| < N, nonoxum

h) ;02
A=+ > N2 a=71. a== J 1] < N

l7I<N
Torga ycaosue (a3) MOXKeT ObITH IEPENUCAHO B BUJIE
(aq) Z( pj + AMaw; + %5 X;))u;
€z

> Z — 5 + Aow; + 0535 X;))u;-

JEZ

Tak kak a+ Y «a; = 1, T0 JIerko y6eauThCst, YTO BBIIOJIHSIETCS YCII0-
l7I<N

azyjﬂj + Z 04]-5;2@ =1.

JEL l7I<N

BUE

Yenous (ag) u (by) JOCTATOMHBI [T TOTO, YTOOBI U OBLIO peIIeHHeM
3a/1aun

(18) Z,ujuj — max, OéZVjUj + Z ;6 %u; <1, uy > 0.

JEL Jjez ljI<N

Crenosarenbuo, 3nadenus 3a1a4 (17) u (18) coBmamaior.
Bocuosbsyemcs Teneps semmoii 2. Iyers Yy = BV x ¥

Ha Yy HOJIYCKAJISIPHOE IIPON3BE/ICHIE

(2,2), (', vy = Y ;072,75 + > vz7).

l7I<N JEZ

. Onpegeaum

Omnpenenum onepatop Iy: X — Y, paBencTBoM

Tox(+) = ({z; 1<, Fa(0)),

aS: 2Nt — Y, — pasencrsom Sy = (y,0). Ecom () € Wn |z;—y;| <
Il < N, o

o (-) = Sylly, = a Y wjla; P+ > a6,y —ys* < 1.

JEL ljI<N
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Coryacuo Jjiemme 2 KBaJApaT 3Ha4YeHUd ITOIPEITHOCTH OITHUMAJIBHOIO
BOCCTaHOBJIEHUA HE TTPEBOCXOAUT 3HAYECHUA 3aJa9U

|T2( )7,y = max,  [[Loz(-)]3, <1,

KOTOpas mocsie mnepexoja K Kodddurmenram Pypbe u 3amMensl |z;]?
Ha u; coBhmagaer ¢ 3agadeil (18). Ocraercs BHIMHCATD ONTHMAJIBHBINA
MeToJ, KOTopbiit umeer Bug @ = T o 1), rae koapdunuentor Dypne
{¥;}jez byuxnuun ¢ = 1 (y) ecTsb pemenue sKCTpeMAJIbLHON 331341

Z aj5]72|xj — >+ aZz/j|x]—|2 — min, z(-) € X.
l7]I<N JEL

Jlerko BUeTH, 9TO

Yo, .]:Oa
" O 1<l
i = an+aj5I2yJ7 > |71 = Po,
07 |j| > Po.

[IpoBens HecsIOKHBIE BBIYHUCIEHUS, CBI3aHHbIE C MOJICTAHOBKON BhIpa-
JKeHuil J1d o 1 ovj, nojiydaeM TpedyeMblil pesyJibTar. U

4. HEKOTOPKIE ,ZLAJ'[bHEI/UIIHI/IE PE3VJIbTATEI

4.1. BoccranoBienue GhyHKIIi, 3aaHHbIX Ha cdepe. [Iycthb

d+1

Sd:{$:<$1,...,$d+1)GRd+1:Zx§:1}
j=1

— emunnuHaa d-mepHag cdepa. Mssecrno (em. [9]), uro Lo(S?) =
S0 o Hy, tie dim Hy = ng = 1,

2i+d—1(j+d—2
dimHj:nj:L(j—i,_ )7 j:1727---
J Jj—1

(H; — MHOKeCTBO ¢hepraecKHX rapMOHKK Topsaka j). s omeparopa
Jlanmaca A u moboro x(-) € H; uMeeT MeCTO PaBEeHCTBO

Ax(:) = =Aja (),

rae A; = j(j +d—1). Tycrs {Y{},2, — opronopmupoBammblii 6a3uc 5
H;. dna B > 0 oneparop (—A)P/? onpenenserca paBeHCTBOM

(—A)Px() =D AV ap Vi (),
JEN k=1

rae xj, = (x(-), Y]g(‘)>L2(Sd) — koadbdunmentor Pypoe dynkmum z(-).
[Tooxum

Wy (8%) = {a() € Lo(S") « [(=2)"22()|| yse) < 1}
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PaccmoTpuM 3a1ady ONTHMAJLHONO BOCCTAHOBJIEHHS omepartopa 1 =
(=A)?/2 ma kmacce W) (S?) 1o cemyomum nHbOPMAIMOHHEIM 0TOG-
PasKeHUSIM:

1) undopmanus ITz(-) = Isgz(-) o bynkuun z(-) € W (S?) sanaercs
B BH/JIE THCEJT Y;), TAKHUX, ITO

nj

2 2.

E E |z — yjkl” < 6%
JELy k=1

2) uncpopmanus Iz(-) = INmx(-) o pynkuun z(-) € W5 (S?) sazaercs
B BHJIE uHucest Y, 7 = 0,1,...,m, k=1,...,n;, Takux, 4ro

m Ny
DDl — gl <8
j=0 k=1
(3aech Npy = D700 ny);
3) madopmarus [z(-) = Iglmx(-) TaKOBa, YTO U3BECTHbHI Yjk, J =
0,1,...,m, k=1,...,n;, Takue, 910
|:Bjk:_yjk:|§5jk7 j:O,l,...,m,k:L...,nj.
B paBore [6] 61710 MOKa3aHO, 4TO MPH BCEX A1, Ay > 0 dyHKIUA
ft)=—=(tt+d—1))"+ A+ X(t{t+d—1))°

MOZKeT 00paIaThCs B Hy/Ib Ha MHOZKecTBe [0, +00) He Gostee 4eM B JABYX
toukax. Orciona caemyer, aro npn 3 > v > 0 nas p; = A;’ u v = Af
BBITIOJTHEHBI yesioBust 1)-3) u3 pasjena 2.

[Ipumensig Ty Ke CXeMy J0Ka3aTej bCTBa, YTO U B Teopemax 1-3, mo-
JiydaeM UX aHaJIoTH JJIs pacCMaTPUBAeMbIX 3a/1a49. OCTAHOBUMCS JTHIITH
Ha (HOPMYJINPOBKAX COOTBETCTBYIONINX PE3Y/IbTaTOB. B nasbmeiimem
npejmosaraeM, 9to secerga 3 > v > 0.

Teopema 4. Hmeem mecmo pasencmeo

B((=AY2, WE(SY), ) = | |82A7 + (1 — 228y e =25
s YV 2 » 4éd s s AB _A/ga
s+1 s

ecal A;fl/2 << A;ﬁ/Z, s>1,u
B((—A)2, WE (%), 1) = d=2
ecau § > AI_B/Q. Ilpu smom memod

Al )
5 — /2 B s+1
a0 = 0" (1) S ity

§44s4+1 s+1

2 —B/2
ABNACNCA ONMUMAALHBLM, €CAU Asfl/ < 5 < Ag Al , s > 1, a ecau

d>A] 52 mo ?(y)(-) =0 — onmumarvru memod.
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Homoxnm
Al AY
so = So(m) =min{ s e N: =t~ < AZ,Lfl}
{ Afﬂ B Aﬁ

Teopema 5. Ilpu § > Ag, 6/2
E((-AY2, W5 (8%, Im) = E(=A)2, W5 (87), Isa)

U Memod

m A’y -
I NN (1 + A8 sl ) yir Y7 (-
g ’ ’ AVAfH - AZHAﬂ Z

ABAAEMNCA ONMUMANOHOLM, ECAU Asfl/Q <6< AS_B/Q, 1 <s<s59—1,

aecau 0 > Ay P2 mo o(y)(-) = 0 — onmumarvruti memod. Ilpu
0<68< A

B((—AY 2, WS, 1) = /82, + (1 — 2AL)ALL
u

-1 .
m A’y J
=S "N 14+ A8 mt Y (
jzl ’ ’ AzoArﬁn—&-l - AZ@—HAQ) Z ’

— ONMUMANOHBLT MEOoO.
[Tonoxum
po = po(6) = max{p€Z+ 1—2Aﬁz ik >0, 0 Spﬁm}-
7=0

Teopema 6. Umeem mecmo pagercmeo

Do nj
E((_A)’Y/za Wzﬂ (Sd>7 I;\Cflm) = Azofl Z( AﬁAgofl Z (5J2k’
=1 k=1
npu IMom MemMood

Ppo 9 A 1 ’}’*,8 nj
. N ‘
Py)()=>_AY (1 - (%) ) >y

j=1 J k=1
ABAACITNCA ONIMUMAABHDBIM.

4.2. Kaaccel Xapan—CoboseBa u beprmana—CoboJsieBa Ha enu-
HUYHOM Kpyre. Oboznaunm depes Ha (D) npocTpaHCTBO aHATATHYE-
ckux B emmanaHoM Kpyre D = {z € C : |z| < 1} dbysxmuit z(-),
YIAOBICTBOPSIONIAX YCIOBHIO

2
1) iy = sup( / 2(pe’ |2dt) .
0<p<1
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Kaaccom Xapdu-Cobosresa H}(D) HasbiBaeTcst MHOKeCTBO (DyHKIHIA
(), anamuruaecknx B D, jist Kotopbix || () ||a,p) < 1.

Hepes Ay (D) 0b603nauum upoctpancTBo GyHKIuA x(-), aHauTHYe-
CKHUX B €IMHUYHOM Kpyre D u yJOBJIEeTBOPSAIONINX YCJIOBUIO

1Ol sy = ( / |x<z>\2da<z>)l/2 < o0,

riae o — mwiockasg mepa Jlebera. Kaaccom Bepemana—Coboresa AL (D)
HA3BIBACTCS MHOXKECTBO DYHKIMA (-), aHaauTHIecKux B D, 1ist KO-
topsix [ ()] ay(p) < 1.

PaccmorpuM 33129y ONTHMAIBHOIO BOCCTAHOBJIEHUS k-t IIPOU3BO/I-
Hoit Ha kjaccax W = HJ u A} no mndopmarun o kodbdunnenrax
CTENeHHOr0 ps/la caMoil (DYHKINY, 3aJaHHBIX ¢ IIOTPENIHOCTHIO 0 B HOD-
Me IPOCTpPaHCTBa ly. VIHBIMHU cI0BaMU, MBI CHATaEM, 9TO I KazK IO
dbyuknun z(-) € W rtakoit, 1aro

x(z) = Z a; 2,

JEL+

M3BECTHBI uncia {y;}jcz, Takue, 91O

> lag —y* < 6%

JELy

CoorpercrByomniee HHGOPMAIMOHHOE 0TOOpakeHne OyjaeM 0003HAYATH
uepes [; . Mzyuaemas 3a1a4a ONTHMAIBHOTO BOCCTAHOBJICHUS 3AMHCHI-
BaCcTCd B BHIEC

E(DYW.I) = inf S 12®) () = o) ()llw,
: x(-)eW, y€Elo
1 F*a(-)—yll, <&

rne W = Hy(D), As(D), a Fra(-) = {a;}jez, — xoadbdurmentsr cre-
HEeHHOro psijia GyHKIuu T(-).

CdopmymupyeM ananor TeopeMbl 1, KOTOPBIH MOXKeT OBITH MOy 9eH
¢ TIOMOMIBIO OTIUCAHHOM BBITIE cXeMbl. [T010KUM pu (PUKCHPOBAHHBIX
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kunr(1<k<r)

( d|
J! : o
(W) = ity .
> = AL(D
((]—k)‘ j—/{?—i—l’ j_k,W 2( )7
L0, J <k,
( J' 2
(W) ; j>r, W= Hj;(D),
v (W) = it .
> = AL(D
((3—7’)' j—7"+17 j_T,W 2( )7
L0, Jj<r.

Teopema 7. IIpu W = H} uau Ay uwecex 1 < k <r dasd > Vr_l/2(W)

UMEETTL MECTIIO PABGEHCITIEO

W) = pra(W)
v (W) ’

B(DM W, I}) = \/ B2 prr (W) + 1

a 0As u;llm(W) <6< VQI/Z(W), $>T1, — PABEHCME0

1 (W) — ps(W)
Vs+1(W) - Vs(W) .

E(DF, W, I}) = \/ 82415(W) + (1 — 62,(W))

Ipu amom memod

o0

~ _ psr1(W) — ps(W) B j—
P =2 (1 ) e () - usH(W)uS(W)) w™

J=k

~1/2 ~1/2
ABAAECMCA ONMUMANLHBIM, €CAU VsH/ (W) <0 < s / (W), s>r,a

—1/2 ~ .
ecau § > vy V! (W), mo p(y)(z) =0 — onmumarvrvli memod.
Craydam, KOT/Ia M3BECTHO JIMIIL KOHEYHOE YHCI0 KO3(hDUIHEHTOB
CTEIEHHOTO Psi/ia C MOTPEITHOCTHIO B CPEIHEKBAJIPATUIHON HJIH PaB-
HOMEPHO MeTphKe, MOTYT OBITH PACCMOTPEHBI TOYHO TaK Ke, KaK 3TO
JIETAOCH JIJIsI TTEPUOJANIECKOT0 Cydast.
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