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Àííîòàöèÿ. Â ðàáîòå ïðåäëîæåí îáùèé ïîäõîä ê ïîñòðîåíèþ
îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ ëèíåéíûõ ôóíêöèîíà-
ëîâ ïî èçâåñòíîìó ðåøåíèþ äâîéñòâåííîé ýêñòðåìàëüíîé çàäà-
÷è, îñíîâàííûé íà íåêîòîðîé ïàðàìåòðèçàöèè ýòîãî ðåøåíèÿ.
Ñ ïîìîùüþ ïðåäëîæåííîãî ïîäõîäà óäàåòñÿ ðåøèòü ðÿä çà-
äà÷ îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèé íà êëàññàõ Õàðäè�
Ñîáîëåâà òàêèõ, êàê âîññòàíîâëåíèå çíà÷åíèé ôóíêöèè ïî èí-
ôîðìàöèè î êîýôôèöèåíòàõ Ôóðüå èëè î çíà÷åíèÿõ â íåêîòî-
ðîé ñèñòåìå óçëîâ â ïåðèîäè÷åñêîì è íåïåðèîäè÷åñêîì ñëó÷à-
ÿõ.

1. Ïîñòàíîâêà çàäà÷è è ìåòîä ïàðàìåòðèçàöèè

Ïóñòü W � íåêîòîðîå ìíîæåñòâî èç ëèíåéíîãî ïðîñòðàíñòâà X.
Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî ôóíê-
öèîíàëà L íà ýòîì ìíîæåñòâå ïî çíà÷åíèÿì ëèíåéíûõ ôóíêöèîíà-
ëîâ l1, . . . , ln. Ïîëîæèì äëÿ x ∈ W

Ix := (l1x, . . . , lnx).

Îïåðàòîð I : W → Kn, ãäå K = R èëè C â çàâèñèìîñòè îò òîãî, âå-
ùåñòâåííîå èëè êîìïëåêñíîå ëèíåéíîå ïðîñòðàíñòâîX, íàçûâàåòñÿ
èíôîðìàöèîííûì îïåðàòîðîì. Âåëè÷èíà

e(L,W, I) := inf
S : Kn→K

sup
x∈W
|Lx− S(Ix)|

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöè-
îíàëà L íà ìíîæåñòâå W . Âñÿêèé ìåòîä S0, äëÿ êîòîðîãî

sup
x∈W
|Lx− S0(Ix)| = e(L,W, I),

áóäåì íàçûâàòü îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.
Ñ. À. Ñìîëÿêîì [1] áûëî äîêàçàíî, ÷òî â âåùåñòâåííîì ñëó÷àå

äëÿ âûïóêëîãî è öåíòðàëüíî-ñèììåòðè÷íîãî ìíîæåñòâà W ñðåäè

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé (ãðàíòû �99-01-01181 è �00�15�96109).
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îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ ñóùåñòâóåò ëèíåéíûé è èìå-
åò ìåñòî ðàâåíñòâî

(1) e(L,W, I) = sup
x∈W
Ix=0

|Lx|.

Àíàëîãè÷íûé ðåçóëüòàò â êîìïëåêñíîì ñëó÷àå äëÿ âûïóêëîãî è
óðàâíîâåøåííîãî ìíîæåñòâà W áûë äîêàçàí â ðàáîòå [2] (áîëåå îá-
ùèå ïîñòàíîâêè çàäà÷ âîññòàíîâëåíèÿ è ñîîòâåòñòâóþùèå ðåçóëü-
òàòû ìîæíî íàéòè â ðàáîòå [3] è öèòèðóåìîé òàì ëèòåðàòóðå).
Âñÿêèé ýëåìåíò x0 ∈ W , äëÿ êîòîðîãî Ix0 = 0 è

|Lx0| = sup
x∈W
Ix=0

|Lx|,

áóäåì íàçûâàòü ýêñòðåìàëüíûì. Çàäà÷à íàõîæäåíèÿ ýêñòðåìàëü-
íîãî ýëåìåíòà ÷àùå îêàçûâàåòñÿ áîëåå ïðîñòîé, ÷åì çàäà÷à íàõîæ-
äåíèÿ îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ. Öåëü äàííîé ðàáîòû
� ïðåäëîæèòü ñïîñîá, ïîçâîëÿþùèé ïî ýêñòðåìàëüíîìó ýëåìåíòó
(ïðè íàëè÷èè íåêîòîðîé åãî ïàðàìåòðèçàöèè) ïîëó÷àòü îïòèìàëü-
íûé ìåòîä âîññòàíîâëåíèÿ, è ïîñòðîèòü ðÿä îïòèìàëüíûõ ìåòîäîâ
âîññòàíîâëåíèÿ, èñïîëüçóÿ ïðåäëîæåííóþ ñõåìó.

Òåîðåìà 1. Ïóñòü X � âåùåñòâåííîå ëèíåéíîå ïðîñòðàíñòâî,

W � âûïóêëîå öåíòðàëüíî-ñèììåòðè÷íîå ìíîæåñòâî èç X è

x0 � ýêñòðåìàëüíûé ýëåìåíò â çàäà÷å îïòèìàëüíîãî âîññòàíîâ-

ëåíèÿ ëèíåéíîãî ôóíêöèîíàëà L íà ìíîæåñòâå W ïî çíà÷åíè-

ÿì ëèíåéíûõ ôóíêöèîíàëîâ l1x, . . . , lnx. Ïðåäïîëîæèì, ÷òî ïðè

âñåõ M = (t1, . . . , ts+n) ∈ Rn+s èç íåêîòîðîé îêðåñòíîñòè òî÷-

êè M0 ∈ Rn+s ñóùåñòâóþò x(M) ∈ X òàêèå, ÷òî x(M0) = x0 è

äëÿ çàäàííûõ ôóíêöèé ψ1(M), . . . , ψs(M) òàêèõ, ÷òî ψj(M0) = 0,
j = 1, . . . , s, ïðè âñåõ M èç îêðåñòíîñòè M0, óäîâëåòâîðÿþùèõ

óñëîâèþ ψj(M) = 0, j = 1, . . . , s, x(M) ∈ W (â ñëó÷àå s = 0 áóäåì

ñ÷èòàòü, ÷òî ïðè âñåõ M èç îêðåñòíîñòè M0 x(M) ∈ W ). Òî-
ãäà, åñëè ôóíêöèè ϕ(M) := Lx(M), ϕj(M) := ljx(M), j = 1, . . . , n, è
ψj(M), j = 1, . . . , s, èìåþò â îêðåñòíîñòè M0 íåïðåðûâíûå ÷àñò-

íûå ïðîèçâîäíûå ïî âñåì àðãóìåíòàì è îïðåäåëèòåëü ìàòðèöû

J(M) =


∂ϕ1

∂t1
. . .

∂ϕn
∂t1

∂ψ1

∂t1
. . .

∂ψs
∂t1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂ϕ1

∂tn+s
. . .

∂ϕn
∂tn+s

∂ψ1

∂tn+s
. . .

∂ψs
∂tn+s


îòëè÷åí îò íóëÿ â òî÷êå M0, òî åäèíñòâåííûì ëèíåéíûì îïòè-

ìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ ÿâëÿåòñÿ ìåòîä

Lx ≈
n∑
j=1

Cjljx,
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ãäå C1, . . . , Cn � ðåøåíèÿ ñèñòåìû

J(M0)C = gradϕ∣∣M0
,

â êîòîðîé C = (C1, . . . , Cn+s).

Äîêàçàòåëüñòâî. Ïóñòü

Lx ≈
n∑
j=1

Cjljx

� îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ. Òîãäà â ñèëó òîãî, ÷òî x0
ýêñòðåìàëüíûé ýëåìåíò, èìååì ïðè âñåõ x ∈ W

|Lx−
n∑
j=1

Cjljx| ≤ |Lx0|.

Ñëåäîâàòåëüíî, ïðè âñåõ M èç íåêîòîðîé îêðåñòíîñòè M0 òàêèõ,
÷òî ψj(M0) = 0, j = 1, . . . , s, âûïîëíåíî íåðàâåíñòâî

|ϕ(M)−
n∑
j=1

Cjϕj(M)| ≤ |ϕ(M0)|.

Ïîñêîëüêó ϕj(M0) = 0, j = 1, . . . , n, òî îòñþäà ëåãêî âûòåêàåò, ÷òî
ôóíêöèÿ

ϕ(M)−
n∑
j=1

Cjϕj(M)

èìååò îòíîñèòåëüíûé ýêñòðåìóì â òî÷êåM0. Ìåòîä Ëàãðàíæà ïðè-
âîäèò ê íåîáõîäèìûì óñëîâèÿì

∂ϕ

∂tm
−

n∑
j=1

Cj
∂ϕj
∂tm
−

s∑
j=1

Cn+j
∂ψj
∂tm

= 0, m = 1, . . . , n+ s,

èç êîòîðûõ îäíîçíà÷íî îïðåäåëÿþòñÿ C1, . . . , Cn. �

Ïðèâåäåì îäèí ïðîñòåéøèé ïðèìåð. Ïóñòü HR
∞ ïðîñòðàíñòâî

ôóíêöèé, àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå

D := { z ∈ C : |z| < 1 },
îãðàíè÷åííûõ â íåì è âåùåñòâåííûõ íà èíòåðâàëå (−1, 1). Â êà÷å-
ñòâå ìíîæåñòâà W ðàññìîòðèì HR

∞ � ìíîæåñòâî ôóíêöèé èç HR
∞,

óäîâëåòâîðÿþùèõ óñëîâèþ

sup
z∈D
|f(z)| ≤ 1.

Äëÿ çàäà÷è îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèé èç HR
∞ â òî÷-

êå τ ∈ (−1, 1) ïî èõ çíà÷åíèÿì â íóëå äâîéñòâåííàÿ ýêñòðåìàëüíàÿ
çàäà÷à (1) ðåøàåòñÿ ñðàçó æå ñ ïîìîùüþ ëåììû Øâàðöà:

sup
f∈HR

∞
f(0)=0

|f(τ)| = |τ |.
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Òåì ñàìûì ôóíêöèÿ f0(z) = z ÿâëÿåòñÿ ýêñòðåìàëüíîé äëÿ ðàñ-
ñìàòðèâàåìîé çàäà÷è. Ïîëîæèì

f1(z, t) =
z + t

1 + tz
.

Ëåãêî óáåäèòüñÿ, ÷òî f1(z, t) ∈ HR
∞ ïðè âñåõ t ∈ (−1, 1). Êðîìå òîãî,

f1(z, 0) = f0(z) è f1(0, t) = t. Èç òåîðåìû 1 ïîëó÷àåì, ÷òî åäèíñòâåí-
íûì ëèíåéíûì îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ ÿâëÿåòñÿ ìå-
òîä

f(τ) ≈
(
∂f1
∂t

(0, 0)

)−1
∂f1
∂t

(τ, 0)f(0) = (1− τ 2)f(0).

Áîëåå îáùèå ðåçóëüòàòû îòíîñèòåëüíî ðàññìîòðåííîé çàäà÷è ìîæ-
íî íàéòè â [2] è [4] (îíè òàêæå ìîãóò áûòü ïîëó÷åíû ïðåäëàãàåìûì
ìåòîäîì).

2. Âîññòàíîâëåíèå ïî êîýôôèöèåíòàì Ôóðüå

Êëàññîì Õàðäè�Ñîáîëåâà Hr
∞,β áóäåì íàçûâàòü ìíîæåñòâî 2π-

ïåðèîäè÷åñêèõ ôóíêöèé, àíàëèòè÷åñêèõ â ïîëîñå Sβ := {z ∈ C :
| Im z| < β} è óäîâëåòâîðÿþùèõ óñëîâèþ |f (r)(z)| ≤ 1, z ∈ Sβ. ×åðåç
Hr,R
∞,β áóäåì îáîçíà÷àòü êëàññ ôóíêöèé èç Hr

∞,β, âåùåñòâåííûõ íà
âåùåñòâåííîé îñè. Â ñëó÷àå r = 0 ýòè êëàññû áóäåì îáîçíà÷àòü
÷åðåç H∞,β è H

R
∞,β, ñîîòâåòñòâåííî.

Ïîëîæèì

aj(f) :=
1

π

∫
T
f(x) cos jx dx, j = 0, 1, . . . ,

bj(f) :=
1

π

∫
T
f(x) sin jx dx, j = 1, 2, . . . ,

ãäå T := [0, 2π). Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ
çíà÷åíèÿ f(ξ), f ∈ Hr

∞,β, ξ ∈ T, ïî çíà÷åíèÿì èíôîðìàöèîííîãî
îïåðàòîðà

If = (a0(f), a1(f), . . . , an−1(f), b1(f), . . . , bn−1(f)).

Â ñèëó èíâàðèàíòíîñòè ðàññìàòðèâàåìîãî êëàññà îòíîñèòåëüíî
ñäâèãà ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ íå çàâèñèò îò
òî÷êè ξ. Áóäåì îáîçíà÷àòü åå ÷åðåç e(Hr

∞,β, I).
Ðåøåíèå èññëåäóåìîé çàäà÷è äàåòñÿ â òåðìèíàõ òåîðèè ýëëèïòè-

÷åñêèõ ôóíêöèé. Íàïîìíèì íåêîòîðûå îïðåäåëåíèÿ èç ýòîé òåîðèè.
Ïîëíûìè ýëëèïòè÷åñêèìè èíòåãðàëàìè ïåðâîãî ðîäà äëÿ ìîäóëåé
k è k′ :=

√
1− k2 íàçûâàþòñÿ âåëè÷èíû

K :=

∫ 1

0

dt√
(1− t2)(1− k2t2)

, K ′ :=

∫ 1

0

dt√
(1− t2)(1− k′2t2)

.
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Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî k âûáðàíî èç óñëîâèÿ

πK ′

2K
= β.

Ïðè ýòîì k îïðåäåëÿåòñÿ ðàâåíñòâîì (ñì., íàïðèìåð, [5])

k = 4e−β
( ∑∞

m=0 e
−2βm(m+1)

1 + 2
∑∞

m=1 e
−2βm2

)2

.

Ìû áóäåì èñïîëüçîâàòü ñòàíäàðòíûå îáîçíà÷åíèÿ sn(z, k), cn(z, k)
è dn(z, k) äëÿ ýëëèïòè÷åñêèõ ôóíêöèé ßêîáè, îïóñêàÿ çàâèñèìîñòü
èõ îò ìîäóëÿ, êîãäà ïîñëåäíèé ðàâåí k.
Ïîëîæèì

Φβ
n,0(z) :=

√
λ sn

(
2nΛ

π
z, λ

)
, Φβ

n,r := Dr ∗ Φn,0, r ≥ 1,

ãäå Λ � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà äëÿ ìîäóëÿ
λ, îïðåäåëÿåìîãî ðàâåíñòâîì

Λ′

Λ
= 2n

K ′

K
=

4βn

π
,

Dr(t) = 2
∞∑
m=1

cos(mt− πr/2)

mr
, r = 1, 2, . . . ,

� ÿäðî Áåðíóëëè, à

(f ∗ g)(z) :=
1

2π

∫
T
f(z − t)g(t) dt.

Ôóíêöèè Φβ
n,r, ââåäåííûå â ðàáîòå [6], îáëàäàþò ñâîéñòâàìè, àíà-

ëîãè÷íûìè ñâîéñòâàì èäåàëüíûõ ñïëàéíîâ Ýéëåðà (ñì., íàïðèìåð,
[7, ñòð. 72]). Èäåàëüíûå ñïëàéíû Ýéëåðà ÿâëÿþòñÿ ðåøåíèÿìè ðÿäà
êëàññè÷åñêèõ ýêñòðåìàëüíûõ çàäà÷ íà êëàññàõ Ñîáîëåâà (î òî÷íûõ
çíà÷åíèÿõ ïîïåðå÷íèêîâ, î íåðàâåíñòâå äëÿ ïðîèçâîäíûõ êîëìî-
ãîðîâñêîãî òèïà è äð.), à ôóíêöèè Φβ

n,r îêàçûâàþòñÿ ðåøåíèÿìè
àíàëîãè÷íûõ çàäà÷ äëÿ àíàëèòè÷åñêèõ ôóíêöèé èç êëàññîâ Õàðäè�
Ñîáîëåâà. Èç ðàáîòû [6] ñëåäóåò, ÷òî

Φβ
n,r(z) =

π√
λΛnr

∞∑
m=0

sin((2m+ 1)nz − πr/2)

(2m+ 1)r sh((2m+ 1)2nβ)
,

‖Φβ
n,r‖∞ =

π√
λΛnr

∞∑
m=0

(−1)m(r+1)

(2m+ 1)r sh((2m+ 1)2nβ)
,

r = 0, 1, . . .

(÷åðåç ‖ · ‖∞ ìû îáîçíà÷àåì ñòàíäàðòíóþ íîðìó â L∞(T)).
Â [8] áûëî äîêàçàíî, ÷òî

e(Hr
∞,β, I) = ‖Φβ

n,r‖∞,
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à ýêñòðåìàëüíîé ôóíêöèåé äëÿ çàäà÷è îïòèìàëüíîãî âîññòàíîâëå-
íèÿ çíà÷åíèÿ f(0) íà êëàññå Hr

∞,β ïî èíôîðìàöèîííîìó îïåðàòîðó
I ÿâëÿåòñÿ ôóíêöèÿ

ϕβn,r(z) :=

{
Φβ
n,r

(
z +

π

2n

)
, r = 2l,

Φβ
n,r(z), r = 2l + 1.

Îäíàêî âîïðîñ î ñàì�îì îïòèìàëüíîì ìåòîäå âîññòàíîâëåíèÿ îñòàë-
ñÿ îòêðûòûì. Ïîëüçóÿñü òåîðåìîé 1, ìû ïîñòðîèì ëèíåéíûé îïòè-
ìàëüíûé ìåòîä âîññòàíîâëåíèÿ äëÿ ýòîé çàäà÷è.
Äîêàæåì ñíà÷àëà îäèí âñïîìîãàòåëüíûé ðåçóëüòàò. Ïîëîæèì

ctn z :=
cn z dn z

sn z
.

Ëåììà 1. Ïðè âñåõ 0 ≤ t1 < . . . < t2n < 2K ñèñòåìà ôóíêöèé

1, ctn

(
K

π
z − t1

)
, . . . , ctn

(
K

π
z − t2n

)
ÿâëÿåòñÿ ÷åáûøåâñêîé íà ìíîæåñòâå T \ {πt1/K, . . . , πt2n/K}.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò âåùåñòâåííûå
÷èñëà C0, C1, . . . , C2n, íå âñå ðàâíûå íóëþ, äëÿ êîòîðûõ ôóíêöèÿ

C0 +
2n∑
j=1

Cj ctn

(
K

π
z − tj

)
èìååò 2n + 1 íóëåé íà ìíîæåñòâå T \ {πt1/K, . . . , πt2n/K}. Òîãäà
ôóíêöèÿ

g(z) = C0

2n∏
j=1

sn

(
K

π
z − tj

)

+
2n∑
m=1

Cm cn

(
K

π
z − tm

)
dn

(
K

π
z − tm

) 2n∏
j=1
j 6=m

sn

(
K

π
z − tj

)

äîëæíà èìåòü íå ìåíåå 2n + 1 íóëåé íà T. Ôóíêöèÿ g(z) � ýëëèï-
òè÷åñêàÿ ôóíêöèÿ ñ ïåðèîäàìè 2π, 2πK ′/K. Èç òåîðåìû Ëèóâèëëÿ
(ñì. [5, ñòð. 14]) ñëåäóåò, ÷òî ÷èñëî íóëåé g(z) â ïàðàëëåëîãðàììå
ïåðèîäîâ, ïîäñ÷èòàííîå ñ ó÷åòîì êðàòíîñòåé, ñîâïàäàåò ñ ÷èñëîì
ïîëþñîâ. ×èñëî ïîëþñîâ ó ôóíêöèè g(z) â ïàðàëëåëîãðàììå ïå-
ðèîäîâ íå ïðåâîñõîäèò 2n + 1. Ïîñêîëüêó ÷èñëî íóëåé ñ ó÷åòîì
êðàòíîñòè 2π-ïåðèîäè÷åñêîé ôóíêöèè g(z) äîëæíî áûòü ÷åòíûì,
òî îíî íå ïðåâîñõîäèò 2n, ÷òî ïðîòèâîðå÷èò ñäåëàííîìó ïðåäïîëî-
æåíèþ. �

Ïîëîæèì

σ(z) := sn

(
2nΛ

π
z, λ

)
ctn

K

π
z.
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Òåîðåìà 2. Äëÿ âñåõ ξ ∈ T ìåòîä

f(ξ) ≈ d0
a0(f)

2
+

n−1∑
j=1

dj(aj(f) cos jξ + bj(f) sin jξ),

ãäå

dj =
2

naj(σ)

n∑
m=1

(−1)m+1 ctn
2m− 1

2n
K cos j

2m− 1

2n
π,

j = 0, . . . , n− 1,

ÿâëÿåòñÿ îïòèìàëüíûì íà êëàññå H∞,β. Ïðè r ≥ 1 äëÿ âñåõ ξ ∈ T
îïòèìàëüíûì ìåòîäîì íà êëàññå Hr

∞,β ÿâëÿåòñÿ ìåòîä

f(ξ) ≈ a0(f)

2
+

2

n

n−1∑
j=1

jrdjr
aj(σ)

(aj(f) cos jξ + bj(f) sin jξ),

ãäå

djr =


(−1)r/2

n∑
m=1

(Dr ∗ σ)

(
2m− 1

2n
π

)
cos j

2m− 1

2n
π, r = 2l,

(−1)(r−1)/2
n−1∑
m=1

(Dr ∗ σ)

(
m

n
π

)
sin j

m

n
π, r = 2l + 1.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà çàäà÷ó îá îïòèìàëüíîì âîñ-
ñòàíîâëåíèè çíà÷åíèÿ f(0) íà êëàññå Hr,R

∞,β ïî èíôîðìàöèîííîìó
îïåðàòîðó

I0f := (a0(f), a1(f), . . . , an−1(f)).

Èìååì

e(Hr,R
∞,β, I0) = sup

f∈Hr,R
∞,β

I0f=0

|f(0)| ≥ |ϕβn,r(0)|.

Ñ äðóãîé ñòîðîíû, åñëè f ∈ Hr,R
∞,β è I0f = 0, òî, ïîëîæèâ

f0(z) :=
f(z) + f(−z)

2
,

ïîëó÷àåì, ÷òî f0 ∈ Hr,R
∞,β, I0f0 = 0 è, êðîìå òîãî, ïîñêîëüêó f0

÷åòíàÿ ôóíêöèÿ, bm(f) = 0, m ∈ N. Ñëåäîâàòåëüíî,

f(0) = f0(0) ≤ sup
f∈Hr

∞,β

If=0

|f(0)| = |ϕβn,r(0)|.

Òåì ñàìûì

e(Hr,R
∞,β, I0) = |ϕβn,r(0)|.
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Ñ ïîìîùüþ ïåðâîãî ãëàâíîãî ïðåîáðàçîâàíèÿ ýëëèïòè÷åñêèõ
ôóíêöèé 2n-é ñòåïåíè ìîæíî ïîêàçàòü (ñì. [9]), ÷òî

ϕβn,0(z) =
√
λ sn

(
2nΛ

π
z + Λ, λ

)
= kn

2n∏
m=1

sn

(
K

π
z − 2m− 1

2n
K

)
.

Ïîëîæèì äëÿ M = (t1, . . . , tn)

hM(z) := kn
n∏

m=1

sn

(
K

π
z − tm

) 2n∏
m=n+1

sn

(
K

π
z − 2m− 1

2n
K

)
.

Òîãäà ïðè âñåõ M ∈ [0, 2K)n hM ∈ HR
∞,β, à äëÿ

t0m :=
2m− 1

2n
K

è M0 := (t01, . . . , t
0
n) hM0 = ϕβn,0.

Ïóñòü r = 0. Ïîêàæåì, ÷òî îïðåäåëèòåëü ìàòðèöû J(M0), ñîñòî-
ÿùåé èç ýëåìåíòîâ

∂

∂tm
aj(hM)∣∣M0

= aj

(
∂hM
∂tm

∣∣∣M0

)
, m = 1, . . . , n, j = 0, . . . , n− 1,

îòëè÷åí îò íóëÿ. Åñëè ïðåäïîëîæèòü ïðîòèâíîå, òî íàéäóòñÿ âå-
ùåñòâåííûå ÷èñëà C1, . . . , Cn, íå âñå ðàâíûå íóëþ, òàêèå, ÷òî äëÿ
ôóíêöèè

g =
n∑

m=1

Cm
∂hM
∂tm

∣∣∣M0

áóäóò âûïîëíåíû ðàâåíñòâà a0(g) = . . . = an−1(g) = 0. Ñëåäîâàòåëü-
íî, äëÿ ÷åòíîé ôóíêöèè g0(z) := g(z) + g(−z) áóäóò âûïîëíÿòüñÿ
ðàâåíñòâà

a0(g0) = a1(g0) = b1(g0) = . . . = an−1(g0) = bn−1(g0) = 0.

Ïîñêîëüêó
∂hM
∂tm

(z) = −hM(z) ctn

(
K

π
z − tm

)
,

òî â ñèëó ÷åòíîñòè ôóíêöèè hM0 èìååì

g0(z) = −hM0(z)
n∑

m=1

Cm

(
ctn

(
K

π
z − t0m

)
− ctn

(
K

π
z + t0m

))

= −hM0(z)
n∑

m=1

Cm

(
ctn

(
K

π
z − t0m

)
− ctn

(
K

π
z − τ 0m

))
,

ãäå τ 0m = 2K − t0m. Ïîëîæèì

F := g0 − C0hM0 ,
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ãäå C0 = g0(0)/hM0(0). Äëÿ ôóíêöèè F âûïîëíÿþòñÿ ðàâåíñòâà

a0(F ) = a1(F ) = b1(F ) = . . . = an−1(F ) = bn−1(F ) = 0.

Â ñèëó òîãî, ÷òî òðèãîíîìåòðè÷åñêàÿ ñèñòåìà

1, cosx, sinx, . . . , cos(n− 1)x, sin(n− 1)x

ÿâëÿåòñÿ ÷åáûøåâñêîé, ôóíêöèÿ F äîëæíà èìåòü íå ìåíåå 2n ïåðå-
ìåí çíàêà íà T (ñì. [10, ñòð. 41]). Êðîìå òîãî, ôóíêöèÿ F (z) â ñèëó
÷åòíîñòè èìååò íóëü ïðè z = 0 áåç ïåðåìåíû çíàêà. Òåì ñàìûì ó
ôóíêöèè F íå ìåíåå 2n+1 ðàçëè÷íûõ íóëåé íà T, ÷òî ïðîòèâîðå÷èò
ëåììå 1.
Èç òåîðåìû 1 (ïðè s = 0) âûòåêàåò, ÷òî äëÿ íàõîæäåíèÿ îïòè-

ìàëüíîãî ìåòîäà îñòàåòñÿ ðåøèòü ñèñòåìó

(2)
n−1∑
j=0

Cjaj

(
∂hM
∂tm

∣∣∣M0

)
=
∂hM(0)

∂tm
∣∣∣M0

=
√
λ ctn

2m− 1

2n
K,

m = 1, . . . , n.

Èìååì

aj

(
∂hM
∂tm

∣∣∣M0

)
= − 1

π

∫
T
hM0(z) ctn

(
K

π
z − t0m

)
cos jz dz

= − 1

π

∫
T
hM0

(
z +

2m− 1

2n
π

)
ctn

K

π
z cos j

(
z +

2m− 1

2n
π

)
dz

= (−1)m+1
√
λaj(σ) cos j

2m− 1

2n
π.

Èç òîãî, ÷òî îïðåäåëèòåëü ñèñòåìû (2) îòëè÷åí îò íóëÿ, âûòåêàåò,
÷òî aj(σ) 6= 0, j = 0, . . . , n−1. Òåì ñàìûì ñèñòåìà (2) ýêâèâàëåíòíà
ñèñòåìå

(3)
n−1∑
j=0

Cjaj(σ) cos j
2m− 1

2n
π = (−1)m+1 ctn

2m− 1

2n
K,

m = 1, . . . , n.

Â ñèëó îðòîãîíàëüíîñòè ñèñòåìû ôóíêöèé 1, cosx, . . . , cos(n − 1)x

íà ñåòêå
2m− 1

2n
π, m = 1, . . . , n, ïîëó÷àåì, ÷òî C0 = d0/2, Cj = dj,

j = 1, . . . , n− 1.
Ïóñòü òåïåðü r ≥ 1. Ðàññìîòðèì ôóíêöèþ

hP,r(z) :=


t0
2

+ (Dr ∗ hM)(z), r = 2l,

t0
2

+ (Dr ∗ hM)
(
z − π

2n

)
, r = 2l + 1,

ãäå P = (t0, t1, . . . , tn) ∈ Rn+1. Ïðè âñåõ P òàêèõ, ÷òî

ψ(P ) := a0(hM) = 0,
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hP,r ∈ Hr,R
∞,β è, êðîìå òîãî, äëÿ P0 := (0, t01, . . . , t

0
n) hP0,r = ϕβn,r.

Èç òåîðåìû 1 (òåïåðü óæå ñ s = 1) ñëåäóåò, ÷òî äëÿ íàõîæäåíèÿ
îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ íàäî ðåøèòü ñèñòåìó

(4)
n−1∑
j=0

Cj
∂aj(hP,r)

∂tm
∣∣∣P0

+ Cn
∂ψ

∂tm
=
∂hP,r(0)

∂tm
∣∣∣P0

, m = 0, . . . , n.

Èìååì (âñå ÷àñòíûå ïðîèçâîäíûå âû÷èñëÿþòñÿ â òî÷êå P0)

∂a0(hP,r)

∂t0
= 1,

∂aj(hP,r)

∂t0
= 0, j = 1, . . . , n− 1,

∂ψ

∂t0
= 0,

∂a0(hP,r)

∂tm
= 0,

∂ψ

∂tm
= (−1)m+1

√
λa0(σ), m = 1, . . . , n,

∂aj(hP,r)

∂tm
=


(−1)r/2+m+1

√
λaj(σ)

jr
cos j

2m− 1

2n
π, r = 2l,

(−1)r/2+m−1/2
√
λaj(σ)

jr
sin j

m

n
π, r = 2l + 1,

j = 1, . . . , n− 1, m = 1, . . . , n.

Ïðè r = 2l ñèñòåìà (4) ïðèíèìàåò âèä: C0 = 1/2,

n−1∑
j=1

(−1)r/2
aj(σ)

jr
Cj cos j

2m− 1

2n
π + a0(σ)Cn

= (Dr ∗ σ)

(
2m− 1

2n
π

)
, m = 1, . . . , n,

è ðåøàåòñÿ àíàëîãè÷íî ñèñòåìå (2).
Åñëè r = 2l + 1, òî ñèñòåìà (4) ñâîäèòñÿ ê ñëåäóþùåé: C0 = 1/2,

n−1∑
j=1

(−1)(r−1)/2
aj(σ)

jr
Cj sin j

m

n
π − a0(σ)Cn

= (Dr ∗ σ)

(
m

n
π

)
, m = 1, . . . , n.

Ïîëüçóÿñü îðòîãîíàëüíîñòüþ ñèñòåìû ôóíêöèé sinx, . . . , sin(n−1)x
íà ñåòêå mπ/n, m = 1, . . . , n− 1, ïîëó÷àåì ðåøåíèå ýòîé ñèñòåìû.
Äîêàæåì, ÷òî ïîñòðîåííûé ìåòîä (îáîçíà÷èì åãî ÷åðåç S) ÿâ-

ëÿåòñÿ îïòèìàëüíûì íà êëàññå Hr
∞,β. Ïðåäïîëîæèì, ÷òî íàéäåòñÿ

ôóíêöèÿ f0 ∈ Hr
∞,β, äëÿ êîòîðîé

(5) |f0(0)− S(I0f0)| > e(Hr
∞,β, I0).

Òîãäà äëÿ ôóíêöèè f0(z) ∈ Hr
∞,β òàêæå âûïîëíåíî íåðàâåíñòâî (5).

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî f0(0)− S(I0f0) > 0.
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Ñëåäîâàòåëüíî, äëÿ ôóíêöèè

g(z) :=
f0(z) + f0(z)

2
∈ Hr,R

∞,β

èìååì

g(0)− S(I0g) > e(Hr
∞,β, I0) ≥ e(Hr,R

∞,β, I0),

÷òî íåâîçìîæíî â ñèëó îïòèìàëüíîñòè ìåòîäà S íà êëàññå Hr,R
∞,β.

Äëÿ íàõîæäåíèÿ îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ çíà÷åíèÿ
f(ξ) äîñòàòî÷íî ðàññìîòðåòü îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ â
íóëå äëÿ ôóíêöèè F (z) = f(z + ξ). �

Ñëåäñòâèå 1. Äëÿ âñåõ ξ ∈ T ìåòîä

f(ξ) ≈ 1

n

∑
|j|≤n−1

( n∑
m=1

(−1)m+1 ctn
2m− 1

2n
K cos j

2m− 1

2n
π

)
eijξ

cj(σ)
cj(f)

ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå H∞,β
ïî çíà÷åíèÿì êîýôôèöèåíòîâ Ôóðüå

cj(f) =
1

2π

∫
T
f(t)e−ijt dt, |j| ≤ n− 1.

Ïðè r ≥ 1 äëÿ âñåõ ξ ∈ T îïòèìàëüíûì ìåòîäîì íà êëàññå Hr
∞,β

ÿâëÿåòñÿ ìåòîä

f(ξ) ≈ c0(f) +
1

n

∑
|j|≤n−1
j 6=0

|j|rd|j|r
eijξ

cj(σ)
cj(f).

3. Âîññòàíîâëåíèå ïî çíà÷åíèÿì â òî÷êàõ

Ðàññìîòðèì òåïåðü çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ çíà÷å-
íèÿ f(ξ), f ∈ Hr

∞,β, ξ ∈ T, ïî çíà÷åíèÿì èíôîðìàöèîííîãî îïåðà-
òîðà

Iτ := (f(τ1), . . . , f(τ2n)),

ãäå τ = (τ1, . . . , τ2n), 0 ≤ τ1 < . . . < τ2n < 2π. Áóäåì ñ÷èòàòü, ÷òî
r ≥ 1 (ïðè r = 0 ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è áûëî ïîëó÷åíî
â [8]).
Äîêàæåì ñíà÷àëà ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé.

Ëåììà 2. Ïðè âñåõ 0 ≤ τ1 < . . . < τ2n < 2π íàéäóòñÿ òàêèå

0 ≤ θ1 < . . . < θ2n < 2π, ÷òî äëÿ ôóíêöèè f0 ∈ Hr
∞,β, èìåþùåé âèä

f0 = c+Dr ∗B0,

ãäå c ∈ R, à

B0(t) = kn
2n∏
j=1

sn

(
K

π
(t− θj)

)
,

a0(B0) = 0 è f0(τ1) = . . . = f0(τ2n) = 0.
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Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ïðîèçâåäåíèåì Áëÿøêå ïîðÿäêà
m äëÿ îáëàñòè Ω ⊂ C íàçûâàåòñÿ ôóíêöèÿ âèäà

B(z) = ε exp

(
−

m∑
j=1

P (z, ζj)

)
,

ãäå ζ1, . . . , ζm � òî÷êè èç Ω, |ε| = 1, P (z, ζ) = u(z, ζ)+iv(z, ζ), u(z, ζ)
� ôóíêöèÿ Ãðèíà îáëàñòè Ω ñ îñîáåííîñòüþ â òî÷êå ζ, à v(z, ζ) �
ñîïðÿæåííàÿ ê u(z, ζ) ôóíêöèÿ (â îáùåì ñëó÷àå ìíîãîçíà÷íàÿ).
Îáîçíà÷èì ÷åðåç B2n ìíîæåñòâî îäíîçíà÷íûõ ïðîèçâåäåíèé Áëÿø-
êå â êîëüöå Ωβ = {z ∈ C : e−β < |z| < eβ} ñòåïåíè íå âûøå 2n,
âåùåñòâåííûõ íà åäèíè÷íîì êðóãå E = {z ∈ C : |z| = 1}. Â ðàáîòå
[11] ñ ïîìîùüþ îáîáùåííîé çàäà÷è Íåâàíëèííû�Ïèêà áûëî ïîñòðî-
åíî íå÷åòíîå è íåïðåðûâíîå â òîïîëîãèè ðàâíîìåðíîé ñõîäèìîñòè
íà êîìïàêòàõ èç Ωβ îòîáðàæåíèå σ : S2n → B2n, ãäå

S2n = {x = (x0, . . . , x2n) ∈ R2n+1 :
2n+1∑
j=0

|xj|2 = 1 }.

Ïîëîæèì äëÿ x ∈ S2n

σ0(x) = (a0(B), fB(τ2)− fB(τ1), . . . , fB(τ2n)− fB(τ1)),

ãäå B(t) = σ(x)(eit), à fB = Dr ∗ B. Òîãäà îòîáðàæåíèå σ0 : S2n →
R2n ÿâëÿåòñÿ íå÷åòíûì è íåïðåðûâíûì, à ñëåäîâàòåëüíî, ïî òåîðå-
ìå Áîðñóêà ñóùåñòâóåò x0 ∈ S2n, äëÿ êîòîðîãî σ0(x0) = 0. Òåì ñà-

ìûì ïîñòðîåíà ôóíêöèÿ B̂(t) := σ(x0)(e
it), äëÿ êîòîðîé a0(B̂) = 0,

è ôóíêöèÿ f̂ := a+Dr ∗ B̂, äëÿ êîòîðîé ïðè a = −(Dr ∗ B̂)(τ1)

f̂(τ1) = . . . = f̂(τ2n) = 0.

Ïîñêîëüêó f̂ (r) = B̂, òî èç òåîðåìû Ðîëëÿ âûòåêàåò, ÷òî B̂ èìååò
íå ìåíåå 2n ðàçëè÷íûõ íóëåé íà T, à â ñèëó òîãî, ÷òî σ(x0) ∈ B2n,
B̂ èìååò ðîâíî 2n íóëåé íà T. Îñòàåòñÿ çàìåòèòü, ÷òî èç âèäà ïðî-
èçâåäåíèé Áëÿøêå äëÿ êîëüöà ñ íóëÿìè íà åäèíè÷íîé îêðóæíîñòè
(ñì. [9]) âûòåêàåò ðàâåíñòâî

B̂(t) = εB0(t),

ãäå ε = 1 èëè −1. Ïîëîæèâ f0 = εf̂ , ïîëó÷èì óòâåðæäåíèå ëåììû.
�

Ïðåäëîæåíèå 1. Ïóñòü 0 ≤ τ1 < . . . < τ2n < 2π è f0 � ôóíêöèÿ

èç ëåììû 2. Òîãäà äëÿ ëþáîãî ξ ∈ T è ëþáîé ôóíêöèè f ∈ Hr
∞,β

òàêîé, ÷òî f(τ1) = . . . = f(τ2n) = 0 âûïîëíåíî íåðàâåíñòâî

|f(ξ)| ≤ |f0(ξ)|.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðîì ξ ∈ T\{τ1, . . . , τ2n}
íàéäåòñÿ ôóíêöèÿ g ∈ Hr

∞,β, äëÿ êîòîðîé g(τ1) = . . . = g(τ2n) = 0
è |g(ξ)| > |f0(ξ)|. Òàê êàê äëÿ ôóíêöèè ĝ(z) = g(z) exp(−i arg g(ξ))
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âûïîëíåíû òå æå óñëîâèÿ, ìîæíî áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷è-
òàòü, ÷òî g(ξ) > 0. Ïîëîæèì

g0(z) :=
g(z) + g(z)

2
.

Î÷åâèäíî, ÷òî g0 ∈ Hr,R
∞,β è g0(ξ) = g(ξ). Ðàññìîòðèì ôóíêöèþ

F := f0 − ρg0, ρ =
f0(ξ)

g0(ξ)
.

Ýòà ôóíêöèÿ èìååò íóëè â òî÷êàõ τ1, . . . , τ2n, ξ. Ñëåäîâàòåëüíî, ïî
òåîðåìå Ðîëëÿ F (r) èìååò íå ìåíåå 2n + 1 íóëåé íà T. Îòñþäà âû-
òåêàåò, ÷òî îäíîçíà÷íàÿ è àíàëèòè÷åñêàÿ â êîëüöå Ωβ ôóíêöèÿ

F (r)

(
1

i
lnw

)
èìååò â ýòîì êîëüöå íå ìåíåå 2n+1 íóëåé. Ïîñêîëüêó

ïðîèçâåäåíèå Áëÿøêå íà ãðàíèöå Ωβ óäîâëåòâîðÿåò óñëîâèþ∣∣∣∣B0

(
1

i
lnw

)∣∣∣∣ = 1, w ∈ ∂Ωβ,

à f
(r)
0 = B0, òî ïðè w ∈ ∂Ωβ∣∣∣∣f (r)
0

(
1

i
lnw

)
− F (r)

(
1

i
lnw

)∣∣∣∣ =

∣∣∣∣ρg(r)0

(
1

i
lnw

)∣∣∣∣
≤ |ρ| < 1 =

∣∣∣∣f (r)
0

(
1

i
lnw

)∣∣∣∣ .
Òàê êàê ó B0

(
1

i
lnw

)
ðîâíî 2n íóëåé â îáëàñòè Ωβ, òî ïî òåî-

ðåìå Ðóøå òî÷íî òàêîå æå ÷èñëî íóëåé äîëæíî áûòü è ó ôóíêöèè

F (r)

(
1

i
lnw

)
. Ïîëó÷åííîå ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî

òåîðåìû. �

Òåîðåìà 3. Ïðè âñåõ ξ ∈ T ìåòîä

f(ξ) ≈
2n∑
j=1

Cj(ξ)f(τj),

â êîòîðîì C1(ξ), . . . , C2n(ξ) ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû

(6)


1 . . . 1 0

f1(τ1) . . . f1(τ2n) a0(g1)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
f2n(τ1) . . . f2n(τ2n) a0(g2n)




C1(ξ)
C2(ξ)
...

C2n+1(ξ)

 =


1

f1(ξ)
...

f2n(ξ)

 ,

ãäå

fm = (Dr ∗ gm), gm(t) = B0(t) ctn

(
K

π
(t− θm)

)
, m = 1, . . . , 2n,
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à ôóíêöèÿ B0 ñ íóëÿìè θm îïðåäåëåíà â ëåììå 2, ÿâëÿåòñÿ îïòè-
ìàëüíûì íà êëàññå Hr

∞,β. Ïðè ýòîì äëÿ ïîãðåøíîñòè îïòèìàëü-

íîãî âîññòàíîâëåíèÿ èìååò ìåñòî ðàâåíñòâî

e(ξ,Hr
∞,β, Iτ ) = |(Dr ∗B0)(ξ)− (Dr ∗B0)(τ1)|.

Äîêàçàòåëüñòâî. Ïîëîæèì θ0 := −(Dr ∗B0)(τ1) è

BP (t) := kn
2n∏
j=1

sn

(
K

π
(t− tj)

)
, fP := t0 +Dr ∗BP ,

ãäå P = (t0, t1, . . . , t2n). Òîãäà ïðè P = P0 := (θ0, θ1, . . . , θ2n) â ñèëó
ñîîòíîøåíèÿ äâîéñòâåííîñòè (1) è ïðåäëîæåíèÿ 1 ôóíêöèÿ fP0 ÿâ-
ëÿåòñÿ ýêñòðåìàëüíîé â çàäà÷å îïòèìàëüíîãî âîññòàíîâëåíèÿ çíà-
÷åíèÿ f(ξ) íà êëàññå Hr

∞,β, à òàêæå è íà êëàññå Hr,R
∞,β. Ïîëîæèì

τ0 := ξ,

ϕj(P ) := fP (τj), j = 0, . . . , 2n, ψ(P ) := a0(BP ).

Èìååì
∂ϕj
∂t0

= 1, j = 0, . . . , 2n,
∂ψ

∂t0
= 0,

è ïðè âñåõ m = 1, . . . , 2n

∂ϕj
∂tm

∣∣∣P0

= −K
π
fm(τj), j = 0, . . . , 2n,

∂ψ

∂tm
∣∣∣P0

= −K
π
a0(gm).

Èç òåîðåìû 1 âûòåêàåò, ÷òî êîýôôèöèåíòû îïòèìàëüíîãî ìåòî-
äà âîññòàíîâëåíèÿ îïðåäåëÿþòñÿ èç ñèñòåìû (6) ïðè óñëîâèè, ÷òî
îïðåäåëèòåëü ýòîé ñèñòåìû îòëè÷åí îò íóëÿ. Åñëè ïðåäïîëîæèòü
ïðîòèâíîå, òî äîëæíû íàéòèñü âåùåñòâåííûå α0, α1, . . . , α2n, íå âñå
ðàâíûå íóëþ, äëÿ êîòîðûõ ôóíêöèÿ

g = α0 +Dr ∗
( 2n∑
j=1

αjgj

)
îáðàùàåòñÿ â íóëü â òî÷êàõ τ1, . . . , τ2n è, êðîìå òîãî,

a0

( 2n∑
j=1

αjgj

)
= 0.

Ïóñòü τ0 ∈ T \ {τ1, . . . , τ2n}. Ðàññìîòðèì ôóíêöèþ

F := g − ρfP0 , ρ =
g(τ0)

fP0(τ0)
.

Ôóíêöèÿ F èìååò íóëè â òî÷êàõ τ0, τ1, . . . , τ2n. Ñëåäîâàòåëüíî, ïî
òåîðåìå Ðîëëÿ F (r) èìååò íå ìåíåå 2n+ 1 íóëåé íà T. Èìååì

F (r)(t) =
2n∑
j=1

αjgj(t)− ρB0(t) = B0(t)

( 2n∑
j=1

αj ctn

(
K

π
(t− θj)

)
− ρ
)
.
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Èç ëåììû 1 âûòåêàåò, ÷òî F (r) íå ìîæåò èìåòü áîëåå, ÷åì 2n íó-
ëåé íà T. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî îïðåäåëèòåëü
ñèñòåìû (6) îòëè÷åí îò íóëÿ.
Äëÿ äîêàçàòåëüñòâà îïòèìàëüíîñòè ïîñòðîåííîãî ìåòîäà íà êëàñ-

ñå Hr
∞,β ìîæíî âîñïîëüçîâàòüñÿ òåìè æå ðàññóæäåíèÿìè, êîòîðûå

áûëè ïðîâåäåíû â äîêàçàòåëüñòâå òåîðåìû 2. �

Îáîçíà÷èì ìàòðèöó ñèñòåìû (6) ÷åðåç A. Òîãäà îïòèìàëüíûé
ìåòîä, ïîñòðîåííûé â òåîðåìå 3, áóäåò èìåòü âèä

f(ξ) ≈ (A−1G(ξ), f) = (G(ξ), (A∗)−1f),

ãäå G(ξ) = (1, f1(ξ), . . . , f2n(ξ)), f = (f(τ1), . . . , f(τ2n), 0), à A∗ �
ìàòðèöà, ñîïðÿæåííàÿ ê A (çäåñü (·, ·) � ñòàíäàðòíîå ñêàëÿðíîå
ïðîèçâåäåíèå â R2n+1). Òåì ñàìûì îïòèìàëüíûé ìåòîä ìîæåò áûòü
çàïèñàí â âèäå

f(ξ) ≈ d0 +
2n∑
m=1

dm(Dr ∗ gm)(ξ),

ãäå d0, d1, . . . , d2n � ðåøåíèÿ ñèñòåìû

(7)


d0 +

2n∑
m=1

dm(Dr ∗ gm)(τj) = f(τj), j = 1, . . . , 2n,

2n∑
m=1

dma0(gm) = 0.

Ïóñòü Xθ
2n � ìíîæåñòâî ôóíêöèé âèäà

c0 +
2n∑
n=1

cm(Dr ∗ gm),

ãäå c1, . . . , c2n óäîâëåòâîðÿþò óñëîâèþ

2n∑
n=1

cma0(gm) = 0.

Òîãäà, ó÷èòûâàÿ (7), ïîëó÷àåì

Ñëåäñòâèå 2. Ïóñòü 0 ≤ τ1 < . . . < τ2n < 2π, à 0 ≤ θ1 < . . . <
θ2n < 2π � îïðåäåëåíû ëåììîé 2. Òîãäà ôóíêöèÿ g(ξ) ∈ Xθ

2n, èí-

òåðïîëèðóþùàÿ f â òî÷êàõ τ1, . . . , τ2n, ÿâëÿåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ çíà÷åíèÿ f(ξ), ξ ∈ T, íà êëàññå Hr
∞,β ïî

çíà÷åíèÿì â òî÷êàõ τ1, . . . , τ2n.

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ äëÿ ðàâíîìåð-
íîé ñåòêè

τ 0m :=
m− 1

n
π, m = 1, . . . , 2n.
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Ïîëîæèì

tmr :=

{
τ 0m, r = 2l,

τ 0m +
π

2n
, r = 2l + 1,

m = 1, . . . , 2n.

Òåîðåìà 4. Ïðè âñåõ ξ ∈ T ìåòîä

f(ξ) ≈ f̂1 +
1

2n

2n∑
m=1

( 2n∑
j=2

f̂j
ĉj
e−i(m−1)(j−1)π/n

)
(Dr ∗ σ)(ξ − tmr),

ãäå

f̂j =
1

2n

2n∑
m=1

f(τ 0m)ei(m−1)(j−1)π/n,

ĉj =
1

2n

2n∑
m=1

(Dr ∗ σ)(tmr)e
i(m−1)(j−1)π/n,

j = 1, . . . , 2n,

ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå Hr
∞,β,

èñïîëüçóþùèì èíôîðìàöèþ î çíà÷åíèÿõ ôóíêöèè â ðàâíîìåðíîé

ñåòêå τ 0m, m = 1, . . . , 2n.

Äîêàçàòåëüñòâî. Ïóñòü r = 2l. Òîãäà Φβ
n,r(τ

0
m) = 0, m = 1, . . . , 2n.

Ïîñêîëüêó

Φβ
n,r = (Dr ∗ ϕβn,0)

(
z − π

2n

)
,

à

ϕβn,0

(
z − π

2n

)
= −kn

2n∏
m=1

sn

(
k

π
(z − τ 0m)

)
,

òî äëÿ ñèñòåìû òî÷åê τ 0m òî÷êè θm èç ëåììû 2 ñîâïàäàþò ñ τ 0m. Òåì
ñàìûì

gm(z) = (−1)m+1
√
λσ(z − τ 0m).

Ñèñòåìà (7) â ðàññìàòðèâàåìîì ñëó÷àå áóäåò èìåòü âèä
d0 +

√
λ

2n∑
m=1

(−1)m+1dm(Dr ∗ σ)(τ 0j − τ 0m) = f(τj), j = 1, . . . , 2n,

2n∑
m=1

(−1)m+1dm = 0.

Ïîëîæèâ x0 = d0, xm =
√
λ(−1)m+1dm, cm = (Dr∗σ)(τ 0m) è ïîëüçóÿñü

ïåðèîäè÷íîñòüþ è ÷åòíîñòüþ ôóíêöèè Dr ∗ σ, ïðèõîäèì ê ñèñòåìå
1 c1 c2 . . . c2n
1 c2n c1 . . . c2n−1
. . . . . . . . . . . . . . . . . . . . .
1 c2 c3 . . . c1
0 1 1 . . . 1




x0
x1
...

x2n−1
x2n

 =


f(τ 01 )
f(τ 02 )
...

f(τ 02n)
0

 .



ÎÁ ÎÏÒÈÌÀËÜÍÛÕ ÌÅÒÎÄÀÕ ÂÎÑÑÒÀÍÎÂËÅÍÈß 17

Ñëîæèâ ïåðâûå 2n ðàâåíñòâ ýòîé ñèñòåìû è ïîëüçóÿñü ïîñëåäíèì

ðàâåíñòâîì, íàõîäèì, ÷òî x0 = f̂1. Äàëåå ðåøåíèå ëåãêî ìîæåò áûòü
íàéäåíî ñ ïîìîùüþ ðàâåíñòâà

U∗CU =


ĉ1

ĉ2
0

0
. . .

ĉ2n

 ,

ãäå

U =

{
1√
2n
ei(j−1)(m−1)π/n

}2n

j,m=1

, C =


c1 c2 . . . c2n
c2n c1 . . . c2n−1
. . . . . . . . . . . . . . . . . .
c2 c3 . . . c1

 .

Åñëè r = 2l + 1, òî

Φβ
n,r

(
τ 0m +

π

2n

)
= 0, m = 1, . . . , 2n.

Ïîñêîëüêó

Φβ
n,r

(
z +

π

2n

)
= (Dr ∗ ϕβn,0)(z),

à

ϕβn,0(z) = kn
2n∏
m=1

sn

(
K

π

(
z −

(
τ 0m +

π

2n

)))
,

òî òî÷êè θm èç ëåììû 2 ñîâïàäàþò â ýòîì ñëó÷àå ñ òî÷êàìè τ 0m+
π

2n
.

Ñëåäîâàòåëüíî,

gm(z) = (−1)m
√
λσ
(
z −

(
τ 0m +

π

2n

))
.

Äàëåå ðàññóæäåíèÿ ïðîâîäÿòñÿ àíàëîãè÷íî ÷åòíîìó ñëó÷àþ. �

4. Íåïåðèîäè÷åñêèé ñëó÷àé

Â íåïåðèîäè÷åñêîì ñëó÷àå êëàññîì Õàðäè�Ñîáîëåâà Hr
∞ áóäåì

íàçûâàòü ìíîæåñòâî ôóíêöèé, àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå
D := {z ∈ C : |z| < 1} è óäîâëåòâîðÿþùèõ óñëîâèþ |f (r)(z)| < 1,
z ∈ D. ×åðåç Hr,R

∞ îáîçíà÷èì êëàññ ôóíêöèé èç Hr
∞, âåùåñòâåííûõ

â èíòåðâàëå (−1, 1). Ïðè r = 0 êëàññ Hr
∞ áóäåì îáîçíà÷àòü ÷åðåç

H∞.
Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ çíà÷åíèÿ f(ξ),

ξ ∈ (−1, 1), ïî çíà÷åíèÿì èíôîðìàöèîííîãî îïåðàòîðà

Iτf = (f(τ1), . . . , f(τn+r)),

ãäå −1 < τ1 < . . . < τn+r < 1. Â ñëó÷àå r = 0 ðåøåíèå ðàññìàòðè-
âàåìîé çàäà÷è áûëî ïîëó÷åíî â ðàáîòå [2], ïîýòîìó áóäåì ñ÷èòàòü,
÷òî r ≥ 1.
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Äëÿ ôóíêöèé f , àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå, ïîëîæèì

(Trf)(z) :=

∫ z

0

(z − ζ)r−1

(r − 1)!
f(ζ) dζ.

Î÷åâèäíî, ÷òî (Trf)(r) = f , è, ñëåäîâàòåëüíî, Trf ∈ Hr
∞ ïðè âñåõ

f ∈ H∞.
Èç ðàáîòû [12] âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Ïðåäëîæåíèå 2. Ïðè âñåõ −1 < τ1 < . . . < τn+r < 1 íàéäóòñÿ

òàêèå τ1 < z1 < . . . < zn < τn+r, ÷òî äëÿ ôóíêöèè f0 ∈ Hr
∞,

èìåþùåé âèä

f0 = Pr−1 + TrB0,

ãäå Pr−1 � ïîëèíîì ñòåïåíè r − 1, à B0 � ïðîèçâåäåíèå Áëÿøêå

ïîðÿäêà n

B0(z) =
n∏
j=1

z − zj
1− zjz

,

âûïîëíÿþòñÿ ðàâåíñòâà

f0(τj) = 0, j = 1, . . . , n+ r.

Êðîìå òîãî, ïðè âñåõ ξ ∈ (−1, 1)

(8) sup
f∈Hr

∞
f(τ1)=...=f(τn+r)=0

|f(ξ)| = |f0(ξ)|.

Èç ðàâåíñòâà (8) ñðàçó ñëåäóåò, ÷òî äëÿ ïîãðåøíîñòè îïòèìàëü-
íîãî âîññòàíîâëåíèÿ çíà÷åíèÿ f(ξ) íà êëàññå Hr

∞ ñïðàâåäëèâî ðà-
âåíñòâî

e(ξ,Hr
∞, Iτ ) = |f0(ξ)|.

Îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ è â ýòîì ñëó÷àå ìîæåò áûòü
ïîëó÷åí ñ ïîìîùüþ òåîðåìû 1.

Òåîðåìà 5. Ïðè âñåõ ξ ∈ (−1, 1) ìåòîä

f(ξ) ≈
n+r∑
j=1

Cj(ξ)f(τj),

â êîòîðîì C1(ξ), . . . , Cn+r(ξ) ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû

(9)



1 . . . 1
τ1 . . . τn+r

. . . . . . . . . . . . . . . . . . . . . . . . . . . .
τ r−11 . . . τ r−1n+r

(Trg1)(τ1) . . . (Trg1)(τn+r)
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
(Trgn)(τ1) . . . (Trgn)(τn+r)




C1(ξ)
C2(ξ)
...

Cn+r(ξ)

 =



1
ξ
...

ξr−1

(Trg1)(ξ)
...

(Trgn)(ξ)


,
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ãäå

gm(z) = B0(z)
1− z2

(z − zm)(1− zmz)
, m = 1, . . . , n,

à ôóíêöèÿ B0 ñ íóëÿìè zm îïðåäåëåíà â ïðåäëîæåíèè 2, ÿâëÿåòñÿ
îïòèìàëüíûì íà êëàññå Hr

∞.

Äîêàçàòåëüñòâî. Äëÿ P = (a0, a1, . . . , ar−1, t1, . . . , tn) ∈ Rn+r ïîëî-
æèì

fP (z) :=
r−1∑
j=0

ajz
j + (TrBP )(z),

ãäå

BP (z) =
n∏
j=1

z − tj
1− tjz

.

Ïóñòü ïîëèíîì Pr−1 èç ïðåäëîæåíèÿ 2 èìååò âèä

Pr−1 =
r−1∑
j=0

a0jz
j.

Òîãäà ïðè P = P0 := (a00, a
0
1, . . . , a

0
r−1, z1, . . . , zn) ôóíêöèÿ fP0 ÿâëÿ-

åòñÿ ýêñòðåìàëüíîé â çàäà÷å îïòèìàëüíîãî âîññòàíîâëåíèÿ çíà÷å-
íèÿ f(ξ) íà êëàññàõ Hr

∞ è Hr,R
∞ . Ïîëîæèì τ0 := ξ,

ϕj(P ) := fP (τj), j = 0, . . . , n+ r.

Èìååì ïðè âñåõ j = 0, . . . , n+ r

∂ϕj
∂am

= τmj , m = 0, . . . , r − 1,

∂ϕj
∂tm

= (Trgm)(τj), m = 1, . . . , n+ r.

Äëÿ ïîëó÷åíèÿ îïòèìàëüíîãî ìåòîäà íà êëàññå Hr,R
∞ îñòàåòñÿ ïðè-

ìåíèòü òåîðåìó 1, ïðåäâàðèòåëüíî ïðîâåðèâ, ÷òî îïðåäåëèòåëü ñè-
ñòåìû (9) îòëè÷åí îò íóëÿ. Åñëè ïðåäïîëîæèòü, ÷òî ýòîò îïðåäå-
ëèòåëü ðàâåí íóëþ, òî íàéäóòñÿ C1, . . . , Cn+r, íå âñå ðàâíûå íóëþ,
òàêèå, ÷òî ôóíêöèÿ

F (z) :=
r−1∑
j=0

Cj+1z
j +

n∑
j=1

Cj+r(Tgj)(z)

îáðàùàåòñÿ â íóëü â òî÷êàõ τ1, . . . , τn+r. Òîãäà ïî òåîðåìå Ðîëëÿ
íàéäóòñÿ òî÷êè τ1 < ξ1 < . . . < ξn < τn+r, â êîòîðûõ F

(r) îáðàùàåò-
ñÿ â íóëü. Òåì ñàìûì

F (r) =
n∑
j=1

Cj+rgj(ξm) = 0, m = 1, . . . , n.
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Â [13] áûëî äîêàçàíî, ÷òî ñèñòåìà ôóíêöèé

1

(z − ξm)(1− ξmz)
, m = 1, . . . , n,

ÿâëÿåòñÿ ÷åáûøåâñêîé íà ìíîæåñòâå (−1, 1)\{ξ1, . . . , ξn}. Ñëåäîâà-
òåëüíî, g1, . . . , gm � ÷åáûøåâñêàÿ ñèñòåìà íà ìíîæåñòâå (−1, 1) è
Cr+1 = . . . = Cn+r = 0. Îòñþäà âûòåêàåò, ÷òî è C1 = . . . = Cr = 0.
Äîêàçàòåëüñòâî îïòèìàëüíîñòè ïîñòðîåííîãî ìåòîäà íà êëàññå

Hr
∞ ïðîâîäèòñÿ ïî òîé æå ñõåìå, êîòîðàÿ èñïîëüçîâàëàñü â òåîðå-

ìå 2. �

Äëÿ ôèêñèðîâàííûõ −1 < z1 < . . . < zn < 1 ïîëîæèì

Xz
n+r := span{1, z, . . . , zr−1, (Trg1)(z), . . . , (Trgn)(z)}.

Àíàëîãè÷íî ñëåäñòâèþ 2 ïîëó÷àåì

Ñëåäñòâèå 3. Ïóñòü −1 < τ1 < . . . < τn+r < 1, à τ1 < z1 < . . . <
zn < τn+r � îïðåäåëåíû ïðåäëîæåíèåì 2. Òîãäà ôóíêöèÿ g(ξ) ∈
Xz
n+r, èíòåðïîëèðóþùàÿ f â òî÷êàõ τ1, . . . , τn+r, ÿâëÿåòñÿ îïòè-

ìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ çíà÷åíèÿ f(ξ), ξ ∈ (−1, 1), íà
êëàññå Hr

∞ ïî çíà÷åíèÿì â òî÷êàõ τ1, . . . , τn+r.

Ñïèñîê ëèòåðàòóðû

[1] Ñìîëÿê Ñ. À. Îá îïòèìàëüíîì âîññòàíîâëåíèè ôóíêöèé è ôóíêöèîíàëîâ
îò íèõ. Êàíä. äèññ. Ì.: ÌÃÓ, 1965.

[2] Îñèïåíêî Ê. Þ. Íàèëó÷øåå ïðèáëèæåíèå àíàëèòè÷åñêèõ ôóíêöèé ïî èí-
ôîðìàöèè îá èõ çíà÷åíèÿõ â êîíå÷íîì ÷èñëå òî÷åê // Ìàò. çàìåòêè. 1976.
Ò. 19. �1. Ñ. 29�40.

[3] Ìàãàðèë-Èëüÿåâ Ã. Ã., Îñèïåíêî Ê. Þ. Îá îïòèìàëüíîì âîññòàíîâëåíèè
ôóíêöèîíàëîâ ïî íåòî÷íûì äàííûì // Ìàò. çàìåòêè. 1991. Ò. 50 �6. Ñ. 85�
93.

[4] Fisher S. D., Micchelli C. A. The n-width of sets of analytic functions // Duke
Math. J. 1980. V. 47. �4. P. 789�801.

[5] Àõèåçåð Í. È. Ýëåìåíòû òåîðèè ýëëèïòè÷åñêèõ ôóíêöèé. Ì.: Íàóêà, 1970.
[6] Osipenko K. Yu. Exact values of n-widths of Hardy-Sobolev classes // Constr.

Approx. 1997. V. 13. P. 17�27.
[7] Êîðíåé÷óê Í. Ï. Òî÷íûå êîíñòàíòû â òåîðèè ïðèáëèæåíèÿ. Ì.: Íàóêà,

1987.
[8] Osipenko K. Yu., Wilderotter K. Optimal information for approximating

periodic functions // Math. Comput. 1997 V. 66. �220. P. 1579�1592.
[9] Îñèïåíêî Ê. Þ. Îá n-ïîïåðå÷íèêàõ, îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìó-

ëàõ è îïòèìàëüíîì âîññòàíîâëåíèè ôóíêöèé, àíàëèòè÷åñêèõ â ïîëîñå //
Èçâ. ÐÀÍ. Ñåð. ìàò. 1994. Ò. 58. �4. Ñ. 55�79.

[10] Pinkus A. n-Widths in Approximation Theory. Berlin: Springer-Verlag, 1985.
[11] Wilderotter K. Optimal approximation of periodic analytic functions with

integrable boundary values // J. Approx. Theory. 1996. V. 84. �2. P. 236�
246.

[12] Fisher S. D. Envelopes, widths, and Landau problems for analytic functions
// Constr. Approx. 1989. V. 5. �2. P. 171�187.

[13] Bojanov B. D., Grozev G. R. A note on the optimal recovery of functions in
H∞ // J. Approx. Theory. 1988. V. 53. �1. P. 67�77.



ÎÁ ÎÏÒÈÌÀËÜÍÛÕ ÌÅÒÎÄÀÕ ÂÎÑÑÒÀÍÎÂËÅÍÈß 21

ÌÀÒÈ � Ðîññèéñêèé ãîñóäàðñòâåííûé òåõíîëîãè÷åñêèé óíèâåð-

ñèòåò èì. Ê. Ý. Öèîëêîâñêîãî


