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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è âîññòàíîâëåíèÿ îïåðàòî-
ðîâ ïî íåòî÷íî çàäàííîé èíôîðìàöèè â âåñîâûõ ïðîñòðàíñòâàõ Lq ñ îä-
íîðîäíûìè âåñàìè. Äîêàçàí ðÿä îáùèõ òåîðåì, êîòîðûå ïðèìåíÿþòñÿ ê
çàäà÷àì âîññòàíîâëåíèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïî íåòî÷íî çà-
äàííîìó ïðåîáðàçîâàíèþ Ôóðüå. Â ÷àñòíîñòè, ïîëó÷åíû îïòèìàëüíûå ìå-
òîäû âîññòàíîâëåíèÿ ñòåïåíåé îïåðàòîðà Ëàïëàñà ïî íåòî÷íî çàäàííîìó
ïðåîáðàçîâàíèþ Ôóðüå â Lp-ìåòðèêå.

Áèáëèîãðàôèÿ: 30 íàçâàíèé.

1. Îáùàÿ ïîñòàíîâêà

Ïóñòü T � íåêîòîðîå íåïóñòîå ìíîæåñòâî, Σ � σ-àëãåáðà ïîäìíîæåñòâ T è
µ � íåîòðèöàòåëüíàÿ σ-àääèòèâíàÿ ìåðà íà Σ. ×åðåç Lp(T, µ) îáîçíà÷èì ñîâî-
êóïíîñòü âñåõ Σ-èçìåðèìûõ ôóíêöèé ñî çíà÷åíèÿìè â R èëè C, äëÿ êîòîðûõ

‖x(·)‖Lp(T,µ) =


(∫

T

|x(t)|p dµ
)1/p

<∞, 1 ≤ p <∞,

vraisup
t∈T

|x(t)| <∞, p =∞.

Ïîëîæèì

W = {x(·) ∈ Lp(T, µ) : ‖ϕ(·)x(·)‖Lr(T,µ) <∞},
W = {x(·) ∈ W : ‖ϕ(·)x(·)‖Lr(T,µ) ≤ 1 },

ãäå 1 ≤ p, r ≤ ∞, à ϕ(·) � íåêîòîðàÿ ôóíêöèÿ íà T .
Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ îïåðàòîðà Λ: W → Lq(T, µ), 1 ≤ q ≤

∞, çàäàâàåìîãî ðàâåíñòâîì Λx(·) = ψ(·)x(·), ãäå ψ(·) � íåêîòîðàÿ ôóíêöèÿ
íà T , íà êëàññå W ïî ôóíêöèè x(·) ∈ W , èçâåñòíîé ñ ïîãðåøíîñòüþ íà T
(áóäåì ñ÷èòàòü, ÷òî ôóíêöèè ϕ(·) è ψ(·) òàêîâû, ÷òî îïåðàòîð Λ îòîáðàæàåò
ïðîñòðàíñòâî W â Lq(T, µ)).

Ïðåäïîëàãàåòñÿ, ÷òî äëÿ êàæäîé ôóíêöèè x(·) ∈ W èçâåñòíà ôóíêöèÿ
y(·) ∈ Lp(T, µ) òàêàÿ, ÷òî ‖x(·)− y(·)‖Lp(T,µ) ≤ δ, δ > 0. Òðåáóåòñÿ ïî ôóíêöèè
y(·) âîññòàíîâèòü ôóíêöèþ Λx(·). Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàò-
ðèâàþòñÿ âñåâîçìîæíûå îòîáðàæåíèÿ m : Lp(T, µ) → Lq(T, µ). Ïîãðåøíîñòüþ
ìåòîäà m íàçûâàåòñÿ âåëè÷èíà

epqr(m) = sup
x(·)∈W, y(·)∈Lp(T,µ)
‖x(·)−y(·)‖Lp(T,µ)≤δ

‖Λx(·)−m(y)(·)‖Lq(T,µ).

Date: 28.06.2020.
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Âåëè÷èíà

(1.1) Epqr = inf
m : Lp(T,µ)→Lq(T,µ)

epqr(m)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä, íà êîòîðîì
äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì.

Ðàññìàòðèâàåìàÿ çàäà÷à ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì îáùåé çàäà÷è âîññòà-
íîâëåíèÿ ëèíåéíîãî îïåðàòîðà Λ, äåéñòâóþùåãî èç ëèíåéíîãî ïðîñòðàíñòâà X
â ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî Z, íà ìíîæåñòâå W ⊂ X ïî çíà÷åíè-
ÿì ëèíåéíîãî îïåðàòîðà I, äåéñòâóþùåãî èç X â ëèíåéíîå íîðìèðîâàííîå ïðî-
ñòðàíñòâî Y è çàäàííîãî ñ íåêîòîðîé ïîãðåøíîñòüþ δ. Â çàäà÷å (1.1) X = W,
Z = Lq(T, µ), Y = Lp(T, µ), à îïåðàòîð I : W → Lp(T, µ) îïðåäåëåí ðàâåíñòâîì
Ix(·) = x(·).

Ïåðâîíà÷àëüíàÿ ïîñòàíîâêà îáùåé çàäà÷è âîññòàíîâëåíèÿ âîçíèêëà êàê
îáîáùåíèå çàäà÷è À. Í. Êîëìîãîðîâà î íàèëó÷øåé êâàäðàòóðíîé ôîðìóëå [1] è
áûëà ïîñòàâëåíà Ñ. À. Ñìîëÿêîì [2]. Â ýòîé ïîñòàíîâêå Λ � ëèíåéíûé ôóíêöè-
îíàë, îïåðàòîð I ñîñòîèò èç êîíå÷íîãî íàáîðà ëèíåéíûõ ôóíêöèîíàëîâ, çàäàí-
íûõ òî÷íî (δ = 0), à â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ, â îòëè÷èå îò çàäà÷è î
íàèëó÷øèõ êâàäðàòóðíûõ ôîðìóëàõ, ðàññìàòðèâàëèñü âñåâîçìîæíûå ìåòîäû
ïðèáëèæåíèÿ (íå îáÿçàòåëüíî ëèíåéíûå). Ñ. À. Ñìîëÿê äîêàçàë, ÷òî äëÿ âû-
ïóêëûõ è öåíòðàëüíî-ñèììåòðè÷íûõ ìíîæåñòâW ñðåäè îïòèìàëüíûõ ìåòîäîâ
ñóùåñòâóåò ëèíåéíûé.

Í. Ñ. Áàõâàëîâ ïðåäëîæèë îáîáùèòü ýòó ïîñòàíîâêó íà ñëó÷àé, êîãäà èí-
ôîðìàöèÿ î ëèíåéíûõ ôóíêöèîíàëàõ èçâåñòíà íå òî÷íî, à ñ íåêîòîðîé ïîãðåø-
íîñòüþ. Îêàçàëîñü, ÷òî è â ýòîì ñëó÷àå èìååò ìåñòî àíàëîãè÷íûé ðåçóëüòàò
[3].

Íàèáîëåå îáùèé âèä çàäà÷à âîññòàíîâëåíèÿ ïîëó÷èëà â ðàáîòå [4], ãäå óæå
ðå÷ü øëà î âîññòàíîâëåíèè ëèíåéíîãî îïåðàòîðà â áåñêîíå÷íîìåðíîì ñëó÷àå.
Âîïðîñû ñóùåñòâîâàíèÿ ëèíåéíîãî îïòèìàëüíîãî ìåòîäà â ñëó÷àå âîññòàíîâ-
ëåíèÿ ëèíåéíîãî ôóíêöèîíàëà ðàññìàòðèâàëèñü â ðàáîòàõ [4]�[6]. Íàèáîëåå îá-
ùèé ðåçóëüòàò â ýòîì íàïðàâëåíèè áûë ïîëó÷åí â ðàáîòå [7], à îêîí÷àòåëüíûé,
â îïðåäåëåííîì ñìûñëå (êðèòåðèé ñóùåñòâîâàíèÿ ëèíåéíîãî îïòèìàëüíîãî ìå-
òîäà), � â ðàáîòå [8].

Â îòëè÷èå îò âîññòàíîâëåíèÿ ëèíåéíûõ ôóíêöèîíàëîâ, â çàäà÷å âîññòàíîâ-
ëåíèÿ ëèíåéíûõ îïåðàòîðîâ ìîæåò íå ñóùåñòâîâàòü ëèíåéíîãî îïòèìàëüíîãî
ìåòîäà. Ñîîòâåòñòâóþùèé ïðèìåð ìîæíî íàéòè â ðàáîòå [9]. Â ýòîé ðàáîòå
áûëè ñôîðìóëèðîâàíû óñëîâèÿ, ïðè êîòîðûõ ñðåäè îïòèìàëüíûõ ìåòîäîâ ñó-
ùåñòâóþò ëèíåéíûå è èìååò ìåñòî ðàâåíñòâî ïîãðåøíîñòè îïòèìàëüíîãî âîñ-
ñòàíîâëåíèÿ çíà÷åíèþ äâîéñòâåííîé ýêñòðåìàëüíîé çàäà÷è

(1.2) sup{ ‖Λx‖Z : x ∈W, ‖Ix‖Y ≤ δ }.

Âåëè÷èíó (1.2) ÷àñòî íàçûâàþò ìîäóëåì íåïðåðûâíîñòè îïåðàòîðà Λ íà êëàññå
W (îòíîñèòåëüíî îïåðàòîðà I). Èññëåäîâàíèå ýòîé âåëè÷èíû èãðàåò âàæíóþ
ðîëü ïðè ïîëó÷åíèè ðÿäà òî÷íûõ íåðàâåíñòâ òèïà íåðàâåíñòâ Êàðëñîíà, íåðà-
âåíñòâ äëÿ ïðîèçâîäíûõ òèïà Ëàíäàó�Êîëìîãîðîâà, â çàäà÷å Ñòå÷êèíà è äðó-
ãèõ. Ñàìî íåðàâåíñòâî Êàðëñîíà îêàçàëîñü òåñíî ñâÿçàííûì ñ íåðàâåíñòâàìè
äëÿ ïðîèçâîäíûõ, íàïðèìåð, íåðàâåíñòâî Òàéêîâà [10] ìîæåò áûòü ëåãêî ïîëó-
÷åíî èç îáîáùåííîãî íåðàâåíñòâà Êàðëñîíà (ñì. [11]), ïîëó÷åííîãî Â. È. Ëå-
âèíûì [12] åùå â 1948 ãîäó. Áîëåå ïîäðîáíûå ñâåäåíèÿ î ñâÿçè âåëè÷èíû (1.2)
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ñ çàäà÷åé Ñòå÷êèíà è ñ çàäà÷àìè âîññòàíîâëåíèÿ ìîæíî íàéòè â ðàáîòàõ [13],
[14].

Îòìåòèì åùå öèêë ðàáîò Â. Â. Àðåñòîâà [15]�[18] äëÿ îïåðàòîðîâ äèôôå-
ðåíöèðîâàíèÿ íà ÷èñëîâîé îñè, êîòîðûå âåñüìà áëèçêè ê ðàññìàòðèâàåìûì â
äàííîé ðàáîòå, à òàêæå ïîäîáíûå çàäà÷è ñ íåñêîëüêèìè ïåðåìåííûìè [19], [20].

Ñïîñîá ïîñòðîåíèÿ îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ äëÿ ëèíåéíûõ îïå-
ðàòîðîâ, ïðåäëîæåííûé â ðàáîòå [9], ïðèìåíèì òîëüêî äëÿ ñëó÷àÿ, êîãäà âñå
ìåòðèêè â çàäà÷å (1.1) åâêëèäîâû. Äëÿ íååâêëèäîâûõ ìåòðèê ïðè óñëîâèè ñîâ-
ïàäåíèÿ ëþáûõ äâóõ èç íèõ â ðàáîòå [21] áûë ïðåäëîæåí ìåòîä, êîòîðûé èñ-
ïîëüçóåòñÿ è â äàííîé ðàáîòå. Îí ñîñòîèò èç äâóõ ýòàïîâ. Íà ïåðâîì ýòàïå èñ-
ïîëüçóåòñÿ îöåíêà ñíèçó ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ ÷åðåç çíà-
÷åíèå ýêñòðåìàëüíîé çàäà÷è (1.2). Ïðè ýòîì äëÿ ñîêðàùåíèÿ äîêàçàòåëüñòâ ñà-
ìî ðåøåíèå çàäà÷è (1.2) íåò íåîáõîäèìîñòè ïðèâîäèòü, òàê êàê ïîñêîëüêó îöåí-
êà äàåòñÿ ñíèçó, äîñòàòî÷íî ïðåäúÿâèòü �ïðàâèëüíî� âûáðàííóþ äîïóñòèìóþ
ôóíêöèþ (õîòÿ, êàê ïðàâèëî, ýòà �ïðàâèëüíî� âûáðàííàÿ ôóíêöèþ íàõîäèò-
ñÿ â ðåçóëüòàòå ðåøåíèÿ ñàìîé ýêñòðåìàëüíîé çàäà÷è (1.2)). Íà âòîðîì ýòàïå
ïðîèñõîäèò îöåíêà ñâåðõó. Äëÿ ýòîãî ðàññìàòðèâàåòñÿ ìåòîä, ïðåäñòàâëÿþùèé
èç ñåáÿ îïåðàòîð âîññòàíîâëåíèÿ, êîòîðûé ïðèìåíÿëñÿ áû ïðè òî÷íîé èíôîð-
ìàöèè, è ñîäåðæàùèé íåêîòîðûé ñãëàæèâàþùèé ìíîæèòåëü. Äàëåå, ïîãðåø-
íîñòü ýòîãî ìåòîä îöåíèâàåòñÿ ñ ïîìîùüþ íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî
èëè Ãåëüäåðà ñ íåêîòîðûìè âåñàìè. Çàòåì ïîäáèðàþòñÿ âåñà è ñãëàæèâàþùèé
ìíîæèòåëü òàê, ÷òîáû îöåíêà ñâåðõó ñîâïàëà ñ îöåíêîé ñíèçó.

Ñèòóàöèÿ, êîãäà â çàäà÷å (1.1) âñå òðè ïàðàìåòðà p, q è r ðàçëè÷íû, ðàññìàò-
ðèâàëàñü â ðàáîòå [11]. Çäåñü ñõåìà ïîñòðîåíèÿ îïòèìàëüíîãî ìåòîäà âîññòà-
íîâëåíèÿ òîæå ñîñòîèò èç îöåíîê ñíèçó è ñâåðõó, íî ïðåäâàðèòåëüíî òðåáóåòñÿ
áîëåå òîíêîå èññëåäîâàíèå ôóíêöèé Ëàãðàíæà äëÿ ýêñòðåìàëüíîé çàäà÷è (1.2)
è äëÿ ýêñòðåìàëüíîé çàäà÷è, âîçíèêàþùåé ïðè íàõîæäåíèè ïîãðåøíîñòè îöå-
íèâàåìîãî ìåòîäà âîññòàíîâëåíèÿ. Ýòîò ïîäõîä, ðåàëèçîâàííûé â ðàáîòå [11],
ïîçâîëèë íå òîëüêî íàéòè îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ, íî è ïîëó÷èòü
òî÷íîå íåðàâåíñòâî òèïà Êàðëñîíà â äîñòàòî÷íî îáùåì âèäå. Â ñëó÷àå îäíîðîä-
íûõ âåñîâ èç ïîëó÷åííîãî íåðàâåíñòâà âûòåêàåò íåðàâåíñòâî, íàéäåííîå ðàíåå
â ðàáîòå [22].

Â äàííîé ðàáîòå ðåøåíà çàäà÷à (1.1) äëÿ îäíîðîäíûõ âåñîâ ϕ(·) è ψ(·) ïðè
(p, q, r) ∈ P1 ∪ P2, ãäå

P1 = { (p, q, r) : 1 ≤ q = r < p <∞}, P2 = { (p, q, r) : 1 ≤ q = p < r <∞}.
Ñëó÷àé, êîãäà (p, q, r) ∈ P = { (p, q, r) : 1 ≤ q < p, r < ∞}, áûë ðàññìîò-
ðåí ðàíåå â ðàáîòå [21]. Îñíîâíûå ðåçóëüòàòû ðàáîòû, îïèðàþùèåñÿ íà ðåøå-
íèå çàäà÷è (1.2), ñîñòîÿò â ïîëó÷åíèè îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ â
ìíîãîìåðíîì ñëó÷àå äëÿ ëèíåéíûõ îïåðàòîðîâ, çàäàâàåìûõ â îáðàçàõ Ôóðüå
óìíîæåíèå íà îäíîðîäíûå âåñà, íà êëàññàõ ôóíêöèé, îïðåäåëÿåìûõ ÷åðåç îïå-
ðàòîðû ïîäîáíîãî òèïà, â ìåòðèêàõ L2(Rd) è L∞(Rd) ïî èíôîðìàöèè î íåòî÷íî
çàäàííîì ïðåîáðàçîâàíèè Ôóðüå â Lp(Rd) (òåîðåìû 3, 5). Íà îñíîâå ýòèõ îáùèõ
ðåçóëüòàòîâ ïîëó÷åíû ìåòîäû îïòèìàëüíîãî âîññòàíîâëåíèÿ ñòåïåíåé îïåðàòî-
ðà Ëàïëàñà (−∆)k/2 è ïðîèçâîäíûõ Dα ïîðÿäêà α = (α1, . . . , αd) ∈ Rd+. Ðàíåå
ïîäîáíûå ðåçóëüòàòû áûëè èçâåñòíû òîëüêî äëÿ ñòåïåíåé îïåðàòîðà Ëàïëàñà
ïðè çíà÷åíèÿõ p = 2,∞ â ñëó÷àå ìåòðèêè L2(Rd) ([25], [24]) è p = ∞ â ñëó÷àå
ìåòðèêè L∞(Rd) ([30]). Â äàííîé ðàáîòå â ïåðâîì ñëó÷àå ïîëó÷åíû ðåçóëüòàòû
äëÿ 2 < p <∞, à âî âòîðîì � äëÿ 1 ≤ p <∞.
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2. Îïòèìàëüíîå âîññòàíîâëåíèå ñ îäíîðîäíûìè âåñàìè ïðè

ñîâïàäåíèè äâóõ ìåòðèê

Áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

a+ =

{
a, a ≥ 0,

0, a < 0.

Íàì ïîòðåáóåòñÿ ñëåäóþùèé ðåçóëüòàò, äîêàçàííûé â ðàáîòå [21].

Òåîðåìà 1. 1. Ïóñòü (p, q, r) ∈ P1. Åñëè λ̂2 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

(2.1)

(∫
T

(
|ψ(t)|q − λ̂2|ϕ(t)|q

) p
p−q

+
dµ(t)

)1/p

= δ

(∫
T

|ϕ(t)|q
(
|ψ(t)|q − λ̂2|ϕ(t)|q

) q
p−q

+
dµ(t)

)1/q

> 0,

à

λ̂1 =
q

p
δq−p

(∫
T

(
|ψ(t)|q − λ̂2|ϕ(t)|q

) p
p−q

+
dµ(t)

) p−q
p

,

òî

Epqq =

(
p

q
λ̂1δ

p + λ̂2

)1/q

,

à ìåòîä

(2.2) m̂(y)(t) =

(
1− λ̂2

|ϕ(t)|q

|ψ(t)|q

)
+

ψ(t)y(t)

ÿâëÿåòñÿ îïòèìàëüíûì.

2. Ïóñòü (p, q, r) ∈ P2. Åñëè λ̂1 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

(2.3)

(∫
T

|ϕ(t)|
pr
p−r

(
|ψ(t)|p − λ̂1

) p
r−p

+
dµ(t)

)1/p

= δ

(∫
T

|ϕ(t)|
pr
p−r

(
|ψ(t)|p − λ̂1

) r
r−p

+
dµ(t)

)1/r

> 0,

à

λ̂2 =
p

r
δp−r

(∫
T

|ϕ(t)|
pr
p−r

(
|ψ(t)|p − λ̂1

) p
r−p

+
dµ(t)

) r−p
p

,

òî

Eppr =

(
λ̂1δ

p +
r

p
λ̂2

)1/p

,

à ìåòîä

m̂(y)(t) = α(t)ψ(t)y(t),

ãäå

α(t) = min

{
1,

λ̂1

|ψ(t)|p

}
,

ÿâëÿåòñÿ îïòèìàëüíûì.

Ïðèìåíèì ýòîò ðåçóëüòàò ê ñëó÷àþ, êîãäà T � êîíóñ â ëèíåéíîì ïðîñòðàí-
ñòâå, |ψ(·)| è |ϕ(·)| � îäíîðîäíûå ôóíêöèè ïîðÿäêîâ k ≥ 0 è n > 0 (k è n � íå
îáÿçàòåëüíî öåëûå), à µ(·) � îäíîðîäíàÿ ìåðà ïîðÿäêà d > 0.



Îïòèìàëüíîå âîññòàíîâëåíèå â âåñîâûõ ïðîñòðàíñòâàõ 5

Ñëåäñòâèå 1. 1. Ïóñòü (p, q, r) ∈ P1, k ≥ 0, n > k è

I1 =

∫
T

(|ψ(ξ)|q − |ϕ(ξ)|q)
p
p−q
+ dµ(ξ) <∞,

I2 =

∫
T

|ϕ(ξ)|q(|ψ(ξ)|q − |ϕ(ξ)|q)
q
p−q
+ dµ(ξ) <∞.

Òîãäà

Epqq = I
− 1
p

n−k
n+d(1/q−1/p)

1 I
− 1
q
k+d(1/q−1/p)
n+d(1/q−1/p)

2 (I1 + I2)1/qδ
n−k

n+d(1/q−1/p) ,

à ìåòîä

(2.4) m̂(y)(t) =

1−

(
δ
I

1/q
2

I
1/p
1

) (n−k)q
n+d(1/q−1/p) |ϕ(t)|q

|ψ(t)|q


+

ψ(t)y(t)

ÿâëÿåòñÿ îïòèìàëüíûì.

2. Ïóñòü (p, q, r) ∈ P2, k > 0, n > k + d(1/p− 1/r) è

J1 =

∫
T

|ϕ(ξ)|
pr
p−r (|ψ(ξ)|p − 1)

p
r−p
+ dµ(ξ) <∞,

J2 =

∫
T

|ϕ(ξ)|
pr
p−r (|ψ(ξ)|p − 1)

r
r−p
+ dµ(ξ) <∞.

Òîãäà

Eppr = J
− 1
p
n−k−d(1/p−1/r)
n−d(1/p−1/r)

1 J
− 1
r

k
n−d(1/p−1/r)

2 (J1 + J2)1/pδ
n−k−d(1/p−1/r)
n−d(1/p−1/r) ,

à ìåòîä

(2.5) m̂(y)(t) = min

{
1,

(
J

1/p
1

δJ
1/r
2

) kp
n−d(1/p−1/r)

1

|ψ(t)|p

}
ψ(t)y(t)

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. 1. Ðàññìîòðèì óðàâíåíèå (2.1). Áóäåì èñêàòü λ̂2 â âèäå λ̂2 =
a(k−n)q, a > 0. Ñäåëàâ â óðàâíåíèè (2.1) çàìåíó t = aξ, ïîëó÷àåì

a
kq
p−q+ d

p I
1/p
1 = δan+ kq

p−q+ d
q I

1/q
2 .

Îòñþäà

a =

(
I

1/p
1

δI
1/q
2

) 1
n+d(1/q−1/p)

.

Ïîñëå òîé æå çàìåíû èìååì

λ̂1 =
q

p
δq−paq(k+d(1/q−1/p))I

p−q
p

1 .

Îñòàåòñÿ ïîäñòàâèòü ïîëó÷åííûå âåëè÷èíû â âûðàæåíèÿ äëÿ ïîãðåøíîñòè îï-
òèìàëüíîãî âîññòàíîâëåíèÿ è äëÿ îïòèìàëüíîãî ìåòîäà.

2. Ðàññìîòðèì óðàâíåíèå (2.3). Áóäåì èñêàòü λ̂1 â âèäå λ̂1 = akp, a > 0.
Ñäåëàâ â óðàâíåíèè (2.3) çàìåíó t = aξ, ïîëó÷àåì

a
nr
p−r+ d

p J
1/p
1 = δa

np
p−r+ d

r J
1/r
2 .
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Îòñþäà

a =

(
J

1/p
1

δJ
1/r
2

) 1
n+d(1/r−1/p)

.

Ïîñëå òîé æå çàìåíû èìååì

λ̂2 =
p

r
δp−rar(−n+kp/r+d(1/p−1/r))J

r−p
p

1 .

Ïîäñòàâëÿÿ ïîëó÷åííûå âåëè÷èíû â âûðàæåíèÿ äëÿ ïîãðåøíîñòè îïòèìàëüíî-
ãî âîññòàíîâëåíèÿ è äëÿ îïòèìàëüíîãî ìåòîäà, ïîëó÷àåì äîêàçûâàåìîå óòâåð-
æäåíèå. �

3. Îäíîðîäíûå âåñà â Rd

Ïóñòü T � êîíóñ â Rd, dµ(t) = dt, |ψ(·)| è |ϕ(·)| � îäíîðîäíûå ôóíêöèè
ïîðÿäêîâ k ≥ 0 è n > 0, ϕ(t) 6= 0 è ψ(t) 6= 0 äëÿ ïî÷òè âñåõ t ∈ T . Ðàññìîòðèì
ñôåðè÷åñêóþ ñèñòåìó êîîðäèíàò

t1 = ρ cosω1,
t2 = ρ sinω1 cosω2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
td−1 = ρ sinω1 sinω2 . . . sinωd−2 cosωd−1,
td = ρ sinω1 sinω2 . . . sinωd−2 sinωd−1.

Ïîëîæèì ω = (ω1, . . . , ωd−1),

(3.1)
ψ̃(ω) = ρ−k|ψ(ρ cosω1, . . . , ρ sinω1 sinω2 . . . sinωd−2 sinωd−1)|,
ϕ̃(ω) = ρ−n|ϕ(ρ cosω1, . . . , ρ sinω1 sinω2 . . . sinωd−2 sinωd−1)|.

Îáîçíà÷èì ÷åðåç Ω îáëàñòü èçìåíåíèÿ ω, êîãäà t ∈ T . Èç òîãî, ÷òî T � êîíóñ,
ñëåäóåò, ÷òî Ω íå çàâèñèò îò ρ. Ïîëîæèì

J(ω) = sind−2 ω1 sind−3 ω2 . . . sinωd−2.

Åñëè 1 ≤ q < p, r ôóíêöèÿ κr−q(1 − κ)−(p−q) ïðè κ ∈ [0, 1) ìîíîòîííî âîç-
ðàñòàåò îò 0 äî +∞. Ïîýòîìó äëÿ âñåõ t ∈ T ìîæíî îïðåäåëèòü ôóíêöèþ κ(t)
ðàâåíñòâîì

κr−q(t)

(1− κ(t))p−q
=
|ψ(t)|q(p−r)

|ϕ(t)|r(p−q)
.

Ïðè q = r ïîëîæèì

κ(t) =

(
1− |ϕ(t)|q

|ψ(t)|q

)
+

,

à ïðè q = p

κ(t) = min
{

1, |ψ(t)|−p
}
.

Ââåäåì âåëè÷èíó

γ =
n− k − d(1/q − 1/r)

n+ d(1/r − 1/p)
.

Ïóñòü k > d(1/p − 1/q) è n > k + d(1/q − 1/r). Òîãäà ëåãêî ïîêàçàòü, ÷òî
γ ∈ (0, 1). Îïðåäåëèì ÷èñëî q∗ â ýòîì ñëó÷àå ðàâåíñòâîì

1

q∗
=

1

q
− γ

p
− 1− γ

r
.
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Òåîðåìà 2. Ïóñòü k > d(1/p−1/q), n > k+d(1/q−1/r) è (p, q, r) ∈ P ∪P1∪P2.

Ïðåäïîëîæèì, ÷òî

I =

∫
Ω

ψ̃q
∗
(ω)

ϕ̃q∗(1−γ)(ω)
J(ω) dω <∞.

Òîãäà Epqr = Cδγ , ãäå

C = γ−
γ
p (1− γ)−

1−γ
r

(
B (q∗γ/p+ 1, q∗(1− γ)/r) I

r(n− k − d(1/q − 1/r))

)1/q∗

,

à B(·, ·) � B-ôóíêöèÿ Ýéëåðà. Êðîìå òîãî, ìåòîä

m̂(y)(t) = κ

(
ξ

1
n+d(1/r−1/p)

1 t

)
ψ(t)y(t),

ãäå

ξ1 = δ
(
γq−r(1− γ)p−qC(p−r)q

) q∗
pqr

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Ñëó÷àé, êîãäà (p, q, r) ∈ P äîêàçàí â ðàáîòå [11, òåîðåìà 3]
(â ýòîé ðàáîòå îòâåò äàåòñÿ â òåðìèíàõ B-ôóíêöèè ñ àðãóìåíòàìè q∗γ/p è
q∗(1− γ)/r, íî íàì óäîáíåå ïåðåéòè ê àðãóìåíòàì q∗γ/p+ 1 è q∗(1− γ)/r, ÷òî
ëåãêî ñäåëàòü, ïîëüçóÿñü ñâîéñòâàìè B-ôóíêöèè). Îñòàåòñÿ ðàññìîòðåòü äâà
ñëó÷àÿ: (p, q, r) ∈ P1 è (p, q, r) ∈ P2.

1. Ïóñòü (p, q, r) ∈ P1. Âîñïîëüçóåìñÿ ñëåäñòâèåì 1. Ïåðåéäåì â èíòåãðàëå
I1 ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò

I1 =

∫ +∞

0

ρd−1 dρ

∫
Ω

(ρkqψ̃q(ω)− ρnqϕ̃q(ω))
p
p−q
+ J(ω) dω

=

∫
Ω

ψ̃
qp
p−q (ω)J(ω) dω

∫ +∞

0

ρ
kqp
p−q+d−1

(
1− ρ(n−k)q ϕ̃

q(ω)

ψ̃q(ω)

) p
p−q

+

dρ.

Çàôèêñèðóåì ω è ñäåëàåì âî âòîðîì èíòåãðàëå çàìåíó

(3.2) t = ρ(n−k)q ϕ̃
q(ω)

ψ̃q(ω)
.

Òîãäà

I1 =
1

(n− k)q

∫
Ω

ψ̃
qp
p−q (ω)

(
ψ̃(ω)

ϕ̃(ω)

) kqp
(p−q)(n−k) + d

n−k

J(ω) dω

×
∫ 1

0

t
kp

(p−q)(n−k) + d
(n−k)q−1(1− t)

p
p−q dt =

I

(n− k)q
B (q∗γ/p+ 2, q∗(1− γ)/q) .

Ïðîâåäåì àíàëîãè÷íûå âû÷èñëåíèÿ äëÿ I2

I2 =

∫ +∞

0

ρnq+d−1 dρ

∫
Ω

ϕ̃q(ω)(ρkqψ̃q(ω)− ρnqϕ̃q(ω))
q
p−q
+ J(ω) dω

=

∫
Ω

ϕ̃q(ω)ψ̃
q2

p−q (ω)J(ω) dω

∫ +∞

0

ρnq+
kq2

p−q+d−1

(
1− ρ(n−k)q ϕ̃

q(ω)

ψ̃q(ω)

) q
p−q

+

dρ.
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Ñäåëàâ òó æå çàìåíó (3.2), ïîëó÷èì

I2 =
1

(n− k)q

∫
Ω

ϕ̃q(ω)ψ̃
q2

p−q (ω)

(
ψ̃(ω)

ϕ̃(ω)

) nq
n−k+ kq2

(p−q)(n−k) + d
n−k

J(ω) dω

×
∫ 1

0

t
n
n−k+ kq

(p−q)(n−k) + d
(n−k)q−1(1− t)

q
p−q dt

=
I

(n− k)q
B (q∗γ/p+ 1, q∗(1− γ)/q + 1) .

Ïîëîæèì

B1 = B (q∗γ/p+ 1, q∗(1− γ)/r) .

Òîãäà, ïîëüçóÿñü ñâîéñòâàìè B-ôóíêöèè, áóäåì èìåòü

I1 =
q∗γ/p+ 1

q(n− k)(q∗γ/p+ 1 + q∗(1− γ)/q)
B1I,

I2 =
q∗(1− γ)/q

q(n− k)(q∗γ/p+ 1 + q∗(1− γ)/q)
B1I.

Â ðàññìàòðèâàåìîì ñëó÷àå (êîãäà r = q)

1

q∗
= γ

(
1

q
− 1

p

)
, γ =

n− k
n+ d(1/q − 1/p)

.

Ïîýòîìó q∗γ/p+ 1 = q∗γ/q. Îòñþäà

I1 = γ
B1I

q(n− k)
, I2 = (1− γ)

B1I

q(n− k)
.

Èç ñëåäñòâèÿ 1 ïîëó÷àåì

Epqq = I
− γp
1 I

− 1−γ
q

2 (I1 + I2)1/qδγ

= γ−
γ
p (1− γ)−

1−γ
q

(
B1I

q(n− k)

)γ(1/q−1/p)

δγ = Cδγ .

Ìåòîä (2.4) ìîæåò áûòü çàïèñàí â âèäå

m̂(y)(t) = κ
(
b

1
n+d(1/r−1/p) t

)
ψ(t)y(t),

ãäå

b = δ
I

1/q
2

I
1/p
1

= δγ−
1
p (1− γ)

1
q

(
B1I

q(n− k)

) 1
q−

1
p

= δγ−
1
p (1− γ)

1
qC

1
γ γ

1
p (1− γ)

1−γ
qγ

= δ(1− γ)
1
qγC

1
γ = δ ((1− γ)Cq)

1
qγ = δ ((1− γ)Cq)

q∗
q ( 1

q−
1
p )

= δ ((1− γ)Cq)
q∗(p−q)
pq2 = ξ1.
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2. Ïóñòü (p, q, r) ∈ P2. Âîñïîëüçóåìñÿ ñíîâà ñëåäñòâèåì 1. Ïåðåéäåì â èíòå-
ãðàëå J1 ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò

J1 =

∫ +∞

0

ρd−1 dρ

∫
Ω

ρ
npr
p−r ϕ̃

pr
p−r (ω)

(
ρkpψ̃p(ω)− 1

) p
r−p

+
J(ω) dω

=

∫
Ω

ϕ̃
pr
p−r (ω)J(ω) dω

∫ +∞

0

ρ
npr
p−r+d−1

(
ρkpψ̃p(ω)− 1

) p
r−p

+
dρ.

Çàôèêñèðóåì ω è ñäåëàåì âî âòîðîì èíòåãðàëå çàìåíó

(3.3) t = ρkpψ̃p(ω).

Òîãäà

J1 =
1

kp

∫
Ω

ϕ̃
pr
p−r (ω)ψ̃−

npr
(p−r)k−

d
k (ω)J(ω) dω

∫ +∞

1

t
nr

(p−r)k+ d
kp−1(t− 1)

p
r−p dt

=
I

kp

∫ 1

0

s
nr

(r−p)k−
p
r−p−

d
kp−1(1− s)

p
r−p ds =

I

kp
B (q∗γ/p+ 1, q∗(1− γ)/r + 1) .

Ïðîâåäåì àíàëîãè÷íûå âû÷èñëåíèÿ äëÿ J2

J2 =

∫ +∞

0

ρd−1 dρ

∫
Ω

ρ
npr
p−r ϕ̃

pr
p−r (ω)

(
ρkpψ̃p(ω)− 1

) r
r−p

+
J(ω) dω

=

∫
Ω

ϕ̃
pr
p−r (ω)J(ω) dω

∫ +∞

0

ρ
npr
p−r+d−1

(
ρkpψ̃p(ω)− 1

) r
r−p

+
dρ.

Ñäåëàâ òó æå çàìåíó (3.3), ïîëó÷èì

J2 =
1

kp

∫
Ω

ϕ̃
pr
p−r (ω)ψ̃−

npr
(p−r)k−

d
k (ω)J(ω) dω

∫ +∞

1

t
nr

(p−r)k+ d
kp−1(t− 1)

r
r−p dt

=
I

kp

∫ 1

0

s
nr

(r−p)k−
r
r−p−

d
kp−1(1− s)

r
r−p ds =

I

kp
B (q∗γ/p, q∗(1− γ)/r + 2) .

Ïîëîæèì

B2 = B (q∗γ/p, q∗(1− γ)/r + 1) .

Òîãäà, ïîëüçóÿñü ñâîéñòâàìè B-ôóíêöèè, áóäåì èìåòü

J1 =
q∗γ/p

kp(q∗γ/p+ q∗(1− γ)/r + 1)
B2I,

J2 =
q∗(1− γ)/r + 1

kp(q∗γ/p+ q∗(1− γ)/r + 1)
B2I.

Â ðàññìàòðèâàåìîì ñëó÷àå (êîãäà q = p)

1

q∗
= (1− γ)

(
1

p
− 1

r

)
, γ =

n− k − d(1/p− 1/r)

n− d(1/p− 1/r)
.

Ïîýòîìó q∗(1− γ)/r + 1 = q∗(1− γ)/p. Îòñþäà

J1 = γ
B2I

kp
, J2 = (1− γ)

B2I

kp
.

Èç ñëåäñòâèÿ 1 ïîëó÷àåì

Eppr = J
− γp
1 J

− 1−γ
r

2 (J1 + J2)1/pδγ = γ−
γ
p (1− γ)−

1−γ
r

(
B2I

kp

)(1−γ)(1/p−1/r)

δγ .
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Èç ñâîéñòâ B-ôóíêöèè âûòåêàåò, ÷òî

B2 =
q∗(1− γ)/r

q∗γ/p
B1 =

kpB1

r(n− k − d(1/q − 1/r))
.

Ñëåäîâàòåëüíî,

Eppr = γ−
γ
p (1− γ)−

1−γ
r

(
B1I

r(n− k − d(1/q − 1/r))

)1/q∗

δγ = Cδγ .

Ìåòîä (2.5) ìîæåò áûòü çàïèñàí â âèäå

m̂(y)(t) = κ
(
c

1
n−d(1/p−1/r) t

)
ψ(t)y(t),

ãäå

c = δ
J

1/r
2

J
1/p
1

= δγ−
1
p (1−γ)

1
r

(
B2I

kp

) 1
r−

1
p

= δγ−
1
p (1−γ)

1
rC−

1
1−γ γ−

γ
p(1−γ) (1−γ)−

1
r

= δγ−
1

p(1−γ)C−
1

1−γ = δ (γCp)
− 1
p(1−γ) = δ (γCp)

(p−r) q
∗

p2r = ξ1.

�

Èç ðàáîò [21], [11] âûòåêàåò, ÷òî âî âñåõ ðàññìîòðåííûõ ñëó÷àÿõ ñïðàâåäëèâî
ðàâåíñòâî

(3.4) Epqr = sup
x(·)∈W

‖x(·)‖Lp(T,µ)≤δ

‖Λx(·)‖Lq(T,µ).

Îòñþäà ëåãêî ïîëó÷èòü, ÷òî èìååò ìåñòî òî÷íîå íåðàâåíñòâî

‖Λx(·)‖Lq(T,µ) ≤ C‖x(·)‖γLp(T,µ)‖ϕ(·)x(·)‖1−γLr(T,µ).

4. Âîññòàíîâëåíèå äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïî íåòî÷íî

çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå

Ïóñòü T = Rd, dµ(t) = dt, |ψ(·)| è |ϕ(·)|, êàê è ðàíåå, � îäíîðîäíûå ôóíêöèè
ïîðÿäêîâ k ≥ 0 è n > 0, ϕ(t) 6= 0 è ψ(t) 6= 0 äëÿ ïî÷òè âñåõ t ∈ Rd. Ïîëîæèì

Xp = {x(·) ∈ L2(Rd) : ϕ(·)Fx(·) ∈ L2(Rd), Fx(·) ∈ Lp(Rd) },
ãäå Fx(·) � ïðåîáðàçîâàíèå Ôóðüå x(·)

Fx(ξ) =

∫
Rd
x(t)e−i〈ξ,t〉 dt, 〈ξ, t〉 = ξ1t1 + . . . ξdtd.

Îïðåäåëèì îïåðàòîð D ñëåäóþùèì îáðàçîì

Dx(·) = F−1(ϕ(·)Fx(·))(·).
Ïðåäïîëîæèì, ÷òî ψ(·)x(·) ∈ L2(Rd) äëÿ âñåõ x(·) ∈ Xp. Ïîëîæèì

Λx(·) = F−1(ψ(·)Fx(·))(·).
Ðàññìîòðèì çàäà÷ó îá îïòèìàëüíîì âîññòàíîâëåíèè çíà÷åíèé îïåðàòîðà Λ

ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ôóíêöèè x(·) íà êëàññå
Wp = {x(·) ∈ Xp : ‖Dx(·)‖L2(Rd) ≤ 1 }.

Áóäåì ñ÷èòàòü, ÷òî äëÿ êàæäîé ôóíêöèè x(·) ∈ Wp èçâåñòíà ôóíêöèÿ y(·) ∈
Lp(Rd) òàêàÿ, ÷òî ‖Fx(·) − y(·)‖Lp(Rd) ≤ δ, δ > 0. Òðåáóåòñÿ ïî ôóíêöèè
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y(·) âîññòàíîâèòü ôóíêöèþ Λx(·). Ïðåäïîëîæèì, ÷òî Λx(·) ∈ Lq(Rd) äëÿ âñåõ
x(·) ∈ Xp. Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàòðèâàþòñÿ âñåâîçìîæ-
íûå îòîáðàæåíèÿ m : Lp(Rd) → Lq(Rd). Ïîãðåøíîñòüþ ìåòîäà m íàçûâàåòñÿ
âåëè÷èíà

epq(Λ, D,m) = sup
x(·)∈Wp, y(·)∈Lp(Rd)
‖Fx(·)−y(·)‖

Lp(Rd)
≤δ

‖Λx(·)−m(y)(·)‖Lq(Rd).

Âåëè÷èíà

(4.1) Epq(Λ, D) = inf
m : Lp(Rd)→Lq(Rd)

epq(Λ, D,m)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä, íà êîòîðîì
äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì.

4.1. Âîññòàíîâëåíèå â ìåòðèêå L2(Rd). Â ñèëó òåîðåìû Ïëàíøåðåëÿ

‖Λx(·)−m(y)(·)‖L2(Rd) =
1

(2π)d/2
‖Λ̃x(·)− F (m(y))(·)‖L2(Rd),

ãäå

Λ̃x(·) = ψ(·)Fx(·).
Êðîìå òîãî,

‖Dx(·)‖L2(Rd) =
1

(2π)d/2
‖ϕ(·)Fx(·)‖L2(Rd).

Òàêèì îáðàçîì, ðàññìàòðèâàåìàÿ çàäà÷à ñ òî÷íîñòüþ äî ìíîæèòåëÿ (2π)−d/2

ñîâïàäàåò ñ çàäà÷åé (1.1) ïðè q = r = 2 ñ çàìåíîé ϕ(·) íà (2π)−d/2ϕ(·).
Ïîëîæèì

γ̃ =
n− k

n+ d(1/2− 1/p)
, q̃ =

1

γ̃(1/2− 1/p)
,

Cp(n, k) = γ̃−
γ̃
p (1− γ̃)−

1−γ̃
2

(
B (q̃γ̃/p+ 1, q̃(1− γ̃)/2)

2(n− k)

)1/q̃

.

Òåîðåìà 3. Ïóñòü k ≥ 0, n > k, 2 < p ≤ ∞,

I =

∫
Πd−1

ψ̃q̃(ω)

ϕ̃q̃(1−γ̃)(ω)
J(ω) dω <∞, Πd−1 = [0, π]d−2 × [0, 2π].

Òîãäà

Ep2(Λ, D) =
1

(2π)dγ̃/2
Cp(n, k)I1/q̃δγ̃ .

Ìåòîä

(4.2) m̂(y)(·) = F−1

((
1− β

∣∣∣∣ϕ(ξ)

ψ(ξ)

∣∣∣∣2
)

+

ψ(ξ)y(ξ)

)
(·),

ãäå

β =
k + d(1/2− 1/p)

n+ d(1/2− 1/p)
C2
p(n, k)

(
δI1/2−1/p

(2π)d/2

) 2(n−k)
n+d(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.
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Äîêàçàòåëüñòâî. Ñëó÷àé 2 < p <∞ âûòåêàåò èç òåîðåìû 2. Ðàññìîòðèì ñëó-
÷àé p =∞. Èç õîðîøî èçâåñòíîé îöåíêè ñíèçó (ñì., íàïðèìåð, [21]) èìååì

(4.3) E∞2(Λ, D) ≥ sup
x(·)∈W∞

‖Fx(·)‖
L∞(Rd)≤δ

‖Λx(·)‖L2(Rd)

Îïðåäåëèì x̂(·) òàê, ÷òîáû

Fx̂(ξ) =

{
δ, |ψ(ξ)| > λ|ϕ(ξ)|,
0, |ψ(ξ)| ≤ λ|ϕ(ξ)|,

ãäå λ > 0 âûáðàíî èç óñëîâèÿ

1

(2π)d

∫
Rd
|ϕ(ξ)|2|Fx̂(ξ)|2 dξ = 1.

Òåì ñàìûì λ > 0 íàäî âûáðàòü èç óñëîâèÿ

δ2

∫
|ψ(ξ)|>λ|ϕ(ξ)|

|ϕ(ξ)|2 dξ = (2π)d.

Ïåðåõîäÿ ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò, ïîëó÷àåì

δ2

∫
Πd−1

ϕ̃2(ω)J(ω) dω

∫ Φ1(ω)

0

ρ2n+d−1 dρ = (2π)d,

ãäå

Φ1(ω) =

(
ψ̃(ω)

λϕ̃(ω)

) 1
n−k

.

Îòñþäà
δ2

2n+ d
λ−

2n+d
n−k I = (2π)d.

Ñëåäîâàòåëüíî,

λ =

(
δ2I

(2π)d(2n+ d)

) n−k
2n+d

.

Íåòðóäíî óáåäèòüñÿ, ÷òî

C2
∞(n, k) =

1

2k + d
(2n+ d)

k+d/2
n+d/2 .

Ïîýòîìó λ2 = β. Èòàê, â ñèëó (4.3)

(4.4) E2
∞2(Λ, D) ≥ ‖Λx̂(·)‖2L2(Rd) =

δ2

(2π)d

∫
|ψ(ξ)|>λ|ϕ(ξ)|

|ψ(ξ)|2 dξ

=
δ2

(2π)d

∫
Πd−1

ψ̃2(ω)J(ω) dω

∫ Φ1(ω)

0

ρ2k+d−1 dρ

=
δ2

(2k + d)(2π)d
λ−

2k+d
n−k I =

1

(2π)dγ̃
C2
∞(n, k)I2/q̃δ2γ̃ .

Îöåíèì ïîãðåøíîñòü ìåòîäà (4.2). Ïîëîæèì

a(ξ) =

(
1− β |ϕ(ξ)|2

|ψ(ξ)|2

)
+

.
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Ïåðåõîäÿ ê ïðåîáðàçîâàíèþ Ôóðüå, ïîëó÷àåì

‖Λx(·)− m̂(y)(·)‖2L2(Rd) =
1

(2π)d

∫
Rd
|ψ(ξ)|2 |Fx(ξ)− a(ξ)y(ξ)|2 dξ.

Ïîëîæèì z(·) = Fx(·)− y(·) è áóäåì ó÷èòûâàòü, ÷òî

‖z(·)‖L∞(Rd) ≤ δ,
1

(2π)d

∫
Rd
|ϕ(ξ)|2|Fx(ξ)|2 dξ ≤ 1.

Òîãäà

‖Λx(·)− m̂(y)(·)‖2L2(Rd) =
1

(2π)d

∫
Rd
|ψ(ξ)|2 |(1− a(ξ))Fx(ξ) + a(ξ)z(ξ)|2 dξ.

Çàïèøåì ïîäûíòåãðàëüíîå âûðàæåíèå â âèäå∣∣∣∣ |ψ(ξ)|(1− a(ξ))
√
β|ϕ(ξ)|Fx(ξ)√

β|ϕ(ξ)|
+
√
a(ξ)

√
a(ξ)|ψ(ξ)|z(ξ)

∣∣∣∣2 .
Âîñïîëüçóåìñÿ íåðàâåíñòâîì Êîøè�Áóíÿêîâñêîãî

|ab+ cd|2 ≤ (|a|2 + |c|2)(|b|2 + |d|2).

Ïîëó÷àåì ñëåäóþùóþ îöåíêó

‖Λx(·)− m̂(y)(·)‖2L2(Rd)

≤ vraisup
ξ∈Rd

S(ξ)
1

(2π)d

∫
Rd

(
β|ϕ(ξ)|2|Fx(ξ)|2 + a(ξ)|ψ(ξ)|2|z(ξ)|2

)
dξ,

ãäå

S(ξ) =
|ψ(ξ)|2|(1− a(ξ))2

β|ϕ(ξ)|2
+ a(ξ).

Åñëè |ψ(ξ)|2 ≤ β|ϕ(ξ)|2, òî a(ξ) = 0 è S(ξ) ≤ 1. Åñëè |ψ(ξ)|2 > β|ϕ(ξ)|2, òî
S(ξ) = 1. Òàêèì îáðàçîì,

e2
∞2(Λ, D, m̂) ≤ 1

(2π)d

∫
Rd

(
β|ϕ(ξ)|2|Fx(ξ)|2 + a(ξ)|ψ(ξ)|2|z(ξ)|2

)
dξ

≤ β +
δ2

(2π)d

∫
|ψ(ξ)|>λ|ϕ(ξ)|

(
|ψ(ξ)|2 − β|ϕ(ξ)|2

)
dξ

= β +
δ2

(2π)d

∫
|ψ(ξ)|>λ|ϕ(ξ)|

|ψ(ξ)|2 dξ − β 1

(2π)d

∫
Rd
|ϕ(ξ)|2|Fx̂(ξ)|2 dξ

=
δ2

(2π)d

∫
|ψ(ξ)|>λ|ϕ(ξ)|

|ψ(ξ)|2 dξ ≤ E2
∞2(Λ, D).

Îòñþäà ñëåäóåò, ÷òî ìåòîä m̂(y)(·) ÿâëÿåòñÿ îïòèìàëüíûì è (ñ ó÷åòîì (4.4))

E2
∞2(Λ, D) =

δ2

(2π)d

∫
|ψ(ξ)|>λ|ϕ(ξ)|

|ψ(ξ)|2 dξ =
1

(2π)dγ̃
C2
∞(n, k)I2/q̃δ2γ̃ .

�

Ïðè d = 1 (â ýòîì ñëó÷àå I = 2), D =
dn

dtn
è Λ =

dk

dtk
óòâåðæäåíèå òåîðåìû 3

áûëî ïîëó÷åíî â ðàáîòå [23].
Îïðåäåëèì îïåðàòîð (−∆)n/2, n ≥ 0, ñëåäóþùèì îáðàçîì

(−∆)n/2x(·) = F−1(|ξ|nFx(ξ))(·), |ξ| =
√
ξ2
1 + . . .+ ξ2

d.
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Ïîëîæèì

(4.5) I0 =
2πd/2

Γ(d/2)
.

Ñëåäñòâèå 2. Ïóñòü k ≥ 0, n > k, 2 < p ≤ ∞. Òîãäà

Ep2((−∆)k/2, (−∆)n/2) =
1

(2π)dγ̃/2
Cp(n, k)I

1/q̃
0 δγ̃ .

Ìåòîä

(4.6) m̂(y)(·) = F−1

((
1− β|ξ|2(n−k)

)
+
|ξ|ky(ξ)

)
(·),

ãäå

β =
k + d(1/2− 1/p)

n+ d(1/2− 1/p)
C2
p(n, k)

(
δI

1/2−1/p
0

(2π)d/2

) 2(n−k)
n+d(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Â ñèëó òîãî, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå ψ̃(ω) = ϕ̃(ω) = 1,
èìååì

I =

∫
Πd−1

J(ω) dω =
2πd/2

Γ(d/2)
= I0.

Äàëåå, ïðèìåíÿåòñÿ òåîðåìà 3. �

Ïðè p =∞ óòâåðæäåíèå ñëåäñòâèÿ áûëî ïîëó÷åíî â ðàáîòå [24].
Âûðàæåíèå äëÿ E22((−∆)k/2, (−∆)n/2) è ñîîòâåòñòâóþùèé îïòèìàëüíûé ìå-

òîä áûëè ïîëó÷åíû â ðàáîòå [25].
Îòìåòèì, ÷òî îïòèìàëüíûé ìåòîä (4.6) èñïîëüçóåò èíôîðìàöèþ î íåòî÷íîì

ïðåîáðàçîâàíèè Ôóðüå ôóíêöèè x(·), èçìåðåííîì òîëüêî â øàðå

|ξ| < β−
1

2(n−k) .

Ïðè÷åì, ÷åì ñ áîëüøåé ïîãðåøíîñòüþ δ èçâåñòíà èñõîäíàÿ èíôîðìàöèÿ, òåì
ìåíüøå øàð, ãäå ñîäåðæèòñÿ �ïîëåçíàÿ� èíôîðìàöèÿ.

Ðàññìîòðèì åùå îäèí ïðèìåð. Ïóñòü α = (α1, . . . , αd) ∈ Rd+. Îïðåäåëèì
îïåðàòîð Dα (ïðîèçâîäíàÿ ïîðÿäêà α) ñëåäóþùèì îáðàçîì

Dαx(·) = F−1((iξ)αFx(ξ))(·),

ãäå (iξ)α = (iξ1)α1 . . . (iξd)
αd . Ôóíêöèÿ |(iξ)α| ÿâëÿåòñÿ îäíîðîäíîé ôóíêöèåé

ïîðÿäêà k = α1 + . . .+αd. Ðàññìîòðèì çàäà÷ó (4.1) ïðè Λ = Dα è D = (−∆)n/2.

Ñëåäñòâèå 3. Ïóñòü n > k, 2 < p ≤ ∞. Òîãäà

Ep2(Dα, (−∆)n/2) =
1

(2π)dγ̃/2
Cp(n, k)I1/q̃δγ̃ ,

ãäå

I = 2
Γ((α1q̃ + 1)/2) . . .Γ((αdq̃ + 1)/2)

Γ((kq̃ + d)/2)
.

Ìåòîä

(4.7) m̂(y)(·) = F−1

((
1− β |ξ|

2n

|ξ2α|

)
+

(iξ)αy(ξ)

)
(·),



Îïòèìàëüíîå âîññòàíîâëåíèå â âåñîâûõ ïðîñòðàíñòâàõ 15

ãäå

β =
k + d(1/2− 1/p)

n+ d(1/2− 1/p)
C2
p(n, k)

(
δI1/2−1/p

(2π)d/2

) 2(n−k)
n+d(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Ïî èçâåñòíîé ôîðìóëå Äèðèõëå∫
ξ1≥0,...,ξd≥0
ξ21+...+ξ2d≤1

ξp1−1
1 . . . ξpd−1

d dξ1 . . . dξd =
Γ(p1/2) . . .Γ(pd/2)

2dΓ(p1/2 + . . .+ pd/2 + 1)
,

p1, . . . , pd > 0. Ñëåäîâàòåëüíî,∫
ξ21+...+ξ2d≤1

|ξ1|p1−1 . . . |ξd|pd−1 dξ1 . . . dξd =
Γ(p1/2) . . .Γ(pd/2)

Γ(p1/2 + . . .+ pd/2 + 1)
.

Ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì∫
Πd−1

Φ(ω, p1, . . . , pd)J(ω) dω

∫ 1

0

ρp1+...+pd−1 dρ =
Γ(p1/2) . . .Γ(pd/2)

Γ(p1/2 + . . .+ pd/2 + 1)
,

ãäå

Φ(ω, p1, . . . , pd) = | cosω1|p1−1 . . . | sinω1 sinω2 · · · sinωd−2 sinωd−1|pd−1.

Îòñþäà ∫
Πd−1

Φ(ω, p1, . . . , pd)J(ω) dω = 2
Γ(p1/2) . . .Γ(pd/2)

Γ(p1/2 + . . .+ pd/2)
.

Òàêèì îáðàçîì, äëÿ âåëè÷èíû I èç òåîðåìû 3 èìååì

(4.8) I =

∫
Πd−1

| cosω1|α1q̃ . . . | sinω1 sinω2 . . . sinωd−2 sinωd−1|αdq̃J(ω) dω

=

∫
Πd−1

Φ(ω, α1q̃+1, . . . , αdq̃+1)J(ω) dω = 2
Γ((α1q̃ + 1)/2) . . .Γ((αdq̃ + 1)/2)

Γ((kq̃ + d)/2)
.

Òåïåðü óòâåðæäåíèå ñëåäñòâèÿ âûòåêàåò èç òåîðåìû 3.
�

Ðàññìîòðèì ñëó÷àé p = 2. Îí äîâîëüíî áëèçîê ê èññëåäîâàíèÿì, ïðîâåäåí-
íûì â ðàáîòàõ [26], [27], õîòÿ êëàññ, íà êîòîðîì âîññòàíàâëèâàëñÿ îïåðàòîð Dα,
çäåñü äðóãîé.

Òåîðåìà 4. Ïóñòü n > k > 0. Òîãäà

(4.9) E22(Dα, (−∆)n/2) =
αα/2

kk/2

(
δ

(2π)d/2

)1−k/n

,

à âñå ìåòîäû

(4.10) m̂(y)(·) = F−1(a(ξ)(iξ)αy(ξ))(·),
ãäå a(·) � èçìåðèìûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ

(4.11) |ξ2α|
(
|1− a(ξ)|2

λ2|ξ|2n
+
|a(ξ)|2

(2π)dλ1

)
≤ 1,

â êîòîðîì

λ1 =
αα(n− k)

(2π)dkkn

(
δ2

(2π)d

)−k/n
, λ2 = λ1

k

n− k
δ2,

ÿâëÿþòñÿ îïòèìàëüíûìè.
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Äîêàçàòåëüñòâî. Ïîëîæèì äëÿ ε > 0

ξ̂ =
1√
k

(
(2π)d

δ2

) 1
2n

(
√
α1, . . . ,

√
αd), ξ̂ε = ξ̂

(
1− ε

|ξ̂|

)
,

Bε = {ξ ∈ Rd : |ξ − ξ̂ε| < ε }.

Îïðåäåëèì ôóíêöèþ xε(·) òàê, ÷òîáû

Fxε(ξ) =


δ√

mesBε
, ξ ∈ Bε,

0, ξ /∈ Bε.

Òîãäà ‖Fxε(·)‖2L2(Rd) = δ2,

‖(−∆)n/2xε(·)‖2L2(Rd) =
δ2

(2π)d mesBε

∫
Bε

|ξ|2n dξ ≤ δ2

(2π)d
|ξ̂|2n = 1.

Ïîëüçóÿñü îöåíêîé, àíàëîãè÷íîé (4.3), ïîëó÷àåì

E2
22(Dα, (−∆)n/2) ≥ sup

‖(−∆)n/2x(·)‖
L2(Rd)≤1

‖Fx(·)‖
L2(Rd)≤δ

‖Dαx(·)‖2L2(Rd)

≥ ‖Dαxε(·)‖2L2(Rd) =
δ2

(2π)d mesBε

∫
Bε

|ξ2α| dξ =
δ2

(2π)d
|ξ2α

0 |,

ãäå ξ0 � íåêîòîðàÿ òî÷êà èç Bε. Óñòðåìëÿÿ ε ê íóëþ, ïîëó÷àåì îöåíêó

(4.12) E2
22(Dα, (−∆)n/2) ≥ δ2

(2π)d
|ξ̂2α| = αα

kk

(
δ2

(2π)d

)1−k/n

.

Áóäåì èñêàòü îïòèìàëüíûå ìåòîäû ñðåäè ìåòîäîâ, èìåþùèõ âèä (4.10). Ïå-
ðåõîäÿ ê ïðåîáðàçîâàíèþ Ôóðüå, ïîëó÷àåì

‖Dαx(·)− m̂(y)(·)‖2L2(Rd) =
1

(2π)d

∫
Rd
|ξ2α| |Fx(ξ)− a(ξ)y(ξ)|2 dξ.

Ïîëîæèì z(·) = Fx(·)− y(·) è áóäåì ó÷èòûâàòü, ÷òî∫
Rd
|z(ξ)|2 dξ ≤ δ2,

1

(2π)d

∫
Rd
|ξ|2n|Fx(ξ)|2 dξ ≤ 1.

Òîãäà

‖Dαx(·)− m̂(y)(·)‖2L2(Rd) =
1

(2π)d

∫
Rd
|ξ2α| |(1− a(ξ))Fx(ξ) + a(ξ)z(ξ)|2 dξ.

Çàïèøåì ïîäûíòåãðàëüíîå âûðàæåíèå â âèäå

|ξ2α|
∣∣∣∣ (1− a(ξ))

√
λ2|ξ|nFx(ξ)√

λ2|ξ|n
+

a(ξ)

(2π)d/2
√
λ1

(2π)d/2
√
λ1z(ξ)

∣∣∣∣2 .
Ïðèìåíÿÿ íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî, ïîëó÷èì ñëåäóþùóþ îöåíêó

‖Dαx(·)− m̂(y)(·)‖2L2(Rd)

≤ vraisup
ξ∈Rd

S(ξ)
1

(2π)d

∫
Rd

(
λ2|ξ|2n|Fx(ξ)|2 + (2π)dλ1|z(ξ)|2

)
dξ,
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ãäå

S(ξ) = |ξ2α|
(
|1− a(ξ)|2

λ2|ξ|2n
+
|a(ξ)|2

(2π)dλ1

)
.

Åñëè ïðåäïîëîæèòü, ÷òî S(ξ) ≤ 1 äëÿ ïî÷òè âñåõ ξ, òî, ó÷èòûâàÿ (4.12), ïîëó-
÷àåì

(4.13) e2
22(Dα, (−∆)n/2, m̂) ≤ 1

(2π)d

∫
Rd

(
λ2|ξ|2n|Fx(ξ)|2 + (2π)dλ1|z(ξ)|2

)
dξ

≤ λ2 + λ1δ
2 =

αα

kk

(
δ2

(2π)d

)1−k/n

≤ E2
22(Dα, (−∆)n/2).

Îòñþäà âûòåêàåò îïòèìàëüíîñòü ðàññìàòðèâàåìûõ ìåòîäîâ è ðàâåíñòâî (4.9).
Îñòàåòñÿ äîêàçàòü, ÷òî ìíîæåñòâî ôóíêöèé a(·), óäîâëåòâîðÿþùèõ óñëîâèþ

(4.11) íå ïóñòî. Óñëîâèå (4.11) ìîæíî ïåðåïèñàòü â ýêâèâàëåíòíîé ôîðìå∣∣∣∣a(ξ)− (2π)dλ1

(2π)dλ1 + λ2|ξ|2n

∣∣∣∣2
≤ (2π)dλ1λ2|ξ|2n

|ξ2α|((2π)dλ1 + λ2|ξ|2n)2
(−|ξ2α|+ (2π)dλ1 + λ2|ξ|2n).

Ïîýòîìó äîñòàòî÷íî ïîêàçàòü, ÷òî ïðè âñåõ ξ ∈ Rd

(4.14) −|ξ2α|+ (2π)dλ1 + λ2|ξ|2n ≥ 0.

Èç òåîðåìû î ñðåäíåì àðèôìåòè÷åñêîì è ñðåäíåì ãåîìåòðè÷åñêîì (ñì. [28,
ñòð. 29]) ñëåäóåò, ÷òî

|ξ2α| ≤ αα

kk
|ξ|2k.

Ðàññìîòðèì ôóíêöèþ y(s) = sk/n, s ≥ 0. Êàñàòåëüíàÿ ê ýòîé ôóíêöèè â ëþáîé
òî÷êå s0 > 0 èìååò âèä

y =
k

n
s
k/n−1
0 s+

n− k
n

s
k/n
0 .

Ôóíêöèÿ y(·) � âîãíóòàÿ, ïîýòîìó ïðè âñåõ s ≥ 0

sk/n ≤ k

n
s
k/n−1
0 s+

n− k
n

s
k/n
0 .

Ïîëîæèâ s0 = |ξ̂|2n, s = |ξ|2n, ïîëó÷àåì

|ξ2α| ≤ αα

kk
|ξ|2k ≤ αα

kk

(
k

n
|ξ̂|2(k−n)|ξ|2n +

n− k
n
|ξ̂|2k

)
.

Ëåãêî ïðîâåðèòü, ÷òî

λ1 =
αα(n− k)

(2π)dkkn
|ξ̂|2k, λ2 =

αα

kk−1n
|ξ̂|2(k−n).

Òîãäà ïîëó÷àåì

|ξ2α| ≤ (2π)dλ1 + λ2|ξ|2n,
÷òî ýêâèâàëåíòíî íåðàâåíñòâó (4.14). �
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4.2. Âîññòàíîâëåíèå â ìåòðèêå L∞(Rd). Ïîëîæèì

(4.15)

γ1 =
n− k − d/2

n+ d(1/2− 1/p)
, q1 =

1

1/2 + γ1(1/2− 1/p)
,

C̃p(n, k) = γ
− γ1p
1 (1− γ1)−

1−γ1
2

(
B (q1γ1/p+ 1, q1(1− γ1)/2)

2(n− k − d/2)

)1/q1

.

Ïóñòü ôóíêöèÿ κ1(·) ïðè 1 < p <∞ îïðåäåëåíà ðàâåíñòâîì

κ1(t)

(1− κ1(t))p−1
=
|ψ(t)|p−2

|ϕ(t)|2(p−1)
,

ïðè p = 1

κ1(t) = min{1, |ψ(t)|−1},
à ïðè p =∞

κ1(t) =

(
1− |ϕ(t)|2

|ψ(t)|

)
+

.

Òåîðåìà 5. Ïóñòü k ≥ 0, n > k + d/2, 1 ≤ p ≤ ∞, k + p > 1,

I =

∫
Πd−1

ψ̃q1(ω)

ϕ̃q1(1−γ1)(ω)
J(ω) dω <∞, Πd−1 = [0, π]d−2 × [0, 2π].

Òîãäà

Ep∞(Λ, D) =
1

(2π)d(1+γ1)/2
C̃p(n, k)I1/q1δγ1 .

Ìåòîä

m̂(y)(·) = F−1

(
κ1

(
ξ

1
n+d(1/2−1/p)

1 ξ

)
ψ(ξ)y(ξ)

)
(·),

ãäå

ξ1 = δ

(
(1− γ1)p−1

γ1

) q1
2p

(
C̃p(n, k)I1/q1

(2π)d(1+γ1)/2

)q1(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Â ñèëó îöåíêè, àíàëîãè÷íîé (4.3), èìååì

Ep∞(Λ, D) ≥ sup
x(·)∈Wp

‖Fx(·)‖
Lp(Rd)

≤δ

‖Λx(·)‖L∞(Rd).

Ïðåäïîëîæèì, ÷òî x(·) ∈Wp è ‖Fx(·)‖Lp(Rd) ≤ δ. Åñëè âçÿòü x̂(·) òàê, ÷òîáû

Fx̂(ξ) = ε(ξ)e−i〈t,ξ〉Fx(ξ),

ãäå

ε(ξ) =


ψ(ξ)Fx(ξ)

|ψ(ξ)Fx(ξ)|
, ψ(ξ)Fx(ξ) 6= 0,

0, ψ(ξ)Fx(ξ) = 0,

òî x̂(·) ∈Wp, ‖Fx̂(·)‖Lp(Rd) ≤ δ è∣∣∣∣∫
Rd
ψ(ξ)Fx̂(ξ)ei〈t,ξ〉 dξ

∣∣∣∣ =

∫
Rd
|ψ(ξ)Fx(ξ)| dξ.
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Ïîýòîìó

(4.16) Ep∞(Λ, D) ≥ 1

(2π)d
sup

x(·)∈Wp

‖Fx(·)‖
Lp(Rd)

≤δ

∫
Rd
|ψ(ξ)Fx(ξ)| dξ.

Ïóñòü 1 ≤ p <∞. Èç (3.4) âûòåêàåò, ÷òî

Ep∞(Λ, D) ≥ Ep12,

ãäå â çàäà÷å î íàõîæäåíèè Ep12 ôóíêöèþ ϕ(·) ñëåäóåò çàìåíèòü íà (2π)−d/2ϕ(·),
à ôóíêöèþ ψ(·) íà (2π)−dψ(·). Ïðèìåíÿÿ òåîðåìó 2, ïîëó÷àåì

Ep∞(Λ, D) ≥ Ep12 =
1

(2π)d(1+γ1)/2
C̃p(n, k)I1/q1δγ1 .

Êðîìå òîãî, èç òîé æå òåîðåìû 2 âûòåêàåò, ÷òî∫
Rd

∣∣∣∣ 1

(2π)d
ψ(ξ)Fx(ξ)−m(y)(ξ)

∣∣∣∣ dξ ≤ Ep12,

ãäå

m(y)(ξ) =
1

(2π)d
κ1

(
ξ

1
n+d(1/2−1/p)

1 ξ

)
ψ(ξ)y(ξ).

Ñëåäîâàòåëüíî,∣∣∣∣ 1

(2π)d

∫
Rd
ψ(ξ)Fx(ξ)ei〈t,ξ〉 dξ −

∫
Rd
m(y)(ξ)ei〈t,ξ〉 dξ

∣∣∣∣
≤
∫
Rd

∣∣∣∣ 1

(2π)d
ψ(ξ)Fx(ξ)−m(y)(ξ)

∣∣∣∣ dξ ≤ Ep12 ≤ Ep∞(Λ, D).

Îòñþäà âûòåêàåò, ÷òî ìåòîä m̂(y)(·) ÿâëÿåòñÿ îïòèìàëüíûì, à ïîãðåøíîñòü
îïòèìàëüíîãî âîññòàíîâëåíèÿ ñîâïàäàåò ñ âåëè÷èíîé Ep12.

Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà p =∞. Ïîëîæèì

s(ξ) =


ψ(ξ)

|ψ(ξ)|
, ψ(ξ) 6= 0,

1, ψ(ξ) = 0.

Ïóñòü ôóíêöèÿ x̂(·) òàêîâà, ÷òî

Fx̂(ξ) =


δs(ξ), |ψ(ξ)| ≥ λ|ϕ(ξ)|2,
δ

λ

ψ(ξ)

|ϕ(ξ)|2
, |ψ(ξ)| < λ|ϕ(ξ)|2.

Âûáåðåì λ > 0 òàê, ÷òîáû ‖Dx̂(·)‖L2(Rd) = 1. Òîãäà äëÿ íàõîæäåíèÿ λ ïîëó÷àåì
óðàâíåíèå

δ2

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

|ϕ(ξ)|2 dξ +
δ2λ−2

(2π)d

∫
|ψ(ξ)|<λ|ϕ(ξ)|2

|ψ(ξ)|2

|ϕ(ξ)|2
dξ = 1.

Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì, ïîëó÷àåì

δ2

(2π)d

∫
Πd−1

ϕ̃2(ω)J(ω) dω

∫ Φ2(ω)

0

ρ2n+d−1 dρ

+
δ2λ−2

(2π)d

∫
Πd−1

ψ̃2(ω)

ϕ̃2(ω)
J(ω) dω

∫ +∞

Φ2(ω)

ρ−2n+2k+d−1 dρ = 1,
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ãäå

Φ2(ω) =

(
ψ̃(ω)

λϕ̃2(ω)

) 1
2n−k

.

Òåì ñàìûì ïîëó÷àåì óðàâíåíèå

δ2

(2π)d
λ−

2n+d
2n−k

4n− 2k

(2n+ d)(2n− 2k − d)
I = 1.

Îòñþäà

λ =

(
δ2(4n− 2k)

(2π)d(2n+ d)(2n− 2k − d)
I

) 2n−k
2n+d

.

Èç (4.16) âûòåêàåò, ÷òî

(4.17) E∞∞(Λ, D) ≥ 1

(2π)d

∫
Rd
|ψ(ξ)||Fx̂(ξ)| dξ =

δ

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

|ψ(ξ)| dξ

+
δ

λ(2π)d

∫
|ψ(ξ)|<λ|ϕ(ξ)|2

|ψ(ξ)|2

|ϕ(ξ)|2
dξ =

δ

(2π)d

∫
Πd−1

ψ̃(ω)J(ω) dω

∫ Φ2(ω)

0

ρk+d−1 dρ

+
δ

λ(2π)d

∫
Πd−1

ψ̃2(ω)

ϕ̃2(ω)
J(ω) dω

∫ +∞

Φ2(ω)

ρ−2n+2k+d−1 dρ =
δλ−

k+d
2n−k

(2π)d(k + d)
I

+
δ

λ(2π)d(2n− 2k − d)
λ

2n−2k−d
2n−k I =

δ(2n− k)λ−
k+d
2n−k I

(2π)d(k + d)(2n− 2k − d)
= ν,

ãäå

ν =
(n+ d/2)

k+d
2n+d

k + d

(
(2n− k)I

(2π)d(2n− 2k − d)

) 2n−k
2n+d

δ
2n−2k−d

2n+d .

Äîêàæåì, ÷òî äëÿ âñåõ x(·) ∈ X∞ âûïîëíåíî ðàâåíñòâî

(4.18) Λx(t) =
1

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

(ψ(ξ)− λs(ξ)|ϕ(ξ)|2)Fx(ξ)ei〈t,ξ〉 dξ

+
λ

δ(2π)d

∫
Rd
|ϕ(ξ)|2Fx(ξ)Fx̂(ξ)ei〈t,ξ〉 dξ.

Äåéñòâèòåëüíî,

1

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

(ψ(ξ)− λs(ξ)|ϕ(ξ)|2)Fx(ξ)ei〈t,ξ〉 dξ

+
λ

δ(2π)d

∫
Rd
|ϕ(ξ)|2Fx(ξ)Fx̂(ξ)ei〈t,ξ〉 dξ

=
1

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

(ψ(ξ)− λs(ξ)|ϕ(ξ)|2)Fx(ξ)ei〈t,ξ〉 dξ

+
1

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

λs(ξ)|ϕ(ξ)|2Fx(ξ)ei〈t,ξ〉 dξ

+
1

(2π)d

∫
|ψ(ξ)|<λ|ϕ(ξ)|2

ψ(ξ)Fx(ξ)ei〈t,ξ〉 dξ

=
1

(2π)d

∫
Rd
ψ(ξ)Fx(ξ)ei〈t,ξ〉 dξ = Λx(t).
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Îöåíèì ïîãðåøíîñòü ìåòîäà

m(y)(t) =
1

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

(ψ(ξ)− λs(ξ)|ϕ(ξ)|2)y(ξ)ei〈t,ξ〉 dξ.

Èìååì

|Λx(t)−m(y)(t)| =
∣∣∣∣ 1

(2π)d

∫
Rd
ψ(ξ)Fx(ξ)ei〈t,ξ〉 dξ

− 1

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

(ψ(ξ)− λs(ξ)|ϕ(ξ)|2)y(ξ)ei〈t,ξ〉 dξ

∣∣∣∣
≤
∣∣∣∣ 1

(2π)d

∫
Rd
ψ(ξ)Fx(ξ)ei〈t,ξ〉 dξ

− 1

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

(ψ(ξ)− λs(ξ)|ϕ(ξ)|2)Fx(ξ)ei〈t,ξ〉 dξ

∣∣∣∣
+

1

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

|ψ(ξ)− λs(ξ)|ϕ(ξ)|2||Fx(ξ)− y(ξ)| dξ.

Äëÿ x(·) òàêèõ, ÷òî

‖Fx(·)− y(·)‖L∞(Rd) ≤ δ,
1

(2π)d

∫
Rd
|ϕ(ξ)|2|Fx(ξ)|2 dξ ≤ 1,

ó÷èòûâàÿ (4.18), ïîëó÷àåì

|Λx(t)−m(y)(t)| ≤ λ

δ(2π)d

∫
Rd
|ϕ(ξ)|2|Fx(ξ)||Fx̂(ξ)| dξ + µ ≤ λ

δ
+ µ,

ãäå

µ =
δ

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

(|ψ(ξ)| − λ|ϕ(ξ)|2) dξ.

Âûøå áûëî âû÷èñëåíî (ñì. ïåðâîå ñëàãàåìîå â îöåíêå (4.17))

δ

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

|ψ(ξ)| dξ =
δλ−

k+d
2n−k

(2π)d(k + d)
I.

Äàëåå,

δλ

(2π)d

∫
|ψ(ξ)|≥λ|ϕ(ξ)|2

|ϕ(ξ)|2 dξ =
δλ

(2π)d

∫
Πd−1

ϕ̃2(ω)J(ω) dω

∫ Φ2(ω)

0

ρ2n+d−1 dρ

=
δλ−

k+d
2n−k

(2π)d(2n+ d)
I.

Òàêèì îáðàçîì,

µ =
δλ−

k+d
2n−k (2n− k)

(2π)d(k + d)(2n+ d)
I.

Íåòðóäíî óáåäèòüñÿ, ÷òî λ/δ + µ = ν, ïîýòîìó

e∞∞(Λ, D,m) ≤ ν ≤ E∞∞(Λ, D).

Îòñþäà âûòåêàåò, ÷òî m(y)(·) � îïòèìàëüíûé ìåòîä, à ïîãðåøíîñòü îïòèìàëü-
íîãî âîññòàíîâëåíèÿ ðàâíà ν. Íåñëîæíàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî ïðè p =∞

1

(2π)d(1+γ1)/2
C̃∞(n, k)I1/q1δγ1 = ν.
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Âû÷èñëèì ξ1 ïðè p =∞. Èìååì

(4.19) ξ1 = δ(1− γ1)
q1
2

(
C̃∞(n, k)I1/q1

(2π)d(1+γ1)/2

)q1/2
= λ

n+d/2
2n−k .

Ìåòîä m(y)(·) ìîæåò áûòü çàïèñàí â âèäå

m(y)(·) = F−1

((
1− λ |ϕ(ξ)|2

|ψ(ξ)|

)
+

ψ(ξ)y(ξ)

)
(·).

Â ñèëó ðàâåíñòâà (4.19)

m(y)(·) = F−1

(
κ1

(
ξ

1
n+d/2

1 ξ

)
ψ(ξ)y(ξ)

)
(·) = m̂(y)(·).

�

Ñëåäñòâèå 4. Ïóñòü k ≥ 0, n > k, 1 ≤ p ≤ ∞, k + p > 1. Òîãäà

Ep∞

(
dk

dtk
,
dn

dtn

)
=

1

(2π)(1+γ1)/2
C̃p(n, k)21/q1δγ1 ,

ãäå γ1, q1 è C̃p(n, k) îïðåäåëåíû ðàâåíñòâàìè (4.15) ïðè d = 1. Ìåòîä

m̂(y)(·) = F−1

(
κ1

(
ξ

1
n+1/2−1/p

1 ξ

)
(iξ)ky(ξ)

)
(·),

ãäå

ξ1 = δ

(
(1− γ1)p−1

γ1

) q1
2p

(
C̃p(n, k)21/q1

(2π)(1+γ1)/2

)q1(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Óòâåðæäåíèÿ ñëåäñòâèÿ 4 äëÿ p = 1, 2,∞ áûëè ïîëó÷åíû â ðàáîòå [29]. Òàì
æå ðàññìîòðåí ñëó÷àé, êîãäà p = 1, à k = 0.

Ñëåäñòâèå 5. Ïóñòü k ≥ 0, n > k + d/2, 1 ≤ p ≤ ∞, k + p > 1. Òîãäà

Ep∞((−∆)k/2, (−∆)n/2) =
1

(2π)d(1+γ1)/2
C̃p(n, k)I

1/q1
0 δγ1 ,

ãäå I0 îïðåäåëåíî ðàâåíñòâîì (4.5). Ìåòîä

m̂(y)(·) = F−1

(
κ1

(
ξ

1
n+d(1/2−1/p)

1 ξ

)
|ξ|ky(ξ)

)
(·),

ãäå

ξ1 = δ

(
(1− γ1)p−1

γ1

) q1
2p

(
C̃p(n, k)I

1/q1
0

(2π)d(1+γ1)/2

)q1(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Óòâåðæäåíèÿ ñëåäñòâèÿ 5 äëÿ p =∞ áûëè ïîëó÷åíî â ðàáîòå [30].
Ðàññìîòðèì òåïåðü ïðèìåíåíèå òåîðåìû 5 ê îïåðàòîðàì Λ = Dα è D =

(−∆)n/2.
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Ñëåäñòâèå 6. Ïóñòü k = α1 + . . .+ αd > 0, n > k + d/2, 1 ≤ p ≤ ∞. Òîãäà

Ep∞(Dα, (−∆)n/2) =
1

(2π)d(1+γ1)/2
C̃p(n, k)I1/q1δγ1 ,

ãäå

(4.20) I = 2
Γ((α1q1 + 1)/2) . . .Γ((αdq1 + 1)/2)

Γ((kq1 + d)/2)
.

Ìåòîä

m̂(y)(·) = F−1

(
κ1

(
ξ

1
n+d(1/2−1/p)

1 ξ

)
(iξ)αy(ξ)

)
(·),

ãäå

ξ1 = δγ
− q12p
1 (1− γ1)

q1
2 (1−1/p)

(
C̃p(n, k)I1/q1

(2π)d(1+γ1)/2

)q1(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Âåëè÷èíà I èç òåîðåìû 5 â ðàññìàòðèâàåìîì ñëó÷àå èìååò
âèä

I =

∫
Πd−1

| cosω1|α1q1 . . . | sinω1 sinω2 . . . sinωd−2 sinωd−1|αdq1J(ω) dω.

Ó÷èòûâàÿ (4.8), ïîëó÷àåì ðàâåíñòâî (4.20). Òåïåðü óòâåðæäåíèå ñëåäñòâèÿ
íåïîñðåäñòâåííî âûòåêàåò èç òåîðåìû 5. �

Àâòîð ïðèçíàòåëåí ðåöåíçåíòàì çà öåííûå çàìå÷àíèÿ è ñîâåòû.

Ñïèñîê ëèòåðàòóðû

[1] Íèêîëüñêèé Ñ. Ì. �Ê âîïðîñó îá îöåíêàõ ïðèáëèæåíèé êâàäðàòóðíûìè ôîðìóëàìè�,
Óñïåõè ìàò. íàóê, 5:2 (1950), 165�177.

[2] Ñìîëÿê Ñ. À. Îá îïòèìàëüíîì âîññòàíîâëåíèè ôóíêöèé è ôóíêöèîíàëîâ îò íèõ,
Êàíä. äèññ. Ìîñêâà: ÌÃÓ, 1965.

[3] Ìàð÷óê À. Ã., Îñèïåíêî Ê. Þ. �Íàèëó÷øåå ïðèáëèæåíèå ôóíêöèé, çàäàííûõ ñ ïîãðåø-
íîñòüþ â êîíå÷íîì ÷èñëå òî÷åê�, Ìàò. çàìåòêè, 17:3 (1975), 359�368.

[4] Micchelli C. A., Rivlin T. J. �A survey of optimal recovery�, Optimal Estimation in
Approximation Theory. New York: Plenum Press, 1977, 1�54.

[5] Scharlach R. �Optimal recovery by linear functionals�, J. Approx. Theory, 44:2 (1985), 167�
172.

[6] Ìàãàðèë-Èëüÿåâ Ã. Ã., ×àí Òõè Ëå, �Ê çàäà÷å îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèî-
íàëîâ�, Óñïåõè ìàò. íàóê, 42:2 (1987), 237�238.

[7] Àðåñòîâ Â. Â. �Íàèëó÷øåå âîññòàíîâëåíèå îïåðàòîðîâ è ðîäñòâåííûå çàäà÷è�, Òð. ÌÈÀÍ

ÑÑÑÐ, 189 (1989), 3�20.
[8] Ìàãàðèë-Èëüÿåâ Ã. Ã., Îñèïåíêî Ê. Þ. �Îá îïòèìàëüíîì âîññòàíîâëåíèè ôóíêöèîíàëîâ

ïî íåòî÷íûì äàííûì�, Ìàò. çàìåòêè, 50:6 (1991), 85�93.
[9] Melkman A. A., Micchelli C. A. �Optimal estimation of linear operators in Hilbert spaces

from inaccurate data�, SIAM J. Numer. Anal., 16 (1979), 87�105.
[10] Òàéêîâ Ë. Í. �Íåðàâåíñòâà òèïà Êîëìîãîðîâà è íàèëó÷øèå ôîðìóëû ÷èñëåííîãî äèô-

ôåðåíöèðîâàíèÿ�, Ìàòåì. çàìåòêè, 4:2 (1968), 233�238.
[11] Osipenko K. Yu. �Optimal recovery of operators and multidimensional Carlson type

inequalities�, J. Complexity, 32:1 (2016), 53�73.
[12] Ëåâèí Â. È. �Òî÷íûå êîíñòàíòû â íåðàâåíñòâàõ òèïà Êàðëñîíà�, ÄÀÍ, 59 (1948), 635�

638.
[13] Àðåñòîâ Â. Â. �Ïðèáëèæåíèå ëèíåéíûõ îïåðàòîðîâ è ðîäñòâåííûå ýêñòðåìàëüíûå çàäà-

÷è�, Òð. ÌÈÀÍ ÑÑÑÐ, 138 (1975), 29�42.
[14] Àðåñòîâ Â. Â. �Ïðèáëèæåíèå íåîãðàíè÷åííûõ îïåðàòîðîâ îãðàíè÷åííûìè è ðîäñòâåííûå

ýêñòðåìàëüíûå çàäà÷è�, Óñïåõè ìàò. íàóê, 51:6 (1996), 89�124.



24 K.YU. OSIPENKO

[15] Arestov V. V. �On the best approximation of the di�erentiation operator�, Ural Math. J., 1:1
(2015), 20�29.

[16] Àðåñòîâ Â. Â. �Íàèëó÷øåå ðàâíîìåðíîå ïðèáëèæåíèå îïåðàòîðà äèôôåðåíöèðîâàíèÿ
îãðàíè÷åííûìè â ïðîñòðàíñòâå L2 îïåðàòîðàìè�, Òð. ÈÌÌ ÓðÎ ÐÀÍ, 24:4 (2018), 34�
56.

[17] Arestov V. V. �Best approximation of a di�erentiation operator on the set of smooth functions
with exactly or approximately given Fourier transform�, In: Khachay M., Kochetov Y.,
Pardalos P. (eds) Mathematical Optimization TTheory and Operation Research. MOTOR

2019. Lecture Notes in Computer Science, Springer (2019), 434�448.
[18] Arestov V. V. �Uniform approximation of di�erentiation operators by bounded linear

operators in the space Lr�, Analysis Math., 46:3 (2020), 425�445.
[19] Òèìîøèí Î. À. �Íàèëó÷øåå ïðèáëèæåíèå îïåðàòîðà âòîðîé ñìåøàííîé ïðîèçâîäíîé â

ìåòðèêàõ L è C íà ïëîñêîñòè�, Ìàòåì. çàìåòêè, 36:3 (1984), 369�375.
[20] Òèìîôååâ Â. Ã. �Íåðàâåíñòâà òèïà Ëàíäàó äëÿ ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ�, Ìà-

òåì. çàìåòêè, 37:5 (1985), 676�689.
[21] Îñèïåíêî Ê. Þ. �Îïòèìàëüíîå âîññòàíîâëåíèå ëèíåéíûõ îïåðàòîðîâ â íååâêëèäîâûõ

ìåòðèêàõ�, Ìàòåì. ñá., 205:10 (2014), 77�106.
[22] Barza S., Burenkov V., Pe�cari�c J., Persson L.-E. �Sharp multidimentional multiplicative

inequalities for weighted Lp spaces with homogeneous weights�, Math. Ineq. Appl., 1 (1998),
53�67.

[23] Ìàãàðèë-Èëüÿåâ Ã. Ã., Îñèïåíêî Ê. Þ. �Êàê íàèëó÷øèì îáðàçîì âîññòàíîâèòü ôóíêöèþ
ïî íåòî÷íî çàäàííîìó ñïåêòðó?�, Ìàòåì. çàìåòêè, 92:1 (2012), 59�67.

[24] Ñèâêîâà Å. Î. �Îá îïòèìàëüíîì âîññòàíîâëåíèè ëàïëàñèàíà ôóíêöèè ïî åå íåòî÷íî
çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå�, Âëàäèêàâê. ìàòåì. æóðí., 14:4 (2012), 63�72.

[25] Ìàãàðèë-Èëüÿåâ Ã. Ã., Ñèâêîâà Å. Î. �Íàèëó÷øåå âîññòàíîâëåíèå îïåðàòîðà Ëàïëàñà
ôóíêöèè ïî åå íåòî÷íî çàäàííîìó ñïåêòðó�, Ìàòåì. ñá., 203:4 (2012), 119�130.

[26] Ìàãàðèë-Èëüÿåâ Ã. Ã., Îñèïåíêî Ê. Þ. �Îïòèìàëüíîå âîññòàíîâëåíèå ïðîèçâîäíûõ íà
ñîáîëåâñêèõ êëàññàõ�, Âëàäèêàâê. ìàòåì. æóðí., 5:1 (2003), 39�47.

[27] Ìàãàðèë-Èëüÿåâ Ã. Ã., Îñèïåíêî Ê. Þ. �Î íàèëó÷øèõ ìåòîäàõ âîññòàíîâëåíèÿ ïðîèç-
âîäíûõ íà ñîáîëåâñêèõ êëàññàõ�, Èçâ. ÐÀÍ. Ñåð. ìàò., 78:6 (2014), 83�102.

[28] Õàðäè Ã. Ã., Ëèòòëüâóä Ä. Å., Ïîëèà. Ã. Íåðàâåíñòâà, Ì.: Èíîñòðàííàÿ ëèòåðàòóðà,
1948.

[29] Ìàãàðèë-Èëüÿåâ Ã. Ã., Îñèïåíêî Ê. Þ. �Îïòèìàëüíîå âîññòàíîâëåíèå çíà÷åíèé ôóíêöèé
è èõ ïðîèçâîäíûõ íà ïðÿìîé ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå�,Ìàòåì. ñá.,
195:10 (2004), 67�82.

[30] Ñèâêîâà Å. Î. �Íàèëó÷øåå âîññòàíîâëåíèå ëàïëàñèàíà ôóíêöèè è òî÷íûå íåðàâåíñòâà�,
Ôóíäàìåíò. è ïðèêë. ìàòåì., 18:5 (2013), 175�185.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà, Èíñòèòóò
ïðîáëåì ïåðåäà÷è èíôîðìàöèè èì. À. À. Õàðêåâè÷à ÐÀÍ, Ìîñêîâñêèé àâèàöèîí-
íûé èíñòèòóò (íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò)

E-mail address: kosipenko@yahoo.com


