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Abstract. We consider the classes of holomorphic functions
whose radial derivative of order r lies in the unit ball of the Hardy
space H2(Bn) or the Bergman space A2(Bn). For these classes we
calculate the linear and Gel'fand N -widths in C(Sρ), where Sρ is
the sphere in Cn of radius 0 < ρ < 1. Some results arc obtained
for analogous problems in polydiscs and for 2π-periodic functions
of one variable holomorphic in a strip.

Introduction

Let A be a subset of a normed linear space X. The Kolmogorov
N -width is de�ned by

dN(A,X) := inf
XN

sup
x∈A

sup
y∈XN

‖x− y‖,

where XN runs over all N -dimensional subspaces of X. Denote by
L(H,X) the class of all continuous linear operators from H to X,
where H and X are normed linear spaces. Let BH be the closed unit
ball of H. For T ∈ L(H,X) set

dN(T ) := dN(T (BH), X).

The linear N -width is given by

λN(A,X) := inf
PN

sup
x∈A
‖x− PNx‖,

where PN runs over all bounded linear operators mapping X into X,
whose range has dimension N or less. Assume that 0 ∈ A. The
Gel'fand N -width is de�ned by

dN(A,X) := inf
XN

sup
x∈A∩XN

‖x‖,

where the in�mum is taken over all subspaces XN of X of codimension
N . Various properties of these N -widths (and others) may be found in
[1].
Let Bn be the unit ball of Cn

Bn :=

{
z := (z1, . . . , zn) ∈ Cn : |z|2 :=

n∑
k=1

|zk|2 < 1

}
,
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and Sρ the sphere of radius ρ

Sρ := { z ∈ Cn : |z| = ρ }

(if ρ = 1 we write S). The Hardy spaceHp(Bn) is the set of holomorphic
functions in Bn which satisfy

‖f‖Hp(Bn) := sup
0<r<1

(∫
S

|f(rz)|p dσ(z)

)1/p

<∞, 1 ≤ p <∞,

‖f‖H∞(Bn) := sup
z∈Bn
|f(z)|,

where σ is the probability measure on the sphere S which is invari-
ant with respect to the orthogonal group O(2n). The Bergman space
Ap(Bn) is the set of holomorphic functions in Bn which satisfy the
condition

‖f‖Ap(Bn) :=

(∫
Bn

|f(z)|p dν(z)

)1/p

<∞,

where ν is the normalized Lebesgue measure in Bn (A∞(Bn) =
H∞(Bn)).
Let f(z) be a holomorphic function in Bn and

f(z) =
∞∑
s=0

Fs(z)

be a homogeneous decomposition of f . The radial derivative of order
r is de�ned by

Rrf(z) :=
∞∑
s=r

s!

(s− r)!
Fs(z)

(for r = 1 see [2, Chap. 6]). Let BX be the closed unit ball of a
normed linear space X. We denote by HRr

p(Bn) and ARr
p(Bn) the

classes of holomorphic functions in Bn for which Rrf lie in BHp(Bn)
and BAp(Bn), respectively.
The exact values of dN(HRr

p(Bn), Lp(Sρ)) were obtained in [3].
When n = 1, 1 ≤ q ≤ p ≤ ∞ and E is a compact subset of B1,
the values of dN(BHp(B1), Lq(E)) were determined in [4] (for E = Sρ
see also [5]).
The �rst result for the classes of holomorphic functions concern-

ing the case when p < q appeared in [6] where the values of
dN(BH2(Bn), C(Sρ)) and λN(BH2(Bn), C(Sρ)) were obtained (more
precisely, for some subsequence of N). The method of proof, as noted
by V. M. Tikhomirov, was very similar to the one used in Ismagilov's
Theorem [7] (see also [1]). In Section 1 we prove a theorem dual to
the Ismagilov Theorem. Using this result, in Section 2 we obtain the
values of the linear and Gel'fand N -widths of the classes HRr

2(Bn) and
ARr

2(Bn) in C(Sρ).
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Section 3 is devoted to analogous problems in polydiscs. Finally in
Section 4 we calculate the N -widths of holomorphic functions in the
annulus

∆R := { z ∈ C : R−1 < |z| < R }, R > 1,

and 2π-periodic functions holomorphic in the strip

DH := { z ∈ C : | Im z| < H }.

1. A Theorem Dual to Ismagilov's Theorem

Let E be a compact set, µ a positive probability measure de�ned on
E and T ∈ L(H,C(E)). Denote by T0 the operator T regarded as an
operator from H into L2(E, µ). Assume that

T ′0T0φj = λjφj, j = 1, 2. . . . ,

where λ1 ≥ λ2 ≥ . . . > 0, and that φ1, φ2, . . . is a complete orthonormal
basis for the range of T ′0T0 (a su�cient condition is that T0 be a compact
operator).

Theorem 1. For T as above√√√√ ∞∑
j=N+1

λj ≤ dN(T (BH), C(E)) = λN(T (BH), C(E))

≤ sup
z∈E

√√√√ ∞∑
j=N+1

|(Tφj)(z)|2.

Proof. Since KerT ′0T0 = KerT0 = KerT we shall assume, without loss
of generality, that φ1, φ2, . . . is a complete orthonormal basis for H. Set
ψj := Tφj. Let us show that for all z ∈ E

(1)
∞∑
j=1

|ψj(z)|2 ≤ ‖T‖2 :=

(
sup
‖h‖H≤1

‖Th‖∞
)2

(we denote by ‖ · ‖∞ the norm in C(E) and by ‖ · ‖H the norm in H).

Let z ∈ E and m ∈ N. Then for h :=
∑m

j=1 ψj(z)φj ∈ H we have

‖Th‖∞ = sup
z∈E

∣∣∣∣ m∑
j=1

ψj(z)ψj(s)

∣∣∣∣ ≥ m∑
j=1

|ψj(z)|2 = ‖h‖2
H .

Thus for h 6= 0

‖h‖H ≤
‖Th‖∞
‖h‖H

≤ ‖T‖.

Consequently for all z ∈ E and all m ∈ N the inequality
m∑
j=1

|ψj(z)|2 ≤ ‖T‖

holds. So (1) is proved.
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Set

hz :=
∞∑
j=1

ψj(z)ψj.

It is easy to check that for all x ∈ H and all z ∈ E

(Tx)(z) = (x, hz)H .

Denote by ϕ : E → H the mapping

ϕ(z) := hz.

Then∫
E

(ϕ(z), ϕ(y))Hψj(y) dµ(y) =

∫
E

(Thz)(y)ψj(y) dµ(y)

= (T0hz, T0ψj)L2(E,µ) = (hz, T
′
0T0ψj)H = λjψj(z).

Furthermore

(ψj, ψk)L2(E,µ) = λjδjk.

By the Ismagilov Theorem we obtain√√√√ ∞∑
j=N+1

λj ≤ dN(T ′) ≤ sup
z∈E

√√√√ ∞∑
j=N+1

|(Tφj)(z)|2.

From duality

dN(T ′) = dN(T ) := inf
XN

sup
h∈BH∩XN

‖Th‖∞,

where the in�mum is taken over all subspaces XN of H of codimension
N . Since H is a Hilbert space

dN(T ′) = dN(T (BH), C(E)) = λN(T (BH), C(E)).

The theorem is proved. �

Corollary 1. Assume that the conditions of Theorem 1 hold and Xr is

any r-dimensional subspace of C(E) such that Xr ⊥ T0(H) in L2(E, µ).
Then√√√√ ∞∑

j=N+1

λj ≤ dN+r(T (BH)+Xr, C(E)) = λN+r(T (BH)+Xr, C(E))

≤ sup
z∈E

√√√√ ∞∑
j=N+1

|(Tφj)(z)|2.
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Proof. Let e1, . . . , er be an orthonormal basis for Xr in L2(E, µ). De-
note by Hr,ε the Hilbert space of elements {f, g}, f ∈ H, g ∈ Xr with
inner product

({f1, g1}, {f2, g2})Hr,ε := (f1, f2)H + ε
r∑
j=1

cjdj, ε > 0,

where

g1 =
r∑
j=1

cjej, g2 =
r∑
j=1

djej.

Put L(f, g) := Tf + g. Denote by L0 the operator L as an operator
from Hr,ε into L2(E, µ). Then

L′0L0{f, g} = {T ′0T0f, ε
−1g}.

Set

ϕj := {0, ε−1/2ej}, j = 1, . . . , r, ϕj := {φj−r, 0}, j = r + 1, . . . .

The elements ϕ1, ϕ2, . . . form a complete orthonormal basis for the
range of L′0L0 and

L′0L0ϕj = ε−1ϕj, j = 1, . . . , r, L′0L0ϕj = λj−rϕj, j = r + 1, . . . .

From Theorem 1 for ε ≤ λ−1
1 we have

dN+r(L(BHr,ε), C(E)) ≥

√√√√ ∞∑
j=N+1

λj.

Since T (BH) +Xr ⊂ L(BHr,ε)

dN+r(T (BH) +Xr, C(E)) ≥ dN+r(L(BHr,ε), C(E)) ≥

√√√√ ∞∑
j=N+1

λj.

The equality

dN+r(T (BH) +Xr, C(E)) = λN+r(T (BH) +Xr, C(E))

follows from the fact that H is a Hilbert space (compare with Proposi-
tion 8.8 [1, p. 33]). It is easy to show that

λN+r(T (BH) +Xr, C(E)) ≤ λN(T (BH), C(E)).

Now the upper bound follows directly from Theorem 1. The corollary
is proved. �

Let H be a Hilbert space of functions de�ned on some set Ω. A
function K(z, w) de�ned on Ω× Ω is called a reproducing kernel of H
if for each w ∈ Ω and for all f ∈ H

f(w) = (f(·), K(·, w))H .

It is easily seen that
K(z, w) = K(w, z).
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Let E ⊂ Ω be a compact with positive probability measure µ. Sup-
pose that Tf := f|E is a bounded linear operator from H to C(E).

Theorem 2. Let H and E be as above. Assume that ϕ1, ϕ2, . . . is a

complete orthonormal basis for H and Xr is any r-dimensional subspace

of C(E) such that Xr ⊥ H in L2(E, µ). If ϕ1, ϕ2, . . . is an orthogo-

nal system in L2(E, µ) and λj := ‖ϕj‖2
L2(E,µ) form a non-increasing

sequence, then√√√√ ∞∑
j=N+1

λj ≤ dN+r(BH +Xr, C(E)) = λN+r(BH +Xr, C(E))

≤ sup
z∈E

√√√√ ∞∑
j=N+1

|ϕj(z)|2.

Proof. Put T0f := f|E. Let us consider T0 as an operator from H into
L2(E, µ). For all g ∈ L2(E, µ) we have

(T ′0g)(w) = ((T ′0g)(·), K(·, w))H = (g(·), T0K(·, w))L2(E,µ)

=

∫
E

g(z)K(z, w) dµ(z) =

∫
E

K(w, z)g(z) dµ(z).

Thus the eigenvalue-eigenfunction problem

T ′0T0f = λf

takes the form

(2)

∫
E

K(w, z)g(z) dµ(z) = λf(w).

Since ϕ1, ϕ2, . . . is a complete orthonormal basis for H the representa-
tion

K(z.w) =
∞∑
j=1

ϕj(z)ϕj(w)

holds. In view of the orthogonality of the system ϕ1, ϕ2, . . . in L2(E, µ)
we have ∫

E

K(w, z)ϕj(z) dµ(z) = λjϕj(w).

Thus λj is an eigenvalue and ϕj is an eigenfunction for Eg. (2). Now
the theorem follows from Corollary 1. �

2. N-Widths of HRr
2(Bn) and ARr

2(Bn)

Set Nm :=
∑m−1

s=0

(
n+s−1
n−1

)
. Note that Nm = dimPnm−1, where Pnm is

the space of n-variable polynomials of degree m or less.
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Theorem 3.

(i) For all 0 < ρ < 1 and all m ≥ r ≥ 0

dNm (HRr
2(Bn), C(Sρ)) = λNm (HRr

2(Bn), C(Sρ))

= ρm
(

1

(n− 1)!

∞∑
s=0

((m− r + s)!)2(n+m− 1 + s)!

((m+ s)!)3
ρ2s

)1/2

.

(ii) For all 0 < ρ < 1 and all m ≥ r ≥ 1

dNm (ARr
2(Bn), C(Sρ)) = λNm (ARr

2(Bn), C(Sρ))

= ρm
(

1

n!

∞∑
s=0

((m− r + s)!)2(n+m+ s)!

((m+ s)!)3
ρ2s

)1/2

.

(iii) For all

0 < ρ ≤
(

n

n+m

)1/(2m)

(3) dNm (BA2(Bn), C(Sρ)) = λNm (BA2(Bn), C(Sρ))

= ρm
(

1

n!

∞∑
s=0

(n+m+ s)!

(m+ s)!
ρ2s

)1/2

=
ρm

(1− ρ2)(n+1)/2

((
n+m

n

) n∑
s=0

(−1)s

1 + s/m

(
n

s

)
ρ2s

)1/2

.

Proof. For multiindex α := (α1, . . . , αn) and z ∈ Cn set

zα := zα1
1 . . . zαnn , |α| := α1 + . . .+ αn. α! := α1! . . . αn!,

Dj := ∂/∂zj, Dα := Dα1
1 . . . Dαn

n .

Denote by H0 the space of holomorphic functions in Bn for which
(Dαf)(0) = 0, |α| = 0, . . . , r − 1, and Rrf ∈ H2(Bn). It is known
(see [2]) that functions from H2(Bn) have �nite boundary values al-
most everywhere. Moreover H2(Bn) can be considered as a Hilbert
space with inner product

(f, g)H2(Bn) :=

∫
S

f(z)g(z) dσ(z).

Thus H0 is a Hilbert space with inner product

(f, g) := (Rrf,Rrg)H2(Bn).

Let f, g ∈ H0 and

f(z) =
∞∑
|α|=r

cαz
α, g(z) =

∞∑
|α|=r

dαz
α.
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Since monomials are orthogonal in H2(Bn) and

‖zα‖2
H2(Bn) =

(n− 1)!α!

(n− 1 + |α|)!

we have

(f, g) =
∞∑
|α|=r

(
|α|!

(|α| − r)!

)2
(n− 1)!α!

(n− 1 + |α|)!
cαdα.

It is easily veri�ed that

K(z, w) =
∞∑
|α|=r

(
(|α| − r)!
|α|!

)2
(n− 1 + |α|)!

(n− 1)!α!
wαzα

is the reproducing kernel of H0.
Let us consider the space L2(Sρ, σρ), where σρ is the probability

measure on Sρ, which is invariant with respect to the orthogonal group
O(2n). Set for |α| ≥ r

ϕα(z) :=
(|α| − r)!
|α|!

(
(n− 1 + |α|)!

(n− 1)!α!

)1/2

zα.

The functions ϕα(z) form a complete orthonormal basis for H0. More-
over these functions are orthogonal in L2(Sρ, σρ) and

‖ϕα‖2
L2(Sρ,σρ) =

∫
Sρ

|ϕα(z)|2 dσρ(z) =

∫
S

|ϕα(ρξ)|2 dσ(ξ)

=

(
(|α| − r)!
|α|!

)2

ρ2|α|.

The number of di�erent monomials zα with |α| = s is equal to
(
n+s−1
n−1

)
.

As HRr
2(Bn) = BH0 + Pr, H0 ⊥ Pr in L2(Sρ, σρ), and dimPr = Nr,

we have by Theorem 2( ∞∑
s=m

(
(s− r)!
s!

)2(
n+ s− 1

n− 1

)
ρ2s

)1/2

≤ dNm (HRr
2(Bn), C(Sρ)) = λNm (HRr

2(Bn), C(Sρ))

≤ sup
z∈Sρ

( ∞∑
|α|≥m

(
(|α| − r)!
|α|!

)2
(n− 1 + |α|)!

(n− 1)!α!

∣∣z2α
∣∣)1/2

.

Using the equation ∑
|α|=s

s!

α!

∣∣z2α
∣∣ = |z|2s,
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we obtain

dNm (HRr
2(Bn), C(Sρ)) = λNm (HRr

2(Bn), C(Sρ))

=

( ∞∑
s=m

(
(s− r)!
s!

)2(
n+ s− 1

n− 1

)
ρ2s

)1/2

= ρm
(

1

(n− 1)!

∞∑
s=m

((m− r + s)!)2)(n+m− 1 + s)!

((m+ s)!)3
ρ2s

)1/2

.

To prove (ii) and (iii) we consider the space A0 of holomorphic
functions in Bn for which (Dαf)(0) = 0, |α| = 0, . . . , r − 1, and
Rrf ∈ A2(Bn). A0 is a Hilbert space with inner product

(f, g) := (Rrf,Rrg)A2(Bn) =

∫
Bn

Rrf(z)Rrg(z) dν(z).

Analogous to the previous case, we can show that the functions

ψα(z) :=

√
n+ |α|
n

ϕα(z)

form a complete orthonormal basis for A0 in L2(Sρ, σρ). Furthermore

‖ψα(z)‖2
L2(Sρ,σρ) =

n+ |α|
n

(
(|α| − r)!
|α|!

)2

ρ2|α| =: λ|α|.

Let r ≥ 1 and s ≥ r. Then

(n+s+1)

(
s+ 1− r
s+ 1

)2

≤ (n+s+1)

(
s

s+ 1

)2

≤ n+ s+ 1

s+ 1
s < n+s.

Thus

λs+1 =
n+ s+ 1

n

(
(s+ 1− r)!

(s+ 1)!

)2

ρ2(s+1) ≤ n+ s

n

(
(s− r)!
s!

)2

ρ2s

= λs.

If r = 0 (in this case ARr
2(Bn) = BA2(Bn)), then {λj} is not in general

a non-increasing sequence. But if ((n+m)/n)ρ2m ≤ 1 then for all s ≥ m
and all q < m, λq ≥ λs. Now (ii) and the �rst two equations of (3)
follow from Theorem 2 in the same way as in the case of (i). Denote
by

Φn(m, ρ) :=
∞∑
s=0

(
n+m+ s

n

)
ρ2s.

It easily veri�ed that

Φn(m, ρ) =
1

(1− ρ2)n+1

(
n+m

n

) n∑
s=0

(−1)s

1 + s/m

(
n

s

)
ρ2s.

So (iii) is proved. �
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Remark. The referee informed me that in the case n = 1 the exact
values of N -widths of the Bergman classes were obtained in [8].
For n = 1 the classHRr

2(B1) coincides with the class BHr
2 , de�ned as

the set of all holomorphic functions in B1 for which f
(r)(z) ∈ BH2(B1).

The set of all holomorphic functions in B1, for which f
(r)(z) ∈ BA2(B1)

wc denote by BAr2. If r ≥ 1 the classes BAr2 and ARr
2(B1) are di�erent.

Nevertheless the method of Theorem 2 can be applied. Thus we obtain
the following result.

Theorem 4. Let 0 < ρ < 1. Then:

(i) for all N ≥ r ≥ 0

dN (BHr
2 , C(Sρ)) = λN (BHr

2 , C(Sρ))

= ρN
( ∞∑
s=0

(
(N − r + s)!

(N + s)!

)2

ρ2s

)1/2

;

(ii) for all N ≥ r ≥ 1

dN (BAr2, C(Sρ)) = λN (BAr2, C(Sρ))

= ρN
( ∞∑
s=0

(
(N − r + s)!

(N + s)!

)2

(N + s+ 1)ρ2s

)1/2

.

3. The N-Widths for Hardy and Bergman Classes in

Polydiscs

Set

Un := { z ∈ Cn : |z1| < 1, . . . , |zn| < 1 },
T n := { z ∈ Cn : |z1| = 1, . . . , |zn| = 1 },
T nρ := { z ∈ Cn : |z1| = ρ1, . . . , |zn| = ρn },

where ρ = (ρ1, . . . , ρn) and 0 ≤ ρj < 1, j = 1, . . . , n. Denote by H2(Un)
the set of all holomorphic functions in Un for which

‖f‖H2(Un) := sup
0<r<1

(∫
Tn
|f(rz)|2 dµ(z)

)1/2

<∞,

where µ(z) is the normalized Lebesgue measure in T n. We shall denote
by A2(Un) the set of all holomorphic functions in Un for which

‖f‖A2(Un) :=

(∫
Un
|f(z)|2 dω(z)

)1/2

<∞,

where ω(z) is the normalized Lebesgue measure in Un. The spaces
H2(Un) and A2(Un) are Hilbert spaces with the reproducing kernels

KH(z, w) :=

{
(1− z1w1)−1 . . . (1− znwn)−1, H = H2(Un),

(1− z1w1)−2 . . . (1− znwn)−2, H = A2(Un)
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(the details can be found in [9]).

Theorem 5. Let ρ = (ρ1, . . . , ρn), 0 ≤ ρj < 1.

(i) Assume that α(1), . . . , α(N) are the N largest terms of the se-

quence {ρ2α}. Then

(4) dN
(
BH2(Un), C(T nρ )

)
= λN

(
BH2(Un), C(T nρ )

)
=

(
(1− ρ2

1)−1 . . . (1− ρ2
n)−1 −

N∑
s=1

ρ2α(s)

)1/2

.

(ii) Assume that α(1), . . . , α(N) are the N largest terms of the se-

quence {kαρ2α}, where kα := (α1 + 1) . . . (αn + 1). Then

dN
(
BA2(Un), C(T nρ )

)
= λN

(
BA2(Un), C(T nρ )

)
=

(
(1− ρ2

1)−2 . . . (1− ρ2
n)−2 −

N∑
s=1

kα(s)ρ2α(s)

)1/2

.

Proof. Let us prove (i). The monomials zα form a complete orthonor-
mal basis in H2(Un). They are also an orthogonal system in L2(T nρ , µρ),
where µρ is the normalized Lebesgue measure in T nρ . Moreover

‖zα‖2
L2(Tnρ ,µρ) = ρ2α

and for z ∈ T nρ , |zα| = ρ2α. From Theorem 2 we have

dN
(
BH2(Un), C(T nρ )

)
= λN

(
BH2(Un), C(T nρ )

)
=

(∑
α/∈τ

ρ2α

)1/2

,

where τ := {α(1), . . . , α(N)}. Now (i) follows from the representation

(1− ρ2
1)−1 . . . (1− ρ2

n)−1 =
∑
|α|≥0

ρ2α.

Using the representation

(5) (1− ρ2
1)−2 . . . (1− ρ2

n)−2 =
∑
|α|≥0

kαρ
2α,

a similar argument proves (ii). �

We can obtain a more precise result in the case ρ1 = . . . = ρn.

Theorem 6. Let ρ1 = . . . = ρn = ρ and 0 < ρ < 1. Then:
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(i) for Nm−1 < N ≤ Nm

dN
(
BH2(Un), C(T nρ )

)
= λN

(
BH2(Un), C(T nρ )

)
= ρm−1

(
Nm −N +

(
n+m− 1

n− 1

)
(1− ρ2)−n

×
n−1∑
s=0

(−1)s

1 + s/m

(
n− 1

s

)
ρ2(s+1)

)1/2

;

(ii) for n ≥ 2 and

(6) 0 < ρ ≤ m1/2(m/n+ 1)−n/2

dN
(
BA2(Un), C(T nρ )

)
= λN

(
BA2(Un), C(T nρ )

)
=

ρm

(1− ρ2)n

((
2n+m− 1

2n− 1

) 2n−1∑
s=0

(−1)s

1 + s/m

(
2n− 1

s

)
ρ2s

)1/2

.

Proof. The sequence ρ2|α| is a non-increasing sequence for |α| → ∞.
The number of di�erent multiindexes α with |α| = s is equal to

(
n+s−1
n−1

)
.

By (4) we have for Nm−1 < N ≤ Nm

dN
(
BH2(Un), C(T nρ )

)
= λN

(
BH2(Un), C(T nρ )

)
=

(
(1− ρ2)−n −

m−2∑
s=0

(
n+ s− 1

n− 1

)
ρ2s − (N −Nm−1)ρ2(m−1)

)1/2

=

(
(Nm −N)ρ2(m−1) +

∞∑
s=m

(
n+ s− 1

n− 1

)
ρ2s

)1/2

.

Now (i) follows from equations

∞∑
s=m

(
n+ s− 1

n− 1

)
ρ2s = ρ2m

∞∑
s=0

(
n+m+ s− 1

n− 1

)
ρ2s

= ρ2mΦn−1(m, ρ)

= ρ2m(1− ρ2)−n
(
n+m− 1

n− 1

) n−1∑
s=0

(−1)s

1 + s/m

(
n− 1

s

)
ρ2s.

To prove (ii) we will �rst prove that if the condition (6) holds, then
for all |β| ≥ m and all |α| < m

(7) kβρ
2|β| ≤ kαρ

2|α|.

In view of the monotone decreasing property of y(x) := x(x/n + 1)−n

for x ≥ 2 and n ≥ 2 we have

ρ2 ≤ max{y(1), y(2)} ≤ 1/2.
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Consequently for all s ≥ 1

(s+ 1)ρ2s ≤ sρ2s−2.

Thus for each |β| ≥ m choosing any βj ≥ 1 we will have

kβρ
2|β| ≤ kβ′ρ

2|β′|,

where β′ = (β1, . . . , βj − 1, . . . , βn). Continuing this process we will
�nd β∗ with |β∗| = m for which

kβρ
2|β| ≤ kβ∗ρ

2|β∗| ≤ (m/n+ 1)nρ2m.

On the other hand, if |α| < m then in view of the monotone decreasing
of the sequence {sρ2s−2}∞1 and by (6) we obtain

kαρ
2|α| ≥ (|α|+ 1)ρ2|α| ≥ mρ2m−2 ≥ (m/n+ 1)nρ2m.

So (7) is proved.
From Theorem 5 it follows that

dNm
(
BA2(Un), C(T nρ )

)
= λNm

(
BA2(Un), C(T nρ )

)
=

(
(1− ρ2)−2n −

m−1∑
|α|=0

kαρ
2|α|
)1/2

=: d.

By (5) ∑
|α|=s

kα =

(
2n+ s− 1

2n− 1

)
.

Therefore

d2 =
∞∑
s=m

(
2n+ s− 1

2n− 1

)
ρ2s = ρ2m

∞∑
s=0

(
2n+ s+m− 1

2n− 1

)
ρ2s

= ρ2mΦ2n−1(m, ρ)

= ρ2m(1− ρ2)−2n

(
2n+m− 1

2n− 1

) 2n−1∑
s=0

(−1)s

1 + s/m

(
2n− 1

s

)
ρ2s.

�

4. N-Widths of Holomorphic Functions of One Variable

Denote by Hγ the space of holomorphic functions in ∆R

f(z) =
+∞∑
s=−∞

asz
s

which satisfy the condition

+∞∑
s=−∞

γs|as|2 <∞,
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where {γs} is a sequence of non-negative numbers such that

lim infs→∓∞ γ
1/|s|
s ≥ R2. Set Γ := {s : γs = 0} and r := card Γ.

The space

H0
γ :=

{
f(z) =

+∞∑
s=−∞

asz
s ∈ Hγ : aj = 0, j ∈ Γ

}
is a Hilbert space with inner product

(f, g) =
+∞∑
s=−∞

γsasbs,

where

f(z) =
+∞∑
s=−∞

asz
s, g(z) =

+∞∑
s=−∞

bsz
s.

Moreover the space H0
γ has the reproducing kernel

K(z, w) :=
∑
s/∈Γ

γ−1
s zsws.

Set BHγ := BH0
γ + Pr, where Pr :=

{∑
s∈Γ asz

s
}
. This convenient

form for generalization of certain classes in the case of the unit disk
was proposed by Fisher and Micchelli [10].
For 1 ≤ ρ < R and k ≥ r set σk(ρ) := {s1, . . . , sk−r} ∩ Γ, where

{s1, . . . , sk−r} are the k − r largest terms of the sequence{
γ−1
s

ρ2s + ρ−2s

2

}
s/∈Γ

.

Theorem 7. Assume that for all s ∈ N γs = γ−s.

(i) If N ≥ (r + 1)/2 and 0 ∈ σ2N−1(ρ), then

d2N−1 (BHγ, C(∆ρ)) = λ2N−1 (BHγ, C(∆ρ))

=

( ∑
s/∈σ2N−1(ρ)

γ−1
s

ρ2s + ρ−2s

2

)1/2

.

(ii) If N ≥ r/2 and 0 /∈ σ2N(ρ), then

d2N (BHγ, C(∆ρ)) = λ2N (BHγ, C(∆ρ))

=

(
γ0 +

∑
s/∈σ2N (ρ)

γ−1
s

ρ2s + ρ−2s

2

)1/2

.

Proof. Let us prove (i). The functions

ϕs(z) := γ−1/2
s zs, s /∈ Γ,
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form a complete orthonormal basis for H0
γ . Denote by L2(∂∆ρ) a

Hilbert space of functions de�ned on the boundary of ∆ρ with inner
product

(f, g) :=
1

4π

∫ 2π

0

[
f(ρeiθ)g(ρeiθ) + f(ρ−1eiθ)g(ρ−1eiθ)

]
dθ.

It is easily seen that ϕs form an orthogonal system in L2(∂∆ρ) and

‖ϕs‖2
L2(∂∆ρ) = γ−1

s

ρ2s + ρ−2s

2
.

From Theorem 2 follows( ∑
s/∈σ2N−1(ρ)

γ−1
s

ρ2s + ρ−2s

2

)1/2

≤ d2N−1 (BHγ, C(∆ρ))

= λ2N−1 (BHγ, C(∆ρ)) ≤ sup
z∈∂∆ρ

(
1

2

∑
s/∈σ2N−1(ρ)

γ−1
s (|z|s + |z|−s)

)1/2

=

( ∑
s/∈σ2N−1(ρ)

γ−1
s

ρ2s + ρ−2s

2

)1/2

.

Part (ii) is proved in a similar way. �

For ρ = 1 the analogous application of Theorem 2 gives

Theorem 8. For all N ≥ r

dN (BHγ, C(∆1)) = λN (BHγ, C(∆1)) =

( ∑
s/∈σN (1)

γ−1
s

)1/2

.

Now we consider some examples of the spacesHγ. Denote byH2(∆R)
the class of holomorphic functions in ∆R for which

‖f‖H2(∆R) := sup
1<ρ<R

(
1

4π

∫ 2π

0

[
|f(ρeiθ)|2 + |f(ρ−1eiθ)|2

]
dθ

)1/2

<∞.

Let A2(∆R) be the class of holomorphic functions in ∆R for which

‖f‖A2(∆R) :=

(∫
∆R

|f(z)|2 dη(z)

)1/2

<∞,

where η(z) is normalized Lebesgue measure in ∆R. Let us consider
the classes BHr

2(∆R) and BAr2(∆R), which are the sets of holomor-
phic functions in ∆R such that f (r)(z) lies in BH2(∆R) and BA2(∆R),
respectively.
It can be easily shown that the class BHr

2(∆R) coincides with BHγ

for

γs = (s(s− 1) . . . (s− r + 1))2R
2(s−r) +R−2(s−r)

2
,
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and BAr2(∆R) coincides with BHγ, where for r ≥ 1

γs = (s(s− 1) . . . (s− r + 2))2(s− r + 1)
R2(s−r+1) +R−2(s−r+1)

R2 −R−2

and for r = 0 (that is for BA2(∆R))

γs = (s+ 1)−1R
2(s+1) +R−2(s+1)

R2 −R−2
, s 6= −1, γ−1 =

4 logR

R2 −R−2
.

We give some more examples of the classes BHγ. Let H2(DH) and
A2(DH) be the sets of all 2π-periodic holomorphic functions in DH

which satisfy the conditions

‖f‖H2(DH) := sup
0<h<H

(
1

4π

∫ 2π

0

[
|f(x+ ih)|2 + |f(x− ih)|2

]
dx

)1/2

<∞

and

‖f‖A2(DH) :=

(
1

4πH

∫ 2π

0

∫ H

−H
|f(x+ iy)|2 dxdy

)1/2

<∞,

respectively. Denote by BHr
2(DH) and BAr2(DH) the sets of all 2π-

periodic holomorphic functions in DH for which f (r)(z) lie in BH2(DH)
and BA2(DH), respectively.
To �nd the linear and Gel'fand N -widths of BHr

2(DH) and BAr2(DH)
in the space C(Dh), 0 ≤ h < H, we use the map z = (1/i) logw. Then
the original problem reduces to the one for BHγ with R = eiθ and the
space C(∆ρ) with ρ = eh, where

γs = s2r cosh(2sH)

in the case of BHr
2(DH) and

γs =
1

2H
s2r−1 sinh(2sH)

in the case of BAr2(DH).
By Theorems 7 and 8 we obtain the following result.

Theorem 9. Let r ≥ 0.

(i) For all 0 ≤ h < H

d2N−1 (BHr
2(DH), C(Dh)) = λ2N−1 (BHr

2(DH), C(Dh))

=

(
2
∞∑
s=N

cosh(2sh)

s2r cosh(2sH)

)1/2

,

d2N−1 (BAr2(DH), C(Dh)) = λ2N−1 (BAr2(DH), C(Dh))

= 2H1/2

( ∞∑
s=N

cosh(2sh)

s2r−1 sinh(2sH)

)1/2

.



N -WIDTHS OF HOLOMORPHIC FUNCTIONS 17

(ii) For all H > 0

d2N (BHr
2(DH), C[0, 2π]) = λ2N (BHr

2(DH), C[0, 2π])

=

(
1

N2r cosh(2NH)
+ 2

∞∑
s=N+1

1

s2r cosh(2sH)

)1/2

,

d2N (BAr2(DH), C[0, 2π]) = λ2N (BAr2(DH), C[0, 2π])

= H1/2

(
2

N2r−1 sinh(2NH)
+ 4

∞∑
s=N+1

1

s2r−1 sinh(2sH)

)1/2

.
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