ON N-WIDTHS OF HOLOMORPHIC FUNCTIONS OF
SEVERAL VARIABLES

K. YU. OSIPENKO

ABSTRACT. We consider the classes of holomorphic functions
whose radial derivative of order r lies in the unit ball of the Hardy
space Ho(B,,) or the Bergman space As(B,,). For these classes we
calculate the linear and Gel’fand N-widths in C(S,), where S, is
the sphere in C" of radius 0 < p < 1. Some results arc obtained
for analogous problems in polydiscs and for 2m-periodic functions
of one variable holomorphic in a strip.

INTRODUCTION

Let A be a subset of a normed linear space X. The Kolmogorov
N-width is defined by

dy(A, X) = infsup sup |lz —yl|,
XN $€A yEXN

where Xy runs over all N-dimensional subspaces of X. Denote by
L(H,X) the class of all continuous linear operators from H to X,
where H and X are normed linear spaces. L.et BH be the closed unit
ball of H. For T' € L(H, X) set

dy(T) :=dny(T(BH), X).
The linear N-width is given by

Anv(A, X) :=infsup ||z — Pyz|,
Pyn xz€A

where Py runs over all bounded linear operators mapping X into X,
whose range has dimension N or less. Assume that 0 € A. The
Gel’fand N-width is defined by

dV(A,X) :=inf sup ||z,

XN zeANXN

where the infimum is taken over all subspaces X* of X of codimension
N. Various properties of these N-widths (and others) may be found in

[1]-
Let B,, be the unit ball of C™

B, = {z:: (21,...,20) €EC" 1 |2 ::Z|zkl2 < 1},
k=1
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and S, the sphere of radius p
S, ={ze€C":|z|=p}

(if p = 1 we write S). The Hardy space H,(B,,) is the set of holomorphic
functions in B,, which satisfy

1/p
T p— ( / |f<rz>|pdo<z>) <00, 1<p<oo
0<r<1 S

1|t ) == sup [f(2)],
ZGBn
where o is the probability measure on the sphere S which is invari-
ant with respect to the orthogonal group O(2n). The Bergman space
A,(B,,) is the set of holomorphic functions in B,, which satisfy the

condition
1/p
T (/ If(2)|”dV(Z)) < .

where v is the normalized Lebesgue measure in B, (A (B,) =
Ho(B)).
Let f(z) be a holomorphic function in B,, and

7z) =S F(z)

be a homogeneous decomposition of f. The radial derivative of order
r is defined by

, = sl
R =3 1 )
(for r = 1 see [2, Chap. 6]). Let BX be the closed unit ball of a
normed linear space X. We denote by HR[(B,) and AR (B,) the
classes of holomorphic functions in B,, for which R" f lie in BH,(B,)
and BA,(B,), respectively.

The exact values of dy(HR(B,), Ly(S,)) were obtained in [3].
Whenn =1, 1 < ¢ < p < o and FE is a compact subset of By,
the values of dy(BH,(By), Ly(E)) were determined in [4] (for £ =S,
see also [5]).

The first result for the classes of holomorphic functions concern-
ing the case when p < ¢ appeared in [6] where the values of
dV(BHs(B,),C(S,)) and An(BHz(B,),C(S,)) were obtained (more
precisely, for some subsequence of N). The method of proof, as noted
by V. M. Tikhomirov, was very similar to the one used in Ismagilov’s
Theorem [7] (see also [1]). In Section 1 we prove a theorem dual to
the Ismagilov Theorem. Using this result, in Section 2 we obtain the
values of the linear and Gel'fand N-widths of the classes HR}(B,,) and
ARL(B,) in C(S,).
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Section 3 is devoted to analogous problems in polydiscs. Finally in
Section 4 we calculate the N-widths of holomorphic functions in the
annulus

Ap:={z€C:R'<|z| <R}, R>1,
and 2m-periodic functions holomorphic in the strip

Dy :={z€C:|Imz| < H}.
1. A THEOREM DUAL TO ISMAGILOV’S THEOREM

Let E be a compact set, u a positive probability measure defined on
E and T € L(H,C(F)). Denote by T the operator T' regarded as an
operator from H into Lo(E, p). Assume that

T(;T0¢j :)\j¢]7 j - 172,

where \; > Ao > ... > 0, and that ¢1, @9, ... is a complete orthonormal
basis for the range of T|T} (a sufficient condition is that T; be a compact
operator).

Theorem 1. For T as above

<sup, | S [(T)(2)P

zeE J=N+1

Proof. Since Ker T{Ty = Ker Ty = Ker T" we shall assume, without loss
of generality, that ¢q, ¢o, ... is a complete orthonormal ba51s for H. Set
Y :=T¢;. Let us show that for all z € £/

2
) S (@ < T = (e 1701 )

<

(we denote by H *[oo the norm in C'(E) and by || - ||z the norm in H).
Let z € E and m € N. Then for h := ZT_l V;(2)¢; € H we have

ij 2);(s ZWJ = Hh’ﬁ{

| Th|le = sup

Thus for h # 0
ITh]l
1]l <

lal

Consequently for all z € E and all m € N the inequality

Z\% )P < |7

< |7

holds. So (1) is proved.
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Set

‘@8

1

J
It is easy to check that for all x € H and all z € £

(Tz)(2) = (z,h,)g.

Denote by ¢ : E — H the mapping

©(z) := h,.
Then
[E (@(2), () a5 (y) du(y) = E(Thz)(y)wj (y) du(y)
= (Toha, Tovj) Lo = (R, ToTow) m = Ajiy(2).
Furthermore
(5, 8) Lo(B) = N0

By the Ismagilov Theorem we obtain

From duality

dn(T') = d¥(T) == inf  sup ||Th].

XN he BHNXN

where the infimum is taken over all subspaces X* of H of codimension
N. Since H is a Hilbert space

dn(T") = d"(T(BH),C(E)) = Ay(T(BH), C(E)).
The theorem is proved. O

Corollary 1. Assume that the conditions of Theorem 1 hold and X, is
any r-dimensional subspace of C(E) such that X, L To(H) in Lo(E, p).
Then

i N\ < dVP(T(BH)+X,,C(E)) = Ay (T(BH) + X, C(E))

j=N+1

< sup J S 1T ()P

zelR J=N+1
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Proof. Let eq,..., e, be an orthonormal basis for X, in Ly(E, ). De-
note by H,. the Hilbert space of elements {f, g}, f € H, g € X, with
inner product

{fo ot 4fe 02 )m.. = (f1, fo)m +€chaj7 e >0,

j=1

T T
9= E Gy, 92 = E dje;.
j=1 j=1

Put L(f,g) := Tf + g. Denote by Ly the operator L as an operator
from H, . into Ly(E, p). Then

LGLO{fv g} = {T6T0f7 8719}.

where

Set
;= {0,5_1/2(3]}, j=1,....r, ¢ ={¢;j—,0}, j=r—+1,....
The elements @1, s, ... form a complete orthonormal basis for the

range of LjL, and
LoLopj =¢Yp;, j=1,...,1, LyLopj=Nj_rp;, j=r+1,....

From Theorem 1 for e < )xfl we have

d"*"(L(BH,),C(E)) >

Since T(BH) + X, C L(BH,.)

dNt(T(BH) + X,,C(E)) > d"*"(L(BH,.),C(E)) >

The equality
dNT(T(BH) + X,,C(E)) = Ay (T(BH) + X, C(E))
follows from the fact that H is a Hilbert space (compare with Proposi-
tion 8.8 [1, p. 33]). It is easy to show that
Mo (T(BH) + X,,C(E)) < A (T(BH), C(E)).

Now the upper bound follows directly from Theorem 1. The corollary
is proved. U

Let H be a Hilbert space of functions defined on some set 2. A
function K(z,w) defined on € x Q is called a reproducing kernel of H
if for each w € 2 and for all f € H

f(w) = (f()v K('>w))H-

It is easily seen that

K(z,w) = K(w, 2).
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Let E C () be a compact with positive probability measure u. Sup-
pose that T'f := f|g is a bounded linear operator from H to C(E).

Theorem 2. Let H and E be as above. Assume that ©q, s, ... 1S a
complete orthonormal basis for H and X, is any r-dimensional subspace
of C(E) such that X, L H in Ly(E,p). If p1,09,... is an orthogo-
nal system in Lo(E, ) and \; = H(,OJHLQ (5, form a non-increasing
sequence, then

> A <dV(BH + X,,C(E)) = An4r(BH + X, C(E))

j=N+1

<sup, | Y lei(2)]?

zelR J=N+1

Proof. Put Ty f := fip. Let us consider T as an operator from H into
Ly(E, ). For all g € Ly(E, ) we have

(Tog)(w) = ((Tog) (), K(w)y = (9(), ToK (- w)) .
:/Eg(z)szd,u /sz ) dp(z).
Thus the eigenvalue-eigenfunction problem
ToTof = Af

takes the form
2) L@wawummazxﬂm.

Since @1, @9, ... is a complete orthonormal basis for H the representa-

tion
w) = ¢i(=)es(w)

holds. In view of the orthogonality of the system 1, ¢a,...1in Lo(E, p)
we have

[ K, 2)ei(:) dute) = A ).

Thus A; is an eigenvalue and ¢; is an eigenfunction for Eg. (2). Now
the theorem follows from Corollary 1. U

2. N-WiIpTHs OF HR}(B,) AND ARL(B,)
Set N, :== S ("**71). Note that N,, = dimP"_,, where P7 is

n—1
the space of n-variable polynomials of degree m or less.
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Theorem 3.
(i) Forall0<p<1landallm>r>0

dm (HR5(B,),C(S,)) = ANm (HR3(Bx), C(Sy))
m—r+s))2(n+m—1+s) ,, 1/2
( 'Z (m+ 9)1 g > |

(ii) Forall0<p<landallm>r>1

A" (AR(Bn),C(S,)) = An,, (ARL(B,), C(S,))

I ((m—r+s))n+m+s) ,, 1/2
- (n,Z ((m+5)1)? g ) '

(iii) For all

n+m

1/(2m)
s (2)
(3) " (BAy(By), C(S,)) = An,, (BA2(B,), C(S,))
1 n+m+s) . 1/2
=" (n'z( (m—i—s)!)p )

=0

() B (0)7)

Proof. For multiindex a := (a1, ...,q,) and z € C" set
2=tz o=t a, ali=oglag,

D;:=0/0z;, D":=D...Dy.

Denote by Hy the space of holomorphic functions in B, for which
(D*f)(0) =0, |a] = 0,...,r — 1, and R"f € Hs(B,). It is known
(see [2]) that functions from Hs(B,) have finite boundary values al-
most everywhere. Moreover Hy(B,) can be considered as a Hilbert
space with inner product

(f, 9) Ha(By) = /Sf(z)g(z) do(z

Thus H, is a Hilbert space with inner product

<f7 ) . (RTfa R" )Hg (Bn)-
Let f,g € Ho and

= f: ca?®, g(z) = i do 2.

|laf=r |laf=r
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Since monomials are orthogonal in Hy(B,,) and

(n—1)la!
(n—1+|a])!

HZQH%JQ(Bn)

we have

R la|! > (n=1Dla! -
(f9)=2_ (<ra| —r>'> (n— 1+ Ja)l %

la|=r ’
It is easily verified that

Kz w) = i <<|a| —'7“)!)2 (n— 1+.|oz‘|)!waza

laf=r

is the reproducing kernel of H,.

Let us consider the space Ls(S,,0,), where o, is the probability
measure on S,, which is invariant with respect to the orthogonal group
O(2n). Set for |a| > r

ou(z) = 121 = 1) <<n ~1+ ra|>!)”2

laf! (n—1)lal

The functions ¢, (z) form a complete orthonormal basis for #,. More-
over these functions are orthogonal in Ls(S,,0,) and

19ll2, 5,0 = / () doy(z) = / (0u(pE) P dor(€)

The number of different monomials z* with |a| = s is equal to ("/*]").

As HRL(B,,) = BHo + P, Ho L P, in Lo(S,,0,), and dim P, = N,,
we have by Theorem 2

S ()

0 (HRY(BL). C(S,) = A, (HRY(B.).C(5,)

a5 () )

25 Njafm

Using the equation

s!
Z = ‘2204‘ _ |Z|28,
o

laf=s
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we obtain

A" (HRy(Bn), C(Sp)) = A, (HRy(Bn), C(S)))

)
((s ;)!)2 (n:iz 1)[)23)1/2
:pm(( ! f:<<m—r+s>!>2><n+m_1+5>!p25)1/2.

n—1)! ((m+ s)!)3

S=

3

To prove (ii) and (iii) we consider the space Ay of holomorphic
functions in B, for which (D*f)(0) = 0, |a] = 0,...,7 — 1, and
R"f € As(B,). Ay is a Hilbert space with inner product

(f,9) =R [, R @) axsy = | Rf(2)R7g(z) dv(2).

B

Analogous to the previous case, we can show that the functions

va(z) =y 2

form a complete orthonormal basis for Ay in Ls(S,, 0,). Furthermore

ntlal (ol =nN\° 4
() sy = ( el = Ay

n la|!

Let » > 1 and s > r. Then

1-7)\° ? 1
(n+s+1) s < (n+s+1) i < ntst s < n+s.
s+1 s+1 s+1

Thus

)\s—f—l =

n+s+1[(s+1—r)\> 2s+1) o S (s =N\ .,
n (s+1)! P ~ n s! P
= As.
If r = 0 (in this case AR}(B,,) = BAy(B,)), then {),} is not in general
a non-increasing sequence. But if ((n+m)/n)p*™ < 1 then for all s > m

and all ¢ < m, A\, > A;. Now (ii) and the first two equations of (3)
follow from Theorem 2 in the same way as in the case of (i). Denote

by
L (n+m+s o
O, (m, p) = Z( . )p2 -

s=0
It easily verified that

om0 = i () B 1 (1)

S=

So (iii) is proved. O
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Remark. The referee informed me that in the case n = 1 the exact
values of N-widths of the Bergman classes were obtained in [8].

For n = 1 the class HR}(By) coincides with the class BH}, defined as
the set of all holomorphic functions in B for which f")(z) € BHy(B,).
The set of all holomorphic functions in By, for which ) (z) € BAy(B;)
wc denote by BAL. If r > 1 the classes BA] and ARL(B,) are different.
Nevertheless the method of Theorem 2 can be applied. Thus we obtain
the following result.

Theorem 4. Let 0 < p < 1. Then:
(i) for all N >r >0

d" (BH3,C(S,)) = \v (BH;, C(S,))
B = —r+s)! 2 9% 1/2'
(S Camr) )
(ii) for all N >r>1

N (N =7+’ 2 )2
(3 () o)

s=0

3. THE N-WIDTHS FOR HARDY AND BERGMAN CLASSES IN
PorLyDiIscs

Set
Ut ={zeC":|zn|<1,... ]z <1},
TV ={ze€C":|zn|=1,..., ]z =1},
T ={z€C": |a|l=p1,..., |zl =pn },

where p = (p1,...,p,) and 0 < p; < 1, j=1,...,n. Denote by Ho(U™)
the set of all holomorphic functions in U™ for which

1/2
Il i= sup ([ 150202 dnc)) <o,

0<r<1

where 1(2) is the normalized Lebesgue measure in 7. We shall denote
by As(U™) the set of all holomorphic functions in U” for which

1/2
s = ([ R @) <o

where w(z) is the normalized Lebesgue measure in U™. The spaces
Hy(U™) and Ay(U™) are Hilbert spaces with the reproducing kernels

(1-21@1)_1...(1—,2”@”)_1, H:HQ<Un),

(1— 20) 2. (1 — 2,w,)"2, H = Ay(U)

Ky(z,w) := {
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(the details can be found in [9]).

Theorem 5. Let p = (p1,...,pn), 0 < p; <1.

(i) Assume that oV, ... a™) are the N largest terms of the se-
quence {p**}. Then

(4) d¥ (BH,(U"),C(T})) = Ay (BHy(U™),C(T}))

= ((1 =) (=) ép”’””)

N)

1/2

(ii) Assume that oM, ... o™) are the N largest terms of the se-
quence {ko,p**}, where kq := (a; +1)... (o, +1). Then

AN (BA,(U™), C(T)) = Ax (BA(U™), C(TT))

P
= ((1 -7 (1=p})” Z NSV )

Proof. Let us prove (i). The monomials z* form a complete orthonor-
mal basis in Hy(U"). They are also an orthogonal system in Lo(T7', 11,,),
where pi, is the normalized Lebesgue measure in T7'. Moreover

1/2

E

and for z € T, |2*| = p**. From Theorem 2 we have

dV (BHy(U™),C(T)) = Ay (BHo(U™), C(T?) (me) :

agT
where 7 := {aM, ... o™}, Now (i) follows from the representation
(I=p) o (=p2) =D p™
|o|>0
Using the representation
(5) L=pD) 2 (1=p2) 2= kap™
|o|>0
a similar argument proves (ii). O
We can obtain a more precise result in the case p; = ... = p,.

Theorem 6. Let py=...=p,=p and 0 < p < 1. Then:
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(i) for Njpo1 < N < Ny,
d¥ (BHy(U™),C(T}))) = An (BH(U™), C(T})))
:Pm_l(Nm—NJr (n+m_ 1)(1 -

n—1

n—1 s 1/2
( 1) n—1 2(s+1) .
8 Z 1+ s/m P ’

5=0
(i) forn > 2 and

(6) 0<p<mm/n+1)"?

d¥ (BAL(U™),C(T1)) = Ay (BAL(U™), C(T2))
m _ 2n—=1 1y N — 1/2
- <1—pp2>n<(2n2;n—%1 1) Z 1(+3m(2 s 1>p28> |

Proof. The sequence p2|a‘ is a non-increasing sequence for |a| — oo.

The number of different multiindexes o with |a| = s is equal to ("*]")

By (4) we have for N,,_; < N < N,

d (BH(U™), C(T})) = Ay (BHy(U™), C(T}))

P P

m—2 1/2
n+s—1 m—
:< - ( ) 2 (N = Np_q)p™ 1>>
n—1

S=

:<(N B m1)+z<n+s—1> 28)1/2.

Now (i) follows from equations

i(wrs—l) Zszpmi(wr:jf_l)p%

s=m s=0

= p*"®,_1(m, p)

n—1
_ +m—1 (=1 (n—1
— ,2m 1— 2n-n [T 25.
To prove (ii) we will first prove that if the condition (6) holds, then
for all |5] > m and all |a] <m
(7) /{76,02|ﬁ| < kgp?lel,

In view of the monotone decreasing property of y(z) := z(x/n+1)™"
for x > 2 and n > 2 we have

p* < max{y(1),y(2)} < 1/2.
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Consequently for all s > 1
(5 4+ 1)p% < sp22,

Thus for each |3| > m choosing any §; > 1 we will have
k‘gpQ"B' < kﬁ,pQIB’I’

where 5" = (fy,...,8; —1,...,3,). Continuing this process we will
find 5* with |3*| = m for which

kgp®?! < kg1 < (m/n+ 1)"p*

On the other hand, if |o| < m then in view of the monotone decreasing
of the sequence {sp?*72}5° and by (6) we obtain

kap®®l > (Jaf + 1)p%° > mp?™=2 > (m/n + 1)"p*™.

So (7) is proved.
From Theorem 5 it follows that

P
m— 1/2
_ ((1_p2) 2n k p2a|) d
|ar|=0
By (5)
2n+s—1
- (00)
Therefore
= /(o2n+s—1 = (on+s+m—1
d2: 23: 2m 2s
:Zm( o — 1 )p P ;}( o — 1 )p
= pT" Py, _1(m, p)
2n—1
onf2n+m—1 (1) [2n—1
— 2m 1 — 2\—2n 25.
L= 2n —1 ;1+s/m s )

0

4. N-WIDTHS OF HOLOMORPHIC FUNCTIONS OF ONE VARIABLE

Denote by H., the space of holomorphic functions in Ag

“+o00

f(z) = Z asz®

S§=—00
which satisfy the condition
+00

Z vslas]? < oo,

S§=—00
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where {v;} is a sequence of non-negative numbers such that
liminfs ,+o %1/|s| > R% Set I':= {s:v, =0} and r := card .
The space

“+oo
HS::{f(z): Z aszSGHV:aj:O,jGF}

S§=—00

is a Hilbert space with inner product

+o0
(fa g) = Z P)/sasl_)sy

where
“+o0o +00
f2)= D az®, glz)= > b2".
Moreover the space HS has the reproducing kernel
K(z,w) := Z%—lzsms.
s¢l’

Set BH., := BHY + P,, where P, := {3}, a,z"}. This convenient
form for generalization of certain classes in the case of the unit disk
was proposed by Fisher and Micchelli [10].

For 1 < p < Rand k > r set ox(p) := {s1,...,Sk—r} NI, where
{s1,...,8k_r} are the k — r largest terms of the sequence

{ _1p2s+p—2s}
e E A
s¢l

Theorem 7. Assume that for all s € N v, = ~_,.
(i) If N> (r+1)/2 and 0 € oan_1(p), then

d2N_1 (BH’Y’ C(Ap)) = >\2N—1 (BH,Y, C(Ap))

= ’}/S —2 .

s¢oan-1(p)

(ii)) If N > r/2 and 0 ¢ oon(p), then
d*N (BH,,C(A,)) = Xan (BH,,C(A,))
2s —2s\ 1/2
ap”+p
(e 3 )
s¢oan(p) 2

Proof. Let us prove (i). The functions

g05<2) = 7;1/2287 S ¢ L,
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form a complete orthonormal basis for HY). Denote by Ly(9A,) a
Hilbert space of functions defined on the boundary of A, with inner
product

)= g [ [Foe e + ()5l o,

4
It is easily seen that ¢, form an orthogonal system in L,(0A,) and
25 —2s
apT+p
lulltson,y =7 el

From Theorem 2 follows

2s —2s\ 1/2
P Ep _
(X ) @m0,

s¢oan—1(p)

1 1/2
= AaN_1 (BH,),,C<AP)) < sup <§ Z V;1<|Z|S + |Z|s>>

2€08, s¢oan—_1(p)

s —2s\ 1/2
_( Z _102+02)/
— 78 —2 .

s¢oan—1(p)

Part (ii) is proved in a similar way. O
For p = 1 the analogous application of Theorem 2 gives

Theorem 8. For all N > r

1/2
& (BH,C0) =M (.00 = (X 7))
s¢on(1)
Now we consider some examples of the spaces H.,. Denote by Ha(Ag)
the class of holomorphic functions in Ay for which
1/2

1 2 ) ny
s = s (= [ 10 + 17 ) < o
1<p<R \ 3T Jo

Let Ay(Ag) be the class of holomorphic functions in Ag for which

1/2
1 lascan = (/A If(2>|2dn(Z)) < oo,

where 7(z) is normalized Lebesgue measure in Ag. Let us consider
the classes BH5(Ag) and BAL(Ag), which are the sets of holomor-
phic functions in Ag such that £ (z) lies in BHy(Ag) and BAy(AR),
respectively.
It can be easily shown that the class BHj5(Ap) coincides with BH,
for RQ(S—T) +R—2(s—r)
2 Y

Y= (s(s —=1)...(s —r+1))?
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and BAL(Ag) coincides with BH.,, where for r > 1

R2(s—r+1) +R—2(s—r+1)
Ye=(s(s=1)...(s —r+2)* (s —r+1)

R2_R2
and for r = 0 (that is for BAy(Ag))
R2(s+1 + R 2(s+1) 4logR
e SR iy =St MRS B Ty

We give some more examples of the classes BH,. Let Hy(Dpy) and
As(Dpy) be the sets of all 2m-periodic holomorphic functions in Dy
which satisfy the conditions

1/2

oy = s (1= [ [+ b+ 15— mf] de) <o

1/2
hason = (g [ [ e+ anty) - <o

respectively. Denote by BH}(Dy) and BA(Dpy) the sets of all 27-
periodic holomorphic functions in Dy for which f)(z) lie in BHy(Djy)
and BAs(Dy), respectively.

To find the linear and Gel’fand N-widths of BH}(Dy) and BAL(Dp)
in the space C(Dy,), 0 < h < H, we use the map z = (1/i)logw. Then
the original problem reduces to the one for BH,, with R = ¢ and the
space C'(A,) with p = ", where

v, = 52" cosh(2sH)
in the case of BH}(Dpy) and

and

1
Vs = ﬁsz’"_l sinh(2sH)
in the case of BAL(Dp).
By Theorems 7 and 8 we obtain the following result.
Theorem 9. Let r > 0.

(i) For all0 < h< H
d*N Y (BH5(Dg),C(Dy)) = Xan—1 (BH5(Dg),C(Dy))

o0

_ (9 Z cosh(2sh) 1/2
B s?" cosh(2sH) ’

s=

d*N "1 (BAY(Dp), C(Dy)) = Aan—1 (BA5(Dpr), C(Dy))

h(2sh) 12
_ o2 cos |
(Z s?r=1sinh(2sH)
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(i) For all H>0
d* (BH}(Dy), C[0,27)) = Aoy (BHS(Dyr), C[0, 27])

1 = 1 2
— 9 .
(NQT cosh(2N H) - Z 52" cosh(2sH)) ’

s=N+1

d*N (BAY(Dy), C[0,27]) = \an (BAL(Dg), C[0, 27])

12 9 () 1 1/2
=H 4 :
(NQ’”l sinh(2N H) * Z s2r—1 sinh(23H)>

s=N-+1
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