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Abstract. We construct optimal methods of recovery of 2π-
periodic functions analytic in a strip and its derivatives at a point
t ∈ [0, 2π), using information about the Fourier coe�cients given
with an error in the uniform norm. The same problem is solved

for the Sobolev space W̃ r
2 .

1. Introduction

Let X and Y be linear spaces over the �eld K = R or C,W ⊂ X and
U ⊂ Y balanced convex sets and I W → Y a linear operator. Denote
by X ′ the set of all linear functionals on X. We consider the problem
of optimal recovery of < x′, x > where x′ ∈ X ′ and x ∈ W , using
information about approximate values of the operator I. A method of
recovery is any function ϕ Y → K. The value

(1) e(x′, I,W,U) := inf
ϕ

sup
x∈W

sup
y∈Y

Ix−y∈U

| < x′, x > −ϕ(y)|

is called the intrinsic error in the recovery problem. Any ϕ0 for which

e(x′, I,W,U) = sup
x∈W

sup
y∈Y

Ix−y∈U

| < x′, x > −ϕ0(y)|

is said to be an optimal method.
Many examples and other settings of optimal recovery problems can

be found in [1]�[6]. It follows from Magaril-Il'yaev and Osipenko [6]
that there is a linear optimal method ϕ0(y) =< y′, y >, y′ ∈ Y ′, and
the following equality

(2) e(x′, I,W,U) = sup
x∈W
Ix∈U

| < x′, x > |
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holds. On the other hand, since U and W are balanced, we have

(3) e(x′, I,W,U) = inf
y′∈Y ′

sup
x∈W
z∈U

| < x′, x > − < y′, Ix− z > |

= inf
y′∈Y ′

(
sup
x∈W
| < x′, x > − < y′, Ix > |+ sup

z∈U
| < y′, z > |

)
.

In this paper, we consider the problem of optimal recovery of 2π-
periodic functions analytic in a strip and its derivatives from the
Hardy�Sobolev and Bergman�Sobolev spaces based on the information
about Fourier coe�cients given with an error in the uniform norm. We
also obtain an optimal method of recovery in the analogous problem

for the Sobolev space W̃ r
2 .

A similar problem for the estimation of functions in the L2-norm was
considered in Melkman and Micchelli [4]. The case when the l2-norm
is used to measure the error in the Fourier coe�cients was analyzed
by Micchelli and Rivlin [1]. In Boyanov [7] the problem of optimal

recovery of periodic functions from the Sobolev space W̃ r
q , 1 ≤ q ≤ ∞,

was solved for the case when the Fourier coe�cients are known exactly.

2. Optimal recovery in Hilbert spaces from inaccurate

Fourier coefficients

Let X be a Hilbert space and e1, e2, . . . a complete orthonormal sys-
tem in X. For x ∈ X denote by xj := (x, ej) the Fourier coe�cients
of x. Consider the problem (1) for W = BX := {x ∈ X : ‖x‖ ≤ 1 },
< x′, x >= (x, f), f ∈ X, |fj| > 0, j = 1, 2, . . ., Ix = (x1, . . . , xn) and

U = { y = (y1, . . . , yn) : |yj| ≤ δj, j = 1, . . . , n }.
Thus we consider the problem of optimal recovery of the linear func-
tional (x, f) from approximate Fourier coe�cients (x̃1, . . . , x̃n) such
that

|xj − x̃j| ≤ δj, j = 1, . . . , n.

In this case the intrinsic error will be denoted by e(f, I, BX, δ).
For a ∈ R put

a+ :=

{
a, a > 0,

0, a ≤ 0.

Theorem 1. Let λ ∈ (0, ‖f‖] be a solution of the equation

(4) ‖f‖2 −
n∑
j=1

(
|fj|2 − λ2δ2j

)
+
− λ2 = 0.

Then

(5) (x, f) ≈
n∑
j=1

(
1− λδj|fj|−1

)
+
f jx̃j
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is an optimal method of recovery and

e(f, I, BX, δ) = λ+
n∑
j=1

δj (|fj| − λδj)+ .

Proof. First we show that the equation (4) has a solution λ ∈ (0, ‖f‖].
Denote by ϕ(λ) the function on the left hand side of (4). This function
is continuous for all λ ≥ 0. Moreover,

ϕ(0) = ‖f‖2 −
n∑
j=1

|fj|2 > 0.

Since ϕ(‖f‖) < 0, there exists a λ ∈ (0, ‖f‖] which is a solution of (4).
For such λ consider the method (5). In view of (3) we have

e(f, I, BX, δ) ≤ sup
x∈BX

∣∣∣∣∣(x, f)−
n∑
j=1

(
1− λδj|fj|−1

)
+
f jxj

∣∣∣∣∣
+

n∑
j=1

δj|fj|
(
1− λδj|fj|−1

)
+

= sup
x∈BX

(x, fλ) +
n∑
j=1

δj (|fj| − λδj)+

where

(fλ)j =

{
fj, j ≥ n+ 1,

fj − fj (1− λδj|fj|−1)+ , 1 ≤ j ≤ n.

It can be easily shown that

‖fλ‖2 = ‖f‖2 −
n∑
j=1

(
|fj|2 − λ2δ2j

)
+

= λ2.

Consequently

e(f, I, BX, δ) ≤ λ+
n∑
j=1

δj (|fj| − λδj)+ .

Put

x0 :=
fλ
‖fλ‖

= λ−1fλ.

Let 1 ≤ j ≤ n. If 1− λδj|fj|−1 > 0 then

|(x0)j| = λ−1|(fλ)j| = δj.

If 1− λδj|fj|−1 ≤ 0 then

|(x0)j| = λ−1|fj| ≤ δj.



4 K. YU. OSIPENKO

Thus Ix0 ∈ U . Using (2) we obtain

e(f, I, BX, δ) ≥ |(x0, f)| = λ−1

(
‖f‖2 −

n∑
j=1

|fj|2
(
1− λδj|fj|−1

)
+

)

= λ−1

(
‖f‖2 −

n∑
j=1

(|fj|+ λδj) (|fj| − λδj)+ + λ

n∑
j=1

δj (|fj| − λδj)+

)

= λ+
n∑
j=1

δj (|fj| − λδj)+ .

This completes the proof of the theorem. �

Now let δj = δλj, λj > 0, j = 1, . . . , n, and δ ≥ 0.

Theorem 2. Suppose that

|f1|λ−11 ≥ . . . ≥ |fn|λ−1n .

Set

µk :=

(
k∑
j=1

λ2j + |fk|−2λ2k
∞∑

j=k+1

|fj|2
)−1/2

, k = 1, . . . , n,

µ0 := +∞, µn+1 := 0, and ∆k := [µk+1, µk), k = 0, . . . , n. Then for

δ ∈ ∆k, 0 ≤ k ≤ n, the method

(x, f) ≈
k∑
j=1

1− δ λj
|fj|

√√√√ ∑∞
j=k+1 |fj|2

1− δ2
∑k

j=1 λ
2
j

 f jx̃j

is optimal and

e(f, I, BX, δ) =

√√√√ ∞∑
j=k+1

|fj|2

√√√√1− δ2
k∑
j=1

λ2j + δ
k∑
j=1

λj|fj|.

Proof. The equation (4) now takes the following form

(6) ‖f‖2 −
n∑
j=1

(
|fj|2 − λ2δ2λ2j

)
+
− λ2 = 0.

If δ = 0, then the solution of (6) is evident and the theorem follows
from Theorem 1 immediately. If δ > 0, then (6) is equivalent to the
equation

(7)
c2

‖f‖2 −
∑n

j=1

(
|fj|2 − c2λ2j

)
+

= δ2

where c = λδ. Denote by ϕ(c) the function on the left hand side of
(7). It is easy to show that ϕ(c) is monotonically increasing for c ≥ 0.
Furthermore,

ϕ
(
|fk|λ−1k

)
= µ2

k, k = 1, . . . , n.
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Hence for δ ∈ ∆k, 0 ≤ k ≤ n,

c = δ

√√√√ ∑∞
j=k+1 |fj|2

1− δ2
∑k

j=1 λ
2
j

is the solution of (7). Now the theorem follows from Theorem 1. �

For λ1 = . . . = λn = 1, Theorem 2 was proved in [8] using more
complicated arguments.
Denote by L the linear space of vectors x = (x1, x2, . . .), xj ∈ C,

which satisfy the condition
∞∑
j=1

γj|xj|2 <∞

where γ1 ≥ 0 and γj > 0, j > 1. Let x′ be the linear functional on L
de�ned by the following equality

〈x′, x〉 :=
∞∑
j=1

xjf j

where |fj| > 0, j > 1, and
∞∑
j=2

γ−1j |fj|2 <∞.

Consider the problem of optimal recovery of the functional x′ on the
set BL := {x ∈ L :

∑∞
j=1 γj|xj|2 ≤ 1 } from information (x̃1, . . . , x̃n)

such that

|xj − x̃j| ≤ δλj, λj > 0, j = 1, . . . , n.

Put

m :=

{
1, γ1f1 6= 0,

2, γ1f1 = 0.

Theorem 3. Suppose that

(8)
|fm|
λmγm

≥ . . . ≥ |fn|
λnγn

.

Set

µkm :=

(
k∑

j=m

γjλ
2
j + γ2k|fk|−2λ2k

∞∑
j=k+1

γ−1j |fj|2
)−1/2

, k = m, . . . , n,

µm−1,m := +∞, µn+1,m := 0, and ∆km := [µk+1,m, µkm), k = m −
1, . . . , n. Then for δ ∈ ∆km, m− 1 ≤ k ≤ n, the method

(9) 〈x′, x〉 ≈ (m− 1)f 1x̃1 +
k∑

j=m

νjmf jx̃j,
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where

νjm = 1− δγjλj
|fj|

√√√√ ∑∞
j=k+1 γ

−1
j |fj|2

1− δ2
∑k

j=m γjλ
2
j

,

is optimal and

e(x′, I, BL, δ) =

√√√√ ∞∑
j=k+1

γ−1j |fj|2

√√√√1− δ2
k∑

j=m

γjλ2j + δ

k∑
j=m

λj|fj|.

Proof. Consider the case m = 1. Then L is a Hilbert space with the
inner product

(x, y)L :=
∞∑
j=1

γjxjyj.

The vectors e1, e2, . . .,

(ej)s :=

{
0, s 6= j,

γ
−1/2
j , s = j,

form a complete orthonormal basis in L. The Fourier coe�cients of x
are equal to (x, ej) =

√
γjxj. Now we can use Theorem 2 in which we

have to replace λj and fj by γ
1/2
j λj and γ

−1/2
j fj, respectively.

Suppose that γ1 = 0. Denote by L0 the space of all vectors x ∈ L for
which x1 = 0. The space L0 is a Hilbert space with the inner product

(x, y)L0 :=
∞∑
j=2

γjxjyj.

From Theorem 2 it follows that the method

〈x′, x〉 ≈
k∑
j=2

νjmf jx̃j

is optimal for the set BL0, and

e(x′, I, BL0, δ) =

√√√√ ∞∑
j=k+1

γ−1j |fj|2

√√√√1− δ2
k∑
j=2

γjλ2j + δ
k∑
j=2

λj|fj|.

From (2) we have

(10) e(x′, I, BL, δ) = δλ1|f1|+ e(x′, I, BL0, δ).
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On the other hand, from (3) it follows that for the method (9)

e(x′, I, BL, δ) ≤ sup
x∈BL0

∣∣∣∣∣〈x′, x〉 −
k∑
j=2

νjmf jxj

∣∣∣∣∣+ δλ1|f1|

+ sup
|zj |≤δλj

∣∣∣∣∣
k∑
j=2

νjmf jzj

∣∣∣∣∣ = δλ1|f1|+ e(x′, I, BL0, δ).

In view of (10) the method (9) is optimal for the set BL.
Now assume that f1 = 0. Since from (2)

e(x′, I, BL, δ) = e(x′, I, BL0, δ),

it su�ces to construct an optimal method for the set BL0. It can be
immediately obtained from Theorem 2. The theorem is proved. �

3. Optimal recovery in Hardy�Sobolev and

Bergman�Sobolev spaces

LetW be a shift invariant class of su�ciently smooth and 2π-periodic
functions. Consider the problem of optimal recovery of f (s)(t), t ∈
[0, 2π), f ∈ W , using information about the Fourier coe�cients

ck =
1

2π

∫ 2π

0

f(t)e−ikt dt, |k| ≤ n,

given with error at most δ in the uniform norm, i.e., by c̃k such that

|ck − c̃k| ≤ δ, |k| ≤ n.

Denote by ens(W, δ) the intrinsic error for this problem (from (2) it
follows that it does not depend on t).

Let H̃2,β be the space of all 2π-periodic functions analytic in the strip
Sβ := { z ∈ C : | Im z| < β } which satisfy the condition

‖f‖H̃2,β
:= sup

0≤η<β

(
1

4π

∫ 2π

0

(
|f(t+ iη)|2 + |f(t− iη)|2

)
dt

)1/2

<∞.

The Hardy�Sobolev space H̃r
2,β is the set of all 2π-periodic functions

analytic in the strip Sβ for which f (r) ∈ H̃2,β. Set

BH̃r
2,β :=

{
f ∈ H̃r

2,β : ‖f (r)‖H̃2,β
≤ 1

}
, r = 0, 1, . . . .

Functions from H̃2,β have �nite boundary values almost everywhere

and the space H̃2,β can be considered as a Hilbert space with the inner
product

(f, g)H̃2,β
:=

1

4π

∫ 2π

0

(
f(t+ iβ)g(t+ iβ) + f(t− iβ)g(t− iβ)

)
dt.
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It is easy to verify that the functions ej(z) := eijz, j = 0,±1, . . . form

a complete orthogonal basis in H̃2,β and ‖ej‖2H̃2,β
= cosh 2jβ. Thus

f ∈ BH̃r
2,β i�

f(z) =
+∞∑
j=−∞

cje
ijz

and
+∞∑
j=−∞

|cj|2j2r cosh 2jβ ≤ 1.

For p = {pj}+∞−∞, pj > 0, we introduce the following notation

µkr(p, s) :=

∑
|j|≤k

j2rpj + k4r−2sp2k
∑
|j|>k

j2(s−r)p−1j

−1/2 , 1 ≤ k ≤ n,

µn+1,r(p, s) := 0, µ00(p, s) :=

∑
|j|≥0

p−1j

−1/2 ,
µ0r(p, s) := +∞, r ≥ 1,

∆kr(p, s) :=
[
µk+1,r(p, s), µkr(p, s)

)
, 0 ≤ k ≤ n, r ≥ 0,

∆−1,0(p, s) :=
[
µ00(p, s),+∞

)
.

Using Theorem 3 with f j = (ij)seijt, λj = 1 and γj = j2r cosh 2jβ,
we obtain the following result.

Theorem 4. Let r and s be nonnegative integers such that 0 ≤ s ≤ 2r.
Put pj = cosh 2jβ, j = 0,±1, . . . . For δ ∈ ∆kr(p, s) the method

(11) f (s)(t) ≈
∑
|j|≤k

νjk(p, s, δ)c̃j(ij)
seijt,

where

νjk(p, s, δ) = 1− δ|j|2r−spj

√√√√ ∑
|j|>k j

2(s−r)p−1j

1− δ2
∑
|j|≤k j

2rpj
,

is optimal for the class BH̃r
2,β, and

ens(BH̃
r
2,β, δ) = Ekr(p, s, δ) :=

√∑
|j|>k

j2(s−r)p−1j

√
1− δ2

∑
|j|≤k

j2rpj

+ δ
∑
|j|≤k

|j|s.



OPTIMAL RECOVERY OF PERIODIC FUNCTIONS 9

Denote by Ã2,β the space of all 2π-periodic functions analytic in the
strip Sβ which satisfy the condition

‖f‖Ã2,β
:=

(
1

4πβ

∫ 2π

0

∫ β

−β
|f(t+ iη)|2 dtdη

)1/2

<∞.

The Bergman�Sobolev space Ãr2,β is the set of all 2π-periodic functions

analytic in the strip Sβ for which f (r) ∈ Ã2,β. Set

BÃr2,β :=
{
f ∈ Ãr2,β : ‖f (r)‖Ã2,β

≤ 1
}
, r = 0, 1, . . . .

Consider the problem of optimal recovery of f (s)(t) for the class BÃr2,β.

Ã2,β is a Hilbert space with the inner product

(f, g)Ã2,β
:=

1

4πβ

∫ 2π

0

∫ β

−β
f(t+ iη)g(t+ iη) dtdη.

It can be easily shown that the functions ej(z), j = 0,±1, . . . form a

complete orthogonal basis in Ã2,β and

‖e0‖Ã2,β
= 1, ‖ej‖2Ã2,β

=
sinh 2jβ

2jβ
, j = ±1,±2, . . . .

Therefore f ∈ BÃr2,β i�

f(z) =
+∞∑
j=−∞

cje
ijz

and
+∞∑
j=−∞

|cj|2j2r‖ej‖2Ã2,β
≤ 1.

Analogously to Theorem 4 we have

Theorem 5. Let 0 ≤ s ≤ 2r. Put

p0 = 1, pj =
sinh 2jβ

2jβ
, j = ±1,±2, . . . .

For δ ∈ ∆kr(p, s) the method (11) is an optimal method for the class

BÃr2,β and

ens(BÃ
r
2,β, δ) = Ekr(p, s, δ).

Remark. We need the condition 0 ≤ s ≤ 2r to satisfy (8). For s > 2r

optimal methods of recovery for the classes BH̃r
2,β and BÃr2,β can be

constructed by Theorem 1.
Almost the same arguments as in Theorem 4 and Theorem 5 enable

us to obtain an optimal method of recovery of f (s)(t), 0 ≤ s ≤ r−1, for
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the Sobolev class BW̃ r
2 which is the set of all real-valued 2π-periodic

functions such that f (r−1) is absolutely continuous and

1

2π

∫ 2π

0

|f (r)(t)|2 dt ≤ 1.

Theorem 6. Let 0 ≤ s ≤ r − 1. Put pj = 1, j = 0,±1, . . . . For

δ ∈ ∆kr(p, s) the method (11) is an optimal method for the class BW̃ r
2

and

ens(BW̃
r
2 , δ) = Ekr(p, s, δ).
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