OPTIMAL RECOVERY OF PERIODIC FUNCTIONS
FROM FOURIER COEFFICIENTS GIVEN WITH AN
ERROR

K. YU. OSIPENKO

ABSTRACT. We construct optimal methods of recovery of 2x-
periodic functions analytic in a strip and its derivatives at a point
t € [0,27), using information about the Fourier coefficients given
with an error in the ufnviform norm. The same problem is solved
for the Sobolev space W3 .

1. INTRODUCTION

Let X and Y be linear spaces over the field K = Ror C, W C X and
U C Y balanced convex sets and I W — Y a linear operator. Denote
by X’ the set of all linear functionals on X. We consider the problem
of optimal recovery of < z/,x > where 2/ € X' and z € W, using
information about approximate values of the operator I. A method of
recovery is any function ¢ Y — K. The value

(1) e(z/, I, W,U) :=infsup sup |<z',z>—p(y)
e zeW yeY
Iz—yeU

is called the intrinsic error in the recovery problem. Any ¢, for which

e(x, ,W,U) =sup sup |<a,z>—po(y)
zeW yeY
Iz—ycU

is said to be an optimal method.

Many examples and other settings of optimal recovery problems can
be found in [1]-[6]. It follows from Magaril-I'yaev and Osipenko [6]
that there is a linear optimal method po(y) =< ',y >, ¥ € Y’, and
the following equality

(2) e(@',I,W,U) = sup | <z, > |
frel
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holds. On the other hand, since U and W are balanced, we have

(3) e, ,W,U)= inf sup|<a’,x>—<y [v—2z>|

= inf (sup | <2 ix>—<y lx>|+sup| <y, z> \) .
y' ey’ \zeWw zeU

In this paper, we consider the problem of optimal recovery of 27-
periodic functions analytic in a strip and its derivatives from the
Hardy—Sobolev and Bergman—Sobolev spaces based on the information
about Fourier coefficients given with an error in the uniform norm. We
also obtain an optimal method of recovery in the analogous problem
for the Sobolev space W3

A similar problem for the estimation of functions in the Lo-norm was
considered in Melkman and Micchelli [4]. The case when the [y-norm
is used to measure the error in the Fourier coefficients was analyzed
by Micchelli and Rivlin [1]. In Boyanov [7] the problem of optimal
recovery of periodic functions from the Sobolev space W7, 1 < ¢ < oo,
was solved for the case when the Fourier coefficients are known exactly.

2. OPTIMAL RECOVERY IN HILBERT SPACES FROM INACCURATE
FOURIER COEFFICIENTS

Let X be a Hilbert space and ey, es, ... a complete orthonormal sys-
tem in X. For x € X denote by z; := (z,e;) the Fourier coefficients
of z. Consider the problem (1) for W = BX :={z € X : |z <1},
<z x>=(xf), feX, |fi|>0,j=12,..., [x=(z1,...,2,) and

U={y= W1, un) |y;| <65, 5=1,...,n}.
Thus we consider the problem of optimal recovery of the linear func-

tional (x, f) from approximate Fourier coefficients (z,...,Z,) such
that

|xj—:ij|§5j, jzl,,n
In this case the intrinsic error will be denoted by e(f, I, BX,?).

For a € R put
0 a, a>0,
T 0, a<0.

Theorem 1. Let A € (0, f||] be a solution of the equation

n

(4) Hf||2—Z(|fj|2—k25?)+—k2=0-
Then
(5) (2, /) = Y (L= A& A7), T

J=1
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s an optimal method of recovery and
e(f, 1, BX,6) = A+ Y _6; (Ifil = M),
j=1

Proof. First we show that the equation (4) has a solution A € (0, || f]-
Denote by ¢(A) the function on the left hand side of (4). This function
is continuous for all A > 0. Moreover,

(0) = |LFIF =D 1P > 0.
j=1
Since ¢(||f]) < 0, there exists a A € (0, || f||] which is a solution of (4).

For such A consider the method (5). In view of (3) we have

n

(2, /) =D (A= A& £, Fi

J=1

e(f,1,BX,6) < sup
reBX

n

+D GIA =AY, = Slg;((«%’afA) + ) 0 (1] = A6y,
j=1 re j=1

where

(=37 senth
M= A=Y, 1< <.

It can be easily shown that

n

A2 = A7 =32 (1P = X262), = X2,

j=1
Consequently
e(f>Ia BXv(S) < >\+Z(5J (|f]| - /\5j)+
j=1

Put
1/l

Let 1 <j <n.If1—X§|f;|~' >0 then
[(@0);1 = A7H(£2);] = 05
If1-— /\5j|fj|71 < 0 then

(z0);] = A7 f] <6

AL



4 K. YU. OSIPENKO

Thus Izy € U. Using (2) we obtain

e(fa [7 BX: 5) > |($0,f)| = )‘_1 (||f”2 - Z |fj|2 (1 - >\5j|fj|_1>+>

- <||f||2—2<|fj|+wj><|fg +A26 (Il = )

j=1
:A+Zéj<\fj\ — \d;)
j=1

This completes the proof of the theorem. O
Now let 0; = 0\;, \; >0,5=1,...,n,and ¢ > 0.
Theorem 2. Suppose that
LAY > > [l
Set

—1/2
Hi = (Z)\2+‘fk| 2/\2 Z |fj|2> ) ]{7:1,...,717

j=k+1

fo = 400, fny1 := 0, and Ag := [ts1, k), K = 0,...,n. Then for
0 € Ay, 0 <k <n, the method

_ _ ﬁ Z;.ik+1|fj|2 ey
)= 2 (L0 s e | 7%

J=171
s optimal and

RNk

j=k+1

e(f,I,BX,6) =

k k
1—82% N+6> NSl
j=1 j=1

Proof. The equation (4) now takes the following form

2 252
(6) AP = (1517 = A%62X3), = a* =0,

j=1

If § = 0, then the solution of (6) is evident and the theorem follows
from Theorem 1 immediately. If § > 0, then (6) is equivalent to the
equation

2

c
(7) 7 =0

A2 = 325 (13l = e2X9)

where ¢ = AJ. Denote by ¢(c) the function on the left hand side of
(7). Tt is easy to show that ¢(c) is monotonically increasing for ¢ > 0.
Furthermore,

o (IfelAe') = i, k=1,....n.



OPTIMAL RECOVERY OF PERIODIC FUNCTIONS 5

Hence for 6 € A, 0 < k <n,

_ Z;ikﬂ |fj|2
1—02%% A2
is the solution of (7). Now the theorem follows from Theorem 1. [
For A\ = ... = A\, = 1, Theorem 2 was proved in [8] using more

complicated arguments.
Denote by L the linear space of vectors x = (x1,9,...), x; € C,
which satisfy the condition

o
> ilagl? < oo
j=1

where 74 > 0 and 7; > 0, j > 1. Let 2’ be the linear functional on L
defined by the following equality

() z) = ijfj
j=1

where |f;| >0, j > 1, and
> 3 AP < oo
=2

Consider the problem of optimal recovery of the functional ' on the
set BL := {x € L: 322, vlv;* < 1} from information (Z1,...,%,)
such that

|.Tj—i'j’§5)\j, )\j>0, jzl,,n

Put
]-7 71f1 ?A 07
m =
27 71]01 =0.
Theorem 3. Suppose that
Set
k o —1/2
Him = (Z PYJ')‘? + 'Yl%‘fer)‘i Z VJl‘fJ’P) , k=m,....n,
j=m Jj=k+1
Hm—1m = +00, Hn+1m = 07 and Akm = [/Lk—i—l,muukm); kE=m—

1,...,n. Then for § € Ay, m —1 < k <mn, the method

k
(9) <$/, ‘T> ~ (m - 1)?1‘%1 + Z ij?jjﬁ

j=m
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where

N | e i 1P

ijzl

1s optimal and

00 k k
e/, I,BL,6) = | Y 4 f12 | 1=82) 1r2+0> NIl
j=m j=m

j=k+1

Proof. Consider the case m = 1. Then L is a Hilbert space with the
inner product

(z,y)r = Z VT -
=1

The vectors ey, es, .. .,

form a complete orthonormal basis in L. The Fourier coefficients of x
are equal to (z,¢e;) = \/7;x;. Now we can use Theorem 2 in which we

have to replace A\; and f; by fy;/QAj and fyj_l/zfj, respectively.
Suppose that v; = 0. Denote by Lg the space of all vectors x € L for
which 1 = 0. The space Ly is a Hilbert space with the inner product

(@, Y)ro = Z VY-
j=2

From Theorem 2 it follows that the method

k

is optimal for the set BLg, and

00 k k
e, I,BLo,0) = | Y % If12 | 1= 02> w2 +6 > NSl
j=2 j=2

Jj=k+1
From (2) we have

(10) e(a!,I, BL,8) = 61| f1| + e(a’, I, BLy, 5).
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On the other hand, from (3) it follows that for the method (9)

e(x',I,BL,§) < sup |(z/,x) ZVJWf ;| + 0| fi
x€BLg
+ sup Zyjmf zi| = M| fi] +e(a, I, BLy,9).
|ZJ|<6AJ j= =2

In view of (10) the method (9) is optimal for the set BL.
Now assume that f; = 0. Since from (2)

e(x',I,BL,6) = e(x', I, BLy,0),

it suffices to construct an optimal method for the set BLy. It can be
immediately obtained from Theorem 2. The theorem is proved. U

3. OPTIMAL RECOVERY IN HARDY-SOBOLEV AND
BERGMAN-SOBOLEV SPACES

Let W be a shift invariant class of sufficiently smooth and 27-periodic
functions. Consider the problem of optimal recovery of f®)(t), t €
[0,27), f € W, using information about the Fourier coefficients

1 27 )
o [ st m<n
™ Jo

given with error at most ¢ in the uniform norm, i.e., by ¢, such that
|Ck—51€| Sé, |k’]§n

Denote by e,s(W,d) the intrinsic error for this problem (from (2) it
follows that it does not depend on t).
Let ﬁé,/g be the space of all 2m-periodic functions analytic in the strip
Sg:={z€C:|Imz| <} which satisfy the condition
1/2

G%A%Uﬂrmmﬁ+vﬁ—mW)ﬁ> < o0,

f = sup
17, = s

The Hardy—Sobolev space Egﬂ is the set of all 27-periodic functions
analytic in the strip S for which £ € ﬁw. Set

By, ={ f ey, I/, <1}, r=01,. .

Functions from ﬁw have finite boundary values almost everywhere

and the space Iflw can be considered as a Hilbert space with the inner
product

G, = [ (F+ D)+ fle—iigli—i9)) .
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It is easy to verify that the functions e;(z) := €%, j = 0,%1,... form

a complete orthogonal basis in Hys and |[e;[|% = cosh2j3. Thus
~ z,ﬁ

f € BH; ,; iff

+o0

flz)=> ¢’

j=—00
and
Z |c;]?5%" cosh 253 < 1.
j=—o00

For p = {p;}7%, p; > 0, we introduce the following notation

—1/2
LLjer p, : ijrp] _'_k47“ 2sp2 2]2(3 r) 71 1< k< n,
l71<k 71>k
-1/2
:un-i-l,?“(pa S) = 07 Hoo pa . Z p )

[71>0
por(p, s) == 400, 1> 1,
Apr(p, 8) = [prs1,0 (D, 8), e (D, 8)), 0<k <n, r>0,
A_10(p,s) = [uoo(p, s), +oo).

Using Theorem 3 with f; = (ij)%¢"", X\; = 1 and v; = j*" cosh 23,
we obtain the following result.

Theorem 4. Let r and s be nonnegative integers such that 0 < s < 2r.

Put p; = cosh2jf, j =0,£1,.... For 6 € Ay.(p,s) the method
(11) f(s)(t) ~ Z vik(p, s,0)¢;(ij)%e v

l71<k
where

Z\jbk j2(s—7")pj—1

ij’<pa 8,5) =1- 5|j|2r_spj 1 — §2 ZI | j2rp4’
Jjl<k J

s optimal for the class Bﬁgﬁ, and

enS(Bﬁg,ﬂ7 6) Ekr b, s, 5 Z j2(s T)p \/1 — 42 Z j2rpj

7>k 1<k

+6 > il

lil<k
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Denote by sz’g the space of all 2r-periodic functions analytic in the
strip Sz which satisfy the condition

1/2

1 27 B
£z, = (@/ /_ !f(t—l—z‘n)|2dtdn) < o0.

The Bergman—Sobolev space A 5 5 1s the set of all 2m-periodic functions
analytic in the strip Sg for which f € Aw. Set

BA = { ey /O, <1}, r=01..

Consider the problem of optimal recovery of f()(¢) for the class ng,ﬁ
Az g 1s a Hilbert space with the inner product

2 pB
5903, = g [ £+ imiaE i) e

It can be easily shown that the functions e;(z), j = 0,%1,... form a
complete orthogonal basis in A, 5 and
sinh 256

HGOHZQ,B =1, ||(33”A2ﬁ = W, g==x1,£2, ... .

Therefore f € BA 5 g iff

+oo
_ E plJZ
= CJG

j=—o0
and
S el lels, <1
j=—o0
Analogously to Theorem 4 we have
Theorem 5. Let 0 < s < 2r. Put
sinh 253
2jp
For § € Ay (p,s) the method (11) is an optimal method for the class
BA; 5 and

po=1, p;= j=41,42 ... .

ens(BAY 5,0) = By (p, 5,9).

Remark. We need the condition 0 < s < 2r to satisfy (8). For s > 2r

optimal methods of recovery for the classes BHgﬁ and BA 55 can be
constructed by Theorem 1.

Almost the same arguments as in Theorem 4 and Theorem 5 enable
us to obtain an optimal method of recovery of f(*)(¢), 0 < s < r—1, for
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the Sobolev class BW; which is the set of all real-valued 2m-periodic
functions such that f—Y is absolutely continuous and

1 2

— W) dt < 1.

5 | 1R <
Theorem 6. Let 0 < s <r—1. Pultp; =1, 5 =0,%1,.... For

d € Ayr(p, s) the method (11) is an optimal method for the class BW{
and N
ens(BW3,0) = Ex.(p, s, 9).
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