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Abstract

The paper concerns problems of the recovery of linear operators defined on
sets of functions from information of these functions given with stochastic er-
rors. The constructed optimal recovery methods, in general, do not use all the
available information. As a consequence, optimal methods are obtained for re-
covering derivatives of functions from Sobolev classes by the information of their
Fourier transforms given with stochastic errors. A similar problem is considered
for solutions of the heat equation.
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1. Introduction

There are several approaches to recovery problems from inaccurate infor-
mation. One of them concerns the case when the error in the initial data is
deterministic. Quite a lot of works are devoted to this case. The main results
can be found in [8], [9], [10], [11], [13] and the literature cited there.

Another approach is related to the fact that the initial information is con-
sidered to be given with a random error. There are also many papers dedicated
to this topic. The following are the closest to the setting under consideration:
(2], [1], [14], [15], [12], [4]. A distinctive specificity of this paper is that the
information used here is not random vectors, but random functions.

2. General setting

Denote by W the set of functions x(-) € La(R) for which

/ v(t)|x(t)* dt < oo,
R
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where v(-) is continuous and positive almost everywhere. Put

W= {m(-) eW:/Ru(tm(t)Pdtg 1}.

Consider the problem of optimal recovery of the operator Az(-) = p(-)z(-) on
the class W by functions z(-) given with random errors (we assume that p(-)
is continuous and such that A maps W into La(R)). More precisely, for a fixed
0 > 0 and every z(-) € W we consider the set of random functions

Ys(a() = {ye() € La(R) : Mye(-) = (), Dye(-) <4}

We will also assume that the set of these random functions and the correspond-
ing probability measures are such that they allow for a change in integration so
that the equalities are valid

M / p(t)ye (1) dt = / p(OMye(t) dt,  p(t) € Ly(R), (1)

and
M / e (D) dt = / Miye (1) dt. @)

As recovery methods we consider all possible mappings ¢: Lo(R) — Lo(R).
The error of a method m is defined as

1/2

e Wop)=| s M(A2() = () O, )
z()EW
ve()€Ys(2(:))

The problem is to find the error of optimal recovery

E(A,W,0) = e(A, W0, ¢) (3)

inf
@: La(R)— Ly (R)
and a method on which this infimum is attained which is called optimal.
We assume that |u(-)| and v(-) are even functions, |u(t)] > 0 almost ev-
erywhere, and |u(-)|/+/v(-) is a monotonically decreasing function on Ry =

[0, 4+00). Put
5) = V(s) [u(t)] 1),
f( ) B ‘/t|<s < |M(S)| Z/(t) 1) (t) dt. (4)

It is easy to check that f(-) is a monotonically increasing function. Assume that
f(s) = 400 as s — +oo. Then for any § > 0 the equation f(s) = 62 has a
unique solution ts.

Theorem 1. For all § >0

E(A,W,5) = 5(/|t<t |u(t)|2<1 _ v Jults)| > dt)l/Q. (5)




Moreover, the method

o (D Iults)]
go(yg<>><t>—<1 o m>+u(t)ys(t)

is optimal (a4 = max{a,0}).

Proof. 1. The lower bound. Consider the segment [—A, A] C R. Let us divide
A

it on 2N parts by the points z; = :I:jN7 j=0,1,...,N. Set a = (a1,...,a2n),

agj—1, tE€[rj_1,75), j=1,...N,
agn—1, t=A4,

xa(t) = .
a a2j7 te[l'fj,x,j+1)’ ]:1,...7N7
0, lt| > A.
Let 7= (71,...,72n), 1 2 T2 > ... > 7oy >0, and 2,(-) € W. Put

B={z,()eW:a;=+1;, j=1,...,2N}.
It is obvious that B C W. Set
52

= j=1,...,2n.
62_"_7_‘727 .] ) 7”

Dj

Due to the monotony conditions of 7;, we have
O<p1 <...<pa, < 1.

Any z(-) € B can be written in the form
2n
2() =Y si(@)mie;(),
j=1

where s;(z) € {—1,1}, and

e2]'71(') :X[xj,l,xj)(')a 62j(') :X[x,j,x,,url)(')v j=1...,N

(xq(+) is the characteristic function of the set Q).
For each z(-) € B we define the distribution n(x)(-) in the following way:

0, with probability pq,
su@)n e1(+) with probability ps — p1,
1—p1
Z 55(@)75 ej(+), with probability ps — pa,
=1
M) () =
2n—1
Z Mej(% with probability pa, — pan_1,
=
2n
Z Mej(-), with probability 1 — poy,.
=1 b




Thus, we have the following distribution for n(z)(t) if ¢t € [z;_1, x;):

0, with probability pa;_1,
t = i y—
n(x)(t) w, with probability 1 — pa;_1,
1—p2;1
J= ]-7 o) Nv
and if t € [x_j,2_j41):
0, with probability poj,
1) = ) . i=1,...,N.

n(@)(t) Sij(ﬂ, with probability 1 — pa;, J ’ ’

— D2j

Tt is easy to verify that M(n(z)(-))(-) = z(-). Moreover,

52, telA A
]:D) T . t — ) 9 9
(@) ()0 {07 o
Consequently, n(z)(-) € Y5(z(-)) for all z(-) € B.
Let ¢ be an arbitrary recovery method. Taking into account that the set B
is finite (with 22V elements), we have

(A, W.8,0) = sup MAz(-) = o(n(@)())O)lIL, @)
z(-)eB

2N+1 j—1 s (2)7e 2
= s (3 - ) da) - (X e ) )| )
z(E€B\ ;5 k=1 P La(R)
1 ! = S () Tk 2
g X (X 0-non8e0) - o( T3 a0)o| )
; Pk
z(-)EB " j=1 k=1 La(R)
1 2Nl =t Sk(l‘)Tk 2
—gy ) 80— o(ZFEEa0)0| o)
j=1 z()eB k=1 Pk La(R)
here pg = 0 and pan41 = 1. Set
By, .5, ={z(-) € B:si(x) = s1,...,55-1(x) = s5_1},
j=1,...,2N +1 (for j =1 this set coincides with B). Then
Pj —Pj—1 < sk () Tk ? bj —Pj-1
TN Z Az() —¢ Z ?ek(‘) () = TN
z(-)EB k=1 Pk La(R)
J—1 SKTE 2
« Y Y |eo-e(TEan)o|
81509851 zEBSl ______ sj—1 k=1 Pk L2(R)



If .’II() € le,“.,sj-,l, then

()= 3 sime) +2@)0), 2@)() = 3 su@)men().
k=1 k=j

Moreover, with every element

j—1
Z skaek(-) + Z(SC)() € le ..... Sj—1
k=1

the set Bs, .. s, , contains the element

ZSkaek( ) — 2(z)(")
k=1
Thus,
Pj —Pj-1 Z Z ‘Ax()—go(jz:l SKTh ( > 2
22N 1=px La(R)

81,-8j—1 TEBsy . s

:% 3 H <z:1sk7'kek(-)+z(x)(-)>

S1,-0,85—1 IEB ..... s

J—
SETk
-
( 11 —pk
j—1

0)o]
:f% 3 HA(Zsmek )—l—Az(x)(-)
0)o]

L2 (R)

81005851 ”c»’;'Bgl ______ =1

J—
SKTk
—p
< 1 - Pk

Y 3 (HA(Zskmek())+Az(;z:)(-)

81,..,8j—1 TEBg,

e Sg—

j—1

“(Z o),

2 seme ’
- @(Z 1—pg ek(')) ©) Lz(]R))
SISEE> > @O,

S1yeens sj—1 zEB

2

S15-00s Sj—1

Pj—-1
221\7] Z [Az(z ||L2(]R) —Dj-1 Zukﬂm
zeB



where
zj ) T_j+1 )
paor= [ 0Pt = [ P G=1 .
Tj—-1 T—j

Substituting this estimate into (6), we get

2N+1

2N
62(A7VV7[767 (p) > Z (pj _pjfl)ZMleg
Jj=1 k=j
2N

2N 2N (52
_Z<pjz,u,k7'k p] Z ,UJ{TE) :ijp,j’rjz :Zmuj’r?.
J=1 j=1 Jj=1 J

k=j+1
Since the method ¢ was chosen arbitrarily, we have
, 2N 5
E“(AW,1,6) > sup 252+7'2'uj]

71>...>27aNn >0
zr()EW

The condition z,(-) € W means that

RO Zu]

where
Tj T—j+1
V2j—1 :/ V(t)dt, Va; = / l/(t) dt, j = 1,...,N.
Tj—1 T—j
Hence,
E2(ANW, 1,6 su
( ) T >7P2N>0252+7—2’uj i

2N
=1 ViT; <1

Let 7= (71,...,7%,0,...,0), 1 <k <2N, 71 > ... >71; >0, and

k
Z 1/37'2 <1
=1

For sufficiently small € > 0 we put 7. = (71(¢), ..., Ten(€)) where
2 _ 1<j<k
FORE S
C\/e, k+1 < 2N,
and 12
k
= ( > =1V )
= 2N
D imkt1Yi



Then
k k
ZVJ Z VT —SZV]+C2 Z v; = ZVjTngl
Jj=1 j=k+1 j=1

For ¢ < 72/(1 + C?) we have

\/JTE—€e>Cye.

Consequently, for such ¢
7'1(6) > ... > TQN(€) > 0.

It follows from (7) that

2N 2
A, > ——— i (e).
E*(A, W, 1,9) ;5”7()%5(5)

Passing to the limit as ¢ — 0, we obtain

Thus,

E2(AW, 1,6 s 8
( ) T E%N>OZ§2+T2MJ g ( )

2N
=1V ]<1

Let the piecewise continuous function z(-) be such that |z(-)| is an even
function monotonically decreasing on R, and

/Ru(t)|:c(t)\2dt <1 (9)

Consider the integral

_ 52 2 T 2
I= | FErmEOP R .

Let us fix € > 0 and find A > 0 such that

A 62 2 2
L- / TR OP P> 1 e (10)

X

It is obvious that

A
I = /_A V()] (t))? dt < 1.



We will approximate these integrals by integral sums over partitions of T,

representing segments [x;_1,2;], [x—j,2_j41], j =1,..., N, and points to; 1 =
25 —1 2 —1 .
W, Qszw,j:].,,2N

For any ¢, > 0, there is such a N7 that for all N > Ny
2N
1 52
N sl > I - e, ()
=1 J
where 7; = |z(t;)|. Moreover, there is such a Ny that for all N > Ny for some

w > 0 the inequality
12N

i Zu(tj)rjz <l-w

j=1
holds.

By the mean value theorem for integrals, there are &; such that &;_; €
[mjflv‘rj]a §2j € [x*jvx*jJrl]a Jj= ]-a"'vNa and Hj = |M(£j)|2/N USing the
same arguments we obtain that there are n; such that 91 € [zj_1,2;], 72; €
[®_j,x_;j41],7=1,...,N,and v; = v(n;)/N. Due to the uniform continuity of
the functions |u(+)| and v(-) on the segment [—A, A] for any 3 > 0, there is N3
such that for all s1,s9 € [-A, 4], |s1 — s2| < 1/N3, inequalities

lu(s)? = lu(s2) "l <22, [v(s1) — v(s2)] < e (12)

hold.
Put
M = vraisup |z(t)|?
te[0,1]
(due to the monotonous decrease of |z(-)| on Ry, instead of the segment [0, 1],
we may take any segment [0,b], b > 0). Choose €2 < w/(2M). Let N >
max{Ni, Ng, N3}. Then v; = v(n;)/N < v(t;)/N + e2/N. Consequently,

2N L 1 2N
St < £ S0t vert < L Su e <1 oy
=1 =1 5=l

It follows from (12) that pu; = |p(&;)*/N > |u(t;)|*/N — e2/N. Therefore,

2N 52 ) 1 2N 52 , )
;mﬂj'ﬁ > N;mﬂu(tj)‘ —52)7—j

1 52
2 2
> N;mm(tj” 7; — 2Mes.



Taking into account (13), (11), and (10), it follows from (7) that

2N 52 1 2N 52
2 2 2,2
lfMJKL&ZE:E:?WﬂjZNE:ﬁ:;ﬂMQNQAQM@
J=1 J j=1 J
211—61_2M€221_E_€1_2M€2.

Due to the fact that €, €1 and €5 can be chosen arbitrarily small, we get

52
N T s AU
z(-)eWp
Jov@®)|z(t)|? dt<1

where W is the set of piecewise continuous functions z(-) such that |z(-)| is an
even function monotonically decreasing on R .

We show that the strict inequality on the right side of (14) can be replaced
by a non-strict one. Let z(-) € Wy and

/y@uwﬁﬁ:L
R

Consider the function y(-) = (1 4+ &)~/2x(-), ¢ > 0. Then it follows from (14)
that

1 52
E2(AW.1,6) > / ZIHOP ) dr.

“1+¢ 52+ |z (t)
1+¢

Since

1 1

2 2 2 27
5+ lz(®)> — 62 + [z(?)]

1+¢

we have

1 52
E*(A\W,1,6) > 6|z (t)|? dt.
(WL > 1 [ ) Ple)
Passing ¢ to zero, we get

2

P15 > [ (O a(o) .

02 + |x(¢)
Thus,

52
PO Loz s / e OE IR G D
x(-)eWo
Jo vz dt<1

2. The upper bound. Let us find the error of the methods having the form

Pye () () = al)u(-)ye(-)-



Put z¢(-) = ye(-) — z(-). Then Mz¢(-) = 0, Dz¢(-) < §%. We have

EAW 150 = s M([A() ~ e () OEaw)
z()EW
ye()EYs(x())

= s M(JA20) — e(@()0) — @l O )

z()EW
ye (1) EYs(2(+))

= Lo (lle(') = o@D Lo@) + MUz ()OI, w)
v (IEYs (2()

—2MRe(p(z¢(-))(-), Az(-) = w(x(~))('))) ;

here (-,-) is the standard scalar product in Lo(R). It follows from the form of
o that

M Re(i(z¢(4))(), Az(-) = o(2()())
= ReM (a()u()2¢(), Aa() = p(=()() )
= Re (a( ) )Mz (), Aa() — 2(#()()) = 0.

Due to the fact that M(|z¢(+)[?) = D(ye(+)), we have

(AW, 1,0,0) = sup </ u(@)?[1 = a(t)Pla(t)]* dt
z(-)EW R
ye()EYs(2(1))

+ [ IOPlaFDs0) ) = sup [ o)l = awPleto
+62/ () ee(t)|? dt
R

Since
/mezu— DI2[(t)? di = /'“ (1) (b)) dt
()P >
< 1—at))),
_vr?é%up< o) 11— a(t)]
we obtain

2
(AW, 1,6.) <vr3€i%up("“‘y(g)' |1—a<t>|2) +8 [ Iu®Pla(o) a.

it (1 VO )
WO Vilts) )

Put

10



Due to the monotonous decreasing of the function |u(-)|/\/v(-) we get

: lu(t)]? 2) |u(ts)|?
1—aft = .
iy (L1 o) = L0
Consequently,
|u(ts) |

(AW, 1,6, ) < 2221
( = )

2 2 v(t)
o /| (t) (1 0] \/olts)
2 2 v(t) |u(ts)| v(t) |u(ts)]
”/M'”“)' <( 0] W(tg) m(t) )
u(t) Iu(t5)|2>dt o (1 S <t5>|>dt

() v(ts) \t|<t5

|t
)] (|u(t6))<1+52/t<t5 dt) /% )|th>.

v(ts) \/v(ts
It follows from the definition of ¢s5 that

|(ts)] (1 yr /tlgts 0 dt) _ 52 /tlgté |,u(t)|mdt —0.

v(ts)

Thus,

) 2 2 —
e(A,WI,@@)S‘;/lt%'“(t)' (1 O] /v (ts)

Consider the function

Tt is obvious that Z(-) € Wy. Moreover,

/Ry(t)@(t)th = 52 mé (
(1

Taking into account (16), it follows from

5) t hat

PO 2 [ PP

e o 7D lults)]
=9 /. (0 (1 0] m) o

> e2(N, W, 1,6,0) > E*>(A,W,1,6).

This implies (5) and the optimality of the method ¢. O

Now we consider some examples of the application of Theorem 1.

11



3. Recovery of functions and their derivatives from the Fourier trans-
form given with random error

Denote by Wi (R) the set of functions x(-) € Ly(R) for which z("=1(.) is
locally absolutely continuous and z(")(-) € Ly(R). Put
Wi (R) = {z() e Wi(R) : e ()l e < 1}

Suppose that the Fourier transform Fz(-) of the function z(-) € W3 (R) is given
with a random error. We assume that instead of the function Fz(-) we know a
random function ye(-) € La(R) such that My (-) = Fz(-) and Dye(-) < 6. Using
this information, it is required to recover the function z*)(-), 0 < k < r, in the
Ly (R)-metric.

The exact setting of the problem is as follows. For every z(-) € W3 (R) we
consider the set of random functions

Ys(x()) = {we() € La(R) : Mye () = Fz(:), Dye(-) <6} (17)

This set requires additional conditions given in the general setting (the validity
of the equalities (1) and (2)). Next, we define the error of the recovery method
@: La(R) — La(R) as follows

1/2

(D", WER),6,0) = [ sup M (2™)() = plue(D Ol x))
z(-)eW; (R)
ye()€Ys(2(4))

The problem is to find the error of optimal recovery

E(DF, WI(R),6) = inf D* WI(R),s,
( 5 (R),6) @:LQ(%%Q(R)e( 5 (R), 0, )

and a method on which this infimum is attained.
It follows from the Parseval equality that

o) = 3= [ WP .
I#96) = e DO ey = 3= [ 08P (O = PotucDOF dr

Thus, the problem is reduced to problem (3) with v(t) = t>" and u(t) = (it)*.
The function f(-) which was defined by (4), has the form

f(s)—/ (ST_k —1) 2" dt = 25271 r—k
~ Jj<s \t7F B 2r+D)(r+k+1)

The equation f(s) = §~2 has the unique solution

(@) k)T
t5_< 202(r — k) ) ‘

It follows from Theorem 1

12



Theorem 2. For alld >0 and 0 <k <r

E(Dkv W;(R)’ 5) =

(2r +1)70 [ ¢k \ %D
V2k+1 r+k+1 '

Moreover, the method

Plye()(t) = F~1 (@) a(t)ye (1) (¢),

B . 282(r — k) \FT
O‘(t)_<1_t k((2r+1)(r+k+1)> >+’

Note that the optimal recovery method does not use all the information
about random functions ye(-), but only the information contained in the seg-
ment [—ts,t5]. Moreover, the more accurate the measurements (the smaller the
variance §2), the larger this segment becomes.

The deterministic case of this problem was considered in [5] (see also [7]).

where

s optimal.

4. Recovery of the solution of the heat equation

The temperature distribution in an infinite rod is described by the equation

ou  O%u

ot o2’
where u(+,-) is the function on [0,00) x R) with a given initial temperature
distribution

Consider the problem of recovering the temperature distribution at an in-
stant of time 7' from information about the Fourier transform of the initial
temperature distribution ug(+), given with a random error. We assume that the
functions ug(-), given the initial temperature distribution, belong to the class
W3 (R). We are again considering a set of random functions similar to the set
of (17)

Ys(uo(-)) = {9e(") € La(R) : Mye () = Fuo(-), Dye() <0}

with the same additional conditions regarding the change in the order of in-
tegration. We define the error of the recovery method ¢: Ly(R) — Lo(R) as
follows

1/2

(T WER),60) = | s M (JulT,) ~ olue( DO )
ug () EWS (R)
ye()€Ys (uo(4))

13



The problem is to find the error of optimal recovery

E(T, W3 (R),d) = inf T,Wi(R),0
( 7W2( )7 ) w:Lz(]g)laLz(R)e( 7W2( )v a@)

and a method on which this infimum is attained.
It is well known (see, for example, [3]) that for all ¢ > 0 the equality

Fu(t, ))(A) = e Fug(X)
holds. It follows from the Parseval equality that

(T, ) = oy (D)L = /\6 YT Fug(A) = (e () (V) dA.

Thus, the problem is reduced to problem (3) with v(t) = 2" and u(t) = e=*'T.
The function f(-) which was defined by (4), has the form

2
s"es T s s2r+1
f(s) = / —— — 1 2 dt = 25T682T/ treftQT dt — .
[t|<s tret T 0 2r + 1

It is easy to verify that f(s) — 400 as s — 400 (the monotonous increase of
f(-) was noted in the general case). Therefore, the equation f(s) = §=2 has a
unique solution, which we denote by ts.

From Theorem 1 we obtain the following result:

te t2T
at)y=[1- e T
+

—2t2T 12
e a(t) dt

Theorem 3. Put

Then the equality

E(T,W§(R),,5) :5(/t

[<ts

holds. Moreover, the method

_ 42
(D) = F (e Ta(tye®) (1)
s optimal.
The deterministic case of this problem was considered in [6].
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