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Abstract

The paper concerns problems of the recovery of linear operators defined on
sets of functions from information of these functions given with stochastic er-
rors. The constructed optimal recovery methods, in general, do not use all the
available information. As a consequence, optimal methods are obtained for re-
covering derivatives of functions from Sobolev classes by the information of their
Fourier transforms given with stochastic errors. A similar problem is considered
for solutions of the heat equation.
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1. Introduction

There are several approaches to recovery problems from inaccurate infor-
mation. One of them concerns the case when the error in the initial data is
deterministic. Quite a lot of works are devoted to this case. The main results
can be found in [8], [9], [10], [12], [14] and the literature cited there.

Another approach is related to the fact that the initial information is con-
sidered to be given with a random error. There are also many papers dedicated
to this topic. The following are the closest to the setting under consideration:
[11], [2], [1], [15], [16], [13], [4]. A distinctive specificity of this paper is that the
information used here is not random vectors, but random functions. Moreover,
we consider the set of various random functions not only with the Gaussian
noise.

2. General setting

Denote by W the set of functions x(-) € La(R) for which

/u(t)|z(t)|2dt < o0,
R
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where v(-) is continuous and positive almost everywhere. Put

W= {x(-) eW:/Ru(th(t)thg 1}.

Consider the problem of optimal recovery of the operator Az(-) = p(-)x(-) on
the class W by functions z(-) given with random errors (we assume that p(-)
is continuous and such that A maps W into La(R)). More precisely, for a fixed
0 > 0 and every x(-) € W we consider the set of random functions

Ys(@()) = {ve() € La(R) : Mye() = (), Varye() <6 .},

where MLX is the expectation of X and Var X = M|X — MX|? is the variance
of X. We will also assume that the set of these random functions and the
corresponding probability measures are such that they allow for a change in
integration so that the equalities are valid

M / plt)ye (£) dt = / p(OMuye(t) dt, (1) € La(R), 1)

and
M [ P de = [ Mlye(o) ar )

As recovery methods we consider all possible mappings ¢: Lo(R) — L2 (R).
The error of a method ¢ is defined as

1/2

Wi = | s M (JAs) - )OI
z(-)EW
ye (1)€Y (2(+))

The problem is to find the error of optimal recovery

E(A,W,0) o L2<£§iL2<R> e(A, W, 4, ) (3)
and a method on which this infimum is attained which is called optimal.

A similar setting was studied in [11], but there, instead of the set Ys(z(+)), the
set of random functions ye(-) = x(-) +£(-), where £(-) is the Gaussian noise, was
considered. In [11], an optimal method was found among linear methods and
it was shown that it is asymptotically optimal. Note, that even in the simplest
one-dimensional case the optimal method is nonlinear (see [12]). The main
difference of our approach is that by expanding the set of admissible random
functions (not limited to Gaussian noise) we were able to obtain an exact lower
bound (this was the most difficult part of the proof).

We assume that |u(-)| and v(-) are even functions, |u(t)] > 0 almost ev-
erywhere, and |u(-)|/+/V(-) is a monotonically decreasing function on Ry =

[0,4+00). Put
5) = VOO
)_/tl<s < ()] /o(t) 1) (t) dt. @




It is easy to check that f(-) is a monotonically increasing function. Assume that
f(s) = 400 as s — +oco. Then for any § > 0 the equation f(s) = =2 has a
unique solution ts.

Theorem 1. Let |u(-)| and v(-) be even functions, |u(t)] > 0 almost everywhere,
and |u(-)|/+/v(:) is a monotonically decreasing function on Ry. Assume that
f(s) = 400 as s = +oo. Then for all 6 >0

B, W) = o /| . ey (1 - m'&‘%> dt)m, 5)

where ts is the unique solution of the equation f(s) = §~2. Moreover, the method

o (VD Iults)]

is optimal (a4 = max{a,0}).

Proof. 1. The lower bound. Consider the set [-A4,—a]U[a, A CR, 0 <a < A.
Let us divide it on 2N parts by the points £z, j =0,1,..., N, where

i+ A—a
i =a .
J J N
Seta/:(ala"'aQQN)v
a25—1, tG[Ij_l,l'j), ]:13N7
asN-1, t=A4,
Ta(t) = §azj,  tE€[-xj—wj—1), j=1,...,N,
ao, t:_aa
07 t¢ [_Aa —’C\L/]U[a,A]
Let 7= (71,...,Ton), 1 > T2 > ... > Ton >0, and z,(-) € W. Put

B={z.()eW:aj==%7;, j=1,...,2N}.
Set
52

pj:m, .]:1,,27'),

Due to the monotony conditions of 7;, we have

0<p1§...§p2n<1.

Any z(-) € B can be written in the form

x() = Z sj(x)Tie;(+),



where s;(x) € {—1,1}, and

€2-1(") = Xfe;_1,2)()s J=1,...N =1, en(-) = Xjzn_1,2n] (")
62(') = X[fasl,f:ro](')v 62]‘(') - X[fa:j,fa:j,l)(')a Jj=2,...,N

(xa(+) is the characteristic function of the set Q).
For each z(-) € B we define the distribution n(z)(-) in the following way:

0, with probability pq,
su(@)n e1(+) with probability ps — p1,
1—p1
Z 55(@)75 ej(), with probability ps — pa,
=P

M) () =
2n—1
Z mej(), with probability pa, — pan_1,
perit i
2n
Z Mej(), with probability 1 — pa,,.
=t

Thus, we have the following distribution for n(z)(¢) if t € [z,;_1,2,):

0, with probability pa;_1,
t) = i i
n(z)(®) 52j-1\T)T2j -1 1($)T2J 1, with probability 1 — pa;_1,
1—poj1
J = 13 EE] N — ]-7
ift e [I’N_l,l’N]:
0, with probability pan_1,
z)(t) = _ _
n(@)(®) S2N-1\T)T2N -1 1(2)7on 1, with probability 1 — pan_1,
1—pan—1
if t € [—x1, —xo]:
0, with probability ps,
z)(t) =
n(@)(®) M, with probability 1 — po,
1 —po
and if t € [—z;, —x;_1):
0, with probability paj,
n(x)(t) = < s2j(x)72; j=2,...,N,

, with probability 1 — pj,
1 —poj

if t ¢ [—A,—a] U ][a, A]: n(x)(t) = 0.



It is easy to verify that Mn(z)(-) = z(-). Moreover,

527 te [7"4’ 75‘1 U [av A]a

Varn(z)(t) = {0, t¢[-A,—aufa, Al

Let us verify that (1) and (2) hold for n(z)(-). It is sufficient to check the validity
of these equalities for each interval (z;_1,x;), (—x;,—x;-1), j=1,...,N. Let
t € (xj_1,2;). Then for p(-) € Ly(R) we have

z; 0, with probability pa;_1,
[ som@d - [ i,
Ti_1 )

) with probablhty 1-— P2j—1-
- 1 L=p2i

Thus, N N
M(éipmmmwm)—ﬁff@uww

On the other hand,

We have

0, with probability paj_1,

] H2dt =9 [ T3
/m_l n(z) ()] / #2 dt, with probability 1 — pa;_1.
) zo (1= p2j-1)

:Ej a:j 7.24
I\\/[[</ |n(a:)(t)|2dt) :/ 2=l g,
Ti-1 Tj_1 1 — DP2j-1

J

Therefore,

At the same time

Zj :Ej ,7_2_
/ M| (z)(t)|? dt :/ —2=L g
Tj—1 Tj—1 1 _p2]71

J

The proof for the interval (—zj, —x;_1) is completely similar. Consequently,
n(x)(-) satisfies conditions (1) and (2). Thus, n(z)(-) € Ys(x(+)) for all z(-) € B.
Let ¢ be an arbitrary recovery method. Taking into account that the set B



is finite (with 22V elements), we have

(A, W, 8,¢) > (S_I;EBMHAHC(') — @) )ONZ,m

J—1

B EE VoS @Yol
- z(SAI)lgB( ]z_; (pj p371) Az () (p<; 1—pk er( )>( ) Lz(R)>
2N+1 B i1 sk () Tk Y 2
=5y g;(%g( 2, (s =pim)|AsC) w(§ = ))() L2<R>>
2N+1 3 su(2)m 2
221\/ Z —Pj-1 x(%;B Ax(-)—cp(kz_l = ek(-)>(~) LQ(R);

here pg = 0 and pany41 = 1. Set
By, .5, ={x(-) € B:si(x) = s1,...,8j-1(x) = s5-1},
j=1,...,2N + 1 (for j = 1 this set coincides with B). Then

2
_ Pj —DPj-1
- 922N

A () - w(Z % 0) )

el

Lok s

z(-)eB

X Z Z ‘ Az(-) - @(]z: ;ﬁTSk €k(')> ()

8155851 IGle,.._,s- k=1 LQ(R)

L>(R)

2

If l’() € le,...,sj_l, then

j—1
)= Zsm’kek() + 2(x)(+), Zsk x)TRex (-
k=1
Moreover, with every element
j—1
> sitrer() + 2(2)(-) € By, s,
k=1

the set By, ... s,_, contains the element

Z seTher(r) — 2(2) ().



Thus,

s \<z>

22N
S1y--58j—1 TE€EBsy, s

RS VEN S H (Zmek )(-))

922N
8150043851 wEB .....
& s
(S o]
=1 Dk L2(R)
b — P S
i — Pi—1
_nne > HA(ZM% )+Az(r>(-)
S158j—1 TEBsy, .55 4 =1
o s ’
—w(Z ek(')>
Pl b 2 L (R)

YD (HA(Zz_ismem)+Az<x><->

S1,-58j—1 TEBsy 55

_ w(Z 2T )) 0

k=1

7j—1

o () st

& s ’
B ‘P<Z 1—pk ek(')) 0 LQ(R))
e > @0,

81,--,8j—1 TEBs, ..., sj—1

2

Pj—1
DR S IAs@) O e = palZka
rEB

where
—ziy

par= [ WPt gy = [ P =1, .
x 1 —Xy

j—

Substituting this estimate into (6), we get

2N+1 2N
E(NW,0,0)> > (pj—pj—1) > mTi
j=1 k=j
2N 2N 5
2 2
- z(pjzm b > wrd) = oprt =S
j=1 k=j+1 j=1 j=1 J



Since the method ¢ was chosen arbitrarily, we have

2N

52
E2(A7 W, ) > sup Z g 7_2 Wi ]

1> >T2N>0
z-()EW

The condition z.(-) € W means that

JCCENOIEE Zvj

where
Z; —Tj—1
Voj_1 —/ v(t)dt, o :/ v(t)dt, j=1,...,N
Tj—1 —Tj
Hence,
E2(A, W, su
( ) > >7I')2N>OZ(52+T2M] i

2N 1ViT <1

LetT:(Tl,...,Tk,O,...,O),1§]€<2N, T >

k
ZVjsz S 1

j=1
For sufficiently small € > 0 we put 7. = (71(¢), ..., Tan(€)) where
T2 ¢, 1<j<k,
7;(e) = " 7=
Cy/e, k+1<j<2N,
and 12
k
o= > =1V
= 2N
Zj:k—i—l Vj
Then
2N k k 2N k
Zuﬂf(e) = ZVjTjQ — SZVj + C%¢ Z vj = ZVjTjZ <1.
j=1 j=1 j=1 j=k+1 j=1

For e < 72 /(1 + C?) we have

\/TE—€e>Cye.

Consequently, for such ¢

mi(e) > ... > man(e) > 0.

.> 7 >0, and



It follows from (7) that

2N 9

E%(A\,W,8) > Zﬁuﬂf(g).

j=1

Passing to the limit as ¢ — 0, we obtain

k
(A W,0) = Z “J -
Thus,
2N oo
E?(A,W,6) > su T 8
( )_T1> >7P2N>0262+Tj2’uj J ( )
2N 2
j=1YiT; =

Let the piecewise continuous function z(-) be such that |z(-)| is an even
function monotonically decreasing on R, and

AV@M@P&<L (9)

Consider the integral

_ 52 2 T 2
I= | FEmmEOP R .

Let us fix e > 0 and find A > 0, 0 < a < A such that

52
I:/ s o OP 0 dt > T - 10
1 [~A,—auf.a) 6% + |x(t)|2| ()[7 ()] (10)

It is obvious that

I :/ v(t)|z(t)?dt < 1.
[—A,—alula,A]

We will approximate these integrals by integral sums over partitions of T,
representing segments [z;_1, z;], [—2;, —x;-1], j = 1,..., N, and points
A—-a

tgjfl :6+(2j—1)w, tgj:—tgjfl, j=1,...,N.

For any ¢, > 0, there is such a N7 that for all N > Ny

12N 52
2,2
N;mwm 2> I —e, (11)



where 7; = |z(t;)|. Moreover, there is such a Ny that for all N > Ny for some

w > 0 the inequality
2N

% Zu(tj)rf <l—-w
j=1
holds.

By the mean value theorem for integrals, there are &; such that &;_; €
[xj—1,75), &2 € [—xj,—xj-1], 5 = 1,...,N, and p; = |u(&;)|?/N. Using the
same arguments we obtain that there are n; such that n.;_; € [xj,l, acj]7 M2 €
[—zj,—x;j-1), j=1,...,N, and v; = v(n;)/N. Due to the uniform continuity
of the functions |u(-)| and v(-) on the segment [—A, A] for any €5 > 0, there is
N3 such that for all s, s9 € [—A, A], |s1 — s2| < 1/N3, inequalities

lu(s)? = lu(s2) Pl < e, [v(s1) — v(s2)] < e (12)

hold.
Put
M = vraisup |z(t)|?
tela,A]

(due to the monotonous decrease of |z(-)] on Ry, M < oo0). Choose g3 <
w/(2M). Let N > max{Ni, Na, N3}. Then v; = v(n;)/N < v(t;)/N + e2/N.
Consequently,

2N L 1 2N
d_vim S 2 W)+ S ) vty +2Me <1 (13)
i=1 =t

j=

=

It follows from (12) that p; = |u(&;)[?/N > |p(t;)|?/N — ea/N. Therefore,

2N 2N

1 & 52
2 2
> N; WW(%” 7 — 2Mes.
Taking into account (13) and (11), it follows from (8) that

2N 52 1 2N 52
2 2 2 2

Z Il — &1 — 2M€2.
Due to the fact that €; and €5 can be chosen arbitrarily small, we get

E* (AW, 0) > 1 > 1 —e.

10



Since € can be chosen arbitrarily small, we obtain

52
BPawaz  sw o [ G rapOPk@r a0
z(-)eWp
Jov@®)|z(t)|? dt<1

where Wy is the set of piecewise continuous functions z(-) such that |z(-)| is an
even function monotonically decreasing on R .

We show that the strict inequality on the right side of (14) can be replaced
by a non-strict one. Let z(-) € Wy and

/z/(t)|ac(t)\2dt _1
R

Consider the function y(-) = (14 ¢&)~*/2x(-), € > 0. Then it follows from (14)
that

1 52
E2(A,W,6) > / Sl la(o) ar

“1+e¢ 524 |z (t)
1+¢
Since
1 1
2 2 2 27
o TP = 7 ()]
1+¢
we have

1 52
E2(A,W,6) > t)?|z(t)]? dt.
(AW.0) > o [ iRl
Passing ¢ to zero, we get
B2 [ 5l OPle
T R 2+ () '
Thus,

52
EQ(A,VV,C” > (s)uII)/V /R(52_|_|;C(t)|2”(t)|2x(t)|2 dt. (15)
z()EW,
Jev®)le(t)]* dt<1

2. The upper bound. Let us find the error of the methods having the form
eye())() = al-)n(-)ye(-).
Put 2¢(-) = ye(-) — (). Then Mz¢(+) = 0, Var z¢(-) < §2. Using the well-known

11



bias-variance decomposition we have

EMW,6.0) = sup M (Ax() — p(ge() Ol m))
z()EW
ve(eYs(2(:))

= s M (JIA2() = w@O)0) — 9z DO )

z()EW
ye(NEYs(z(+))

= sup (llAw(') = 0(@() Ol @ +Mle(ze ()OI, m)
z(-)eEW
ye(€E€Ys(x("))

~2M Re(p(2() (), Az() = p(@()0)) ) ;

here (-,-) is the standard scalar product in Lo(R). It follows from the form of
o that

M Re(i(2¢(-)(), A2() — o (@())()
= ReM (a()u(-)z(), Ka() = p(=())())
= Re (a()u()Mz(). 2o ()~ p(2())()) = 0.

Due to the fact that M(|z¢(-)|?) = Varye(+), we have

FNW g = s </u P = (o) fe(e)?
z(-)EW
ye()EYs (2 (4)
+ [ luto) Ha()PVaryf )= s [ WOP1- Pl ar
z(-)eW

e / (D)2 ()2 dt

Since

[ InOPIL - aPls(of di - /'“ V(&) ()2 di
< vraisup <|u(t) 11— Ot(t)|2> )

teR V(t)

we obtain

2 : lu(t)]? — a2 2 21 ()2
A W.dp) < vraisup (L0 1= ) + 62 [ ju(oPlato)? o

Put

it (1 VO )}
O Vitts) ),

12



Due to the monotonous decreasing of the function |u(-)|/\/v(-) we get

(0P 2\ _ lutts)?
s (U000 - a) =
Consequently,

|u(ts)?

(AW, 6,p) < L2221
020 < Ty

) ) v(®) luts)l \* ) |edes)?
o /| 0} (1 (0] u(t5> o(ts)
) o (D lults) 0 |ults)
o /|' )l (( u(t)l N t5> Iu(t)l m)

v(t) |ults)P )
TIOF w(ts) )dt \M OF (1 )dt
ulta)| ( |ults) g e G

N V(t5)< v(ts) <1+5 t|<t5 dt) 5 t|<t5 ) dt)
5 [ 0P (1 - 3 G )+ B MO (1 0.
= §~2. Thus,

It follows from the definition of ¢5 that f(ts)

oz <1_ 0] o)

(A TW,6, ) s<52/

Consider the function

3 = ((Fwn )JW'

It is obvious that Z(-) € Wy. Moreover,

R 5 i) ol Y g,
raora=s [ o Vi ) 4=t

Taking into account (16), it follows from (15) that

52 ~
B0 > [ o WP i

L o D luts)
=9 /. (0) (1 a0 m) o

> (N, W, 6,0) > E*(A, W, 9).

This implies (5) and the optimality of the method ¢. O

Now we consider some examples of the application of Theorem 1.

13



3. Recovery of functions and their derivatives from the Fourier trans-
form given with random error

Denote by Wi (R) the set of functions x(-) € La(R) for which z("=1(.) is
locally absolutely continuous and z(")(-) € Ly(R). Put

Wi (R) = {z() € Wi(R) : 2" () o) < 1}

Suppose that the Fourier transform Fx(-) of the function z(-) € W (R) is given
with a random error. We assume that instead of the function Fz(-) we know
a random function y¢(-) € La(R) such that Mye(-) = Fa(-) and Varyg(-) < §2
almost everywhere. Using this information, it is required to recover the function
DFz() = 2™ (), 0 < k <, in the Ly(R)-metric.

The exact setting of the problem is as follows. For every z(-) € W3 (R) we
consider the set of random functions

Y (0()) = {ye(*) € La(R) : Mye(-) = Fa(’), Varye(-) < 62 aue. ).

This set requires additional conditions given in the general setting (the validity
of the equalities (1) and (2)). Next, we define the error of the recovery method
p: La(R) — La(R) as follows

1/2

(D W) G0) = | s M ([aP0) — el DO uqe) )
z(-)EW (R)
ve(EYS (2())
The problem is to find the error of optimal recovery

E(D* W5(R),d) = inf D* WI(R), 6,
( 3 (R),d) @;LQ&I}%z(R)e( 2 (R),6,¢)

and a method on which this infimum is attained.
It follows from the Parseval equality that

o) = 3= [ WP .
I#00) = e OOy = 5 [ 160°FE) ~ FolueDOF e

Thus, the problem is reduced to problem (3) with v(¢) = t*" and u(t) = (it)*.
The function f(-) which was defined by (4), has the form

f(s) / ( ot 1) £27 gt = 252r+1 r—k
S) = — = 48 .
jt<s \|E7F @2r+1)(r+k+1)

The equation f(s) = 62 has the unique solution

@)+ k)T
t‘s( 25%(r — k) > '

It follows from Theorem 1

14



Theorem 2. For alld >0 and 0 <k <r

(2r+l)m( s T—k )ﬂgrfl)

E(D*, Wi (R),0) =
(D%, W (R),0) = — == Py

Moreover, the method

Plye())(t) = F~1 (@) a(t)ye (1) (¢),

B . 2%(r—k) )
O‘(t)_<1_t k((2r+1)(r+k+1)> >+’

Note that the optimal recovery method does not use all the information
about random functions ye(-), but only the information contained in the seg-
ment [—ts, t5]. Moreover, the more accurate the measurements (the smaller the
variance §2), the larger this segment becomes.

The deterministic case of this problem was considered in [5] (see also [7]).

where

is optimal.

4. Recovery of the solution of the heat equation

The temperature distribution in an infinite rod is described by the equation

u_ 0%
ot~ o2’

where u(-,-) is the function on [0,00) x R with a given initial temperature
distribution
u(0, ) = ug(+).

Consider the problem of recovering the temperature distribution at an in-
stant of time T from information about the Fourier transform of the initial
temperature distribution wug(-), given with a random error. We assume that the
functions ug(+), given the initial temperature distribution, belong to the class
W3 (R). We define the error of the recovery method ¢: Ly(R) — L2(R) as
follows

1/2

(Wi Sg) = | sup M ([T~ DO w)
uo(-)EWy (R)
e (-)EYS (uo(+))
The problem is to find the error of optimal recovery

E(T, W3 (R),d) = inf T,Wi(R),0
( ’W2( )a ) go:Lz(]}g)l—)Lz(R)e( 7W2( )7 ,90)

and a method on which this infimum is attained.

15



It is well known (see, for example, [3]) that for all ¢ > 0 the equality
F(u(t, )(A) = e N Fug())
holds. It follows from the Parseval equality that

) = ele DOl = 52 [ 17T Fuo() = Plae DA i

Thus, the problem is reduced to problem (3) with v(¢) = t*" and p(t) = e T,
The function f(-) which was defined by (4), has the form

2
gTes T s g2r+1
f(s) = / e — 1| 7 dt = 2sreszT/ tre T dt — :
<s \ €T 0 2r + 1

It is easy to verify that f(s) — 400 as s — 400 (the monotonous increase of
f(-) was noted in the general case). Therefore, the equation f(s) = §~2 has a
unique solution, which we denote by ts.

From Theorem 1 we obtain the following result:

tretzT
a(t) = (1 S

r t:T

tse's .

—2t>T e
e a(t) dt

Theorem 3. Put

Then the equality
BT wy®).0) =5 |
[tI<ts

holds. Moreover, the method

(D) = F* (e Ta(tye(®) (1)
is optimal.
The deterministic case of this problem was considered in [6].
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