Optimal Recovery of Operators and Multidimensional
Carlson Type Inequalities

K. Yu. Osipenko!’

MATI — Russtan State Technological University
Institute for Information Transmission Problems, Russian Academy of Sciences, Moscow

Abstract

The paper is concerned with recovery problems of linear multiplier-type opera-
tors from noisy information on weighted classes of functions. Optimal methods
of recovery are constructed. The dual extremal problem is closely connected
with Carlson type inequalities.
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1. General Setting

Let T be a nonempty set, > be the o-algebra of subsets of T, and u be
a nonnegative o-additive measure on X. We denote by L,(T, X, 1) (or simply
L,(T,p)) the set of all E-measurable functions with values in R or in C for
which

1/p
e,z = ( / Ix(t)lpdu(t)> <o, 1<p<oo
e (2 = esssupa(t)] < 00, p = oc.
teT
Put
W= {2() € Ly(Tups)  [o()2() . ry < 00},
W= {2() e W loO)r() oy <1},

where 1 < p,r < oo, and ¢(-) is a measurable function on 7. Consider the
problem of recovery of operator A: W — Lg(T, ), 1 < g < oo, defined by
equality Az(-) = ¢¥(-)z(-), where ¢(-) is a measurable function on 7', on the
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class W by the information about functions z(-) € W given inaccurately. More
precisely, we assume that for any function z(-) € W we know y(-) € L,(To, ),
where Tj is not empty p-measurable subset of T, such that |[z(-) —y(-)||z, (,u) <
4, > 0. We want to approximate the value Az(-) knowing y(-).

As recovery methods we consider all possible mappings

m: Lp(TOa /1’) - Lq(Tv M)
The error of a method m is defined as

6(]),(],7', m) = sup ||A{E() - m(y)(')HLq(T,}L)'
z(-)EW, y(-)ELp(To,n)
le() =y (), (Tg,m) <6

The quantity

E(paQ?r) = e(p,q7r7 m) (1)

inf
m: Lp(To,u)—Lg(T,p)
is known as the optimal recovery error, and a method on which this infimum is
attained is called optimal.

Various settings of optimal recovery theory and examples of such problems
may be found in [11], [12], [18], [17], [15], [13]. Much of them are devoted to
optimal recovery of linear functionals. There are not so many results about
optimal recovery of linear operators when non-Euclidean metrics is used ([12,
Theorem 12 on p. 45], [10], [14]). In [14] we considered problem (1) when
any two of p, ¢, and r coincide. Here we analyze the case when all metrics
can be different and 1 < ¢ < p,r < co. We construct optimal method of
recovery, find its error, and apply this result to obtain exact constants in Carlson
type inequalities. The case p = co and/or r = oo requires a slightly different
approach. Some particular results of such kind may be found in [7] (T = Z)
and [8] (T' =R).

2. Main results

Let xo(-) be the characteristic function of the set Tp:

1, teTy,
t =
xo(?) {0, t ¢ To.

Theorem 1. Let 1 < g < p,r < 00, A1, 2 > 0, Ay + Xy > 0, p(t) # 0 for
almost all t € T\ To, Z(t) = Z(t, A1, A2) > 0 be a solution of equation

—q|Y(@)]* + pAaP () xo(t) + 2| (t)["2"(t) = 0, (2)
and A1, Ao such that

/ (1) du(t) < &7, / ()7 () dyu(t) < 1,
To T

([ () dult) - ) =0, xa( [ leOra@au 1) =



and Ay >0, if T\ Ty # 0. Then

p)\lép + 7“)\2 ) Ya
q )

E(p,q,r) = (

and the method

ﬁuw@){q“pM@”%®W@N”w@M@% te Ty, v(t) £0.

0, otherwise,

18 optimal recovery method.
To prove this theorem we need some preliminary results.

Lemma 1.

E(p.q,r) > sup [AZ () Ly (1) ()
z(-)EW
() Ly (1, 1) <6
The lower bound of type (5) is the well-known result which is usually applied
to obtain the error of optimal recovery. In more or less general forms it was
proved in many papers (see, for example, [14]).
The extremal problem which arises on the right-hand side of (5), known as
the dual problem, may be written as

[Pz, @ = max,  [lz()]lz, @ <6,

leG) (e < 1. (6)

For Ty = T C R™ and ¢ = 1 problem (6) was examined in [2] in connection with
Stechkin’s problem.

We give a straightforward result (resembling the sufficient conditions in the
Kuhn-Tucker theorem), which we will require in solving dual problems similar
to (6).

Let fj: A= R, j=0,1,...,n, be functions defined on some set A. Consider
the extremal problem

fo(z) » max, f;(z) <0, j=1,...,n, z€A, (7)

and write down its Lagrange function
Lz, ) =—folx)+ D _Nfi@), A=A, M)
j=1

Lemma 2 ([14]). Assume that there exist /):j >0,j=1,...,n, and an element
x € A, admissible for problem (7), such that

(a) nggc(x,X)zz(f,X), A=),
() D Nif@ =0
j=1

Then T is an extremal element for problem (7).



Put
Fu,v,a) = —((1 —a)u+av)? + av? + bu", wu,v >0, a€l0,1],
where a,b >0, and 1 < p,q,r < oco.

Lemma 3. For alla,b>0,a+b>0, and all 1 < q < p,r < oo, there exists
the unique solution u > 0 of the equation

—q+pauP ™ +rbu""4 = 0. (8)
Moreover, for all u,v >0 and o = ¢ 'paiP~1 =1 — g 1rbu" ¢
F(u,u,a) < F(u,v, ). (9)
In particular, for all w > 0
—u? +au? +bu" < —u? +auf +bu".

Proof. The existence of the unique solution of (8) follows from the fact that the
continuous function f(u) = pauP~? + rbu" 7 increases monotonically from 0 to
+o00.

Let us prove (9). The cases a = 0 or b = 0 are easily obtained by finding the
minimum of F(u,v,0) = —u? +bu" if a = 0 or F(u,v,1) = —v? + av? if b = 0.
Assume that a,b > 0. Then « € (0,1). Let

C > max{a_ﬁ,b_ Tiq}.
Then for v > C and v < u we have

Fu,v,a) > —u? +bu" =ul(—-1+bu""9) > 0. (10)
If v > C and v > u, then

F(u,v,a) > —v?+ av? = vI(—=1 4 aw?~7) > 0. (11)
Since F'(0,0, o) = 0 we obtain that

inf F(u,v,a) = inf F(u,v,a).
(u,v)ERT 0<u<sC
0<v<C

It follows from the Weierstrass extreme value theorem that there exist 0 < ug <
C and 0 < vg < C such that

inf  F(u,v,a) = F(ug,vg, @).
(u,v)ERY ( ) (0 0 )

In view of (10) and (11) up < C and vy < C. We have

Fu(u,v,0) = —q((1 — a)u + av)? (1 — a) + rbu"!
=rb(—((1 — Q)u + av)T'a""7 4 1),



Thus, for any vg > 0 and sufficiently small u > 0 Fy(u,vg,) < 0. Conse-
quently,
F(U,, UOaa) < F(O)U07a)

for sufficiently small u. It means that 0 < ug < C. The similar arguments show
that 0 < vg < C. Hence

F.(ug,v0, ) = Fy(ug,vg, ) = 0.
Since

Fy(u,v,a) = —q((1 — a)u + av)? Lo + pav?~?
= pa(—((1 — Q)u + av)aP~7 4 pP~1)

we have
—((1 = @)ug + o) a" e +uf Tt =0, (12)
—((1 = @)ug + o)~ aP~ 7 402 = 0. (13)
Consequently,
r—1
U,g_l — ar—p
Yo

Suppose that p < r. Substituting

T—p p—1

Uy = ﬂﬁvo r—1 (14)

into (13), we obtain the equality

(Od}o + (1 — a)ﬂ%vofil )q—lap—q _ v(;))—l-

This equality may be rewritten in the form

(a+ (1 —a)ytr=r)i—t =¢=a, (15)

where t = vou~!. It is easily seen that (15) has the unique solution ¢ = 1.

Consequently, vg = u and it follows by (14) that ug = w.
If p > r, then we substitute

__p—r r—1
Vg = ur-tugr-1

into (12). Similar to the previous case we obtain the equality which may be
written in the form -
(as?=1 +1—a)? !t =s""1, (16)
1

where s = uot . The unique solution of (16) is s = 1. Thus, for the case
when p > r we have the same solution of (12), (13) ug = vo = 4. Hence, for all
u,v >0

F(u,v,a) > inf  F(u,v,a) = F(u,u,q).
(u711)€]R2+



Proof of Theorem 1.
1. Lower estimate. The extremal problem (6) (for convenience, we raise the
quantity to be maximized to the g-th power) is as follows:

/ W()e(0)7 du(t) — max, [ 2O dult) < o,
To

/ (] du(t) < 1. (17)

The Lagrange function for this problem reads as

L(x() A Ag) = / Lt 2(t), A, o) du(t),
T
where
L(t, 2, 1, Az) = —[$(8)z]® + A JzPxo(t) + Aalo(B)z]".

If ¢ € T such that ¢(t) = 0, then evidently Z(¢) = 0 and for those ¢ for all
z(-)eW
L(t, O, /\17 )\2) < L(t, .L“(t), /\17 )\2)

Using this fact and Lemma 3, we obtain that there is the unique solution Z(-)
of (2) and, moreover, for almost all t € T" and all z(-) € W

L(ta'/r\(t)7>\17)\2) < L(tax(t)aAh)\Q)'

Consequently,

L(E(), A1, A2) < L{(2(), A1, A2).-

Taking into account (3) we obtain by Lemma 2 that Z(-) is the extremal function
n (17). It follows by (5) that

B ( [ W du<t>)1/q.

From (2) we have

[W(O]*29(t) = ¢~ pMEP ()X, (1) + ¢~ rdo|o(B)] 727 (1)

Integrating this equality over the set T, we obtain

) by
/ (1939 (1) dut) = P! p,f” (18)

Thus,
PALOP + mg)l/q

E(p,q,r) > ( .



2. Upper estimate. To estimate the error of method (4) we need to find the
value of the extremal problem:

. () (t) —¢(t)a(t)y(t)qdu(t)+/T\T (Y @)z @) dp(t) — max,

j2(t) — y(@)IP da(t) < 67, / e du(t) <1, (19)
To T

where

oft) = {q-lpxlfp-qu)wa)-q, LE Ty, w(t) £0, )

0, otherwise.

Taking

_Ja) —y@), teT,
() = {0, te T\ Tp,

we rewrite (19) as follows:

/T [P = at)z(t) + a(t)z(8)[? du(t) — max,

[=(0)[P dp(t) < o, / ()2 ()] dult) < 1.
To T

The value of this problem does not exceed the value of the problem

/T [P@®11((1 = a(®))ult) + a(t)v(t))? du(t) — max,

/ o (t) du(t) < 6, / o(t)|7u" (£) du(t) < 1,
To T
u(t) >0, v(t) >0 for almost all te€T. (21)

The Lagrange function for this problem is

£1(u(),0(), s p2) = /T Ly u(t), w(t), . ) (),

where
Ly (t,u, v, 1, p2) = =9 (0)|1((1 = a(t))u + a(t)v)?
+ p1vPxo(t) + p2fe () "
By Lemma 3 we have
Ll(t, 55(1?), &?\(t)7 )\1, )\2) < Ll(t7 u(t), U(t), )\1, )\2)

Thus,
Ly (/x\()? i'\()7 >‘1’ )‘2) <L (’LL(), U(')v /\17 )‘2)



It follows by Lemma 2 that functions u(t) = v(t) = Z(t) are extremal in (21).
Consequently,

1/q 1/q
A10P + 1A
pvar m </ W) |qxq d:u’( )) = (plQ> < E(pv(br)'

q

It means that the method (4) is optimal and the optimal recovery error is as
stated. O

Note that if conditions of Theorem 1 hold we proved the equality
E(p,q,r) = sup [QEIO1 FATINE (22)

ezl Ly 1y, m) <O
leGzOlL, (r,m <1

Corollary 1. Let 1 < g <p,r < oo, o(t) # 0 for almost allt € T, and

O™ dut) < oo, /T ('lzg;:q) T du(t) < oo

()~ w0) ™
(

p(t)
X7 )™

Hpn = (/T o(t) h du(t))r‘"q’

and the method m(y)(t) = 0 is optimal recovery method.

Proof. 1t suffices to check that Ay = 0 and

e z( T s du(t)yq

satisfy the conditions of Theorem 1. O

Then for all

o>

o(t)
P(t)

o(t)

Corollary 2. Let1 < g <p,r <oo,Ty=T, and

0< /T ()7 16(1) 757 du(t) < oo, /T 0(6)] 725 du(t) < oo.

Then for all
qp l/p
( [ = du(t))
T

o< ir
([1wrieo ao)

p—q

B =a( [ ol ) "




and the method m(y)(t) = ¥ (t)y(t) is optimal recovery method.

Proof. 1t suffices to check that

pP—q

n = ([ au)

and Ao = 0 satisfy the conditions of Theorem 1. O

Note that assumption (3) need not be satisfied in all cases. For example, in
the trivial case § =0, Ty = T, and ¥ (t) = 1 there are no such A\; and Ay which
satisfy (3).

Let us consider the problem of optimal recovery of the linear functional

Lo = /T (E)a(t) dp(t)

on the class W, knowing y(-) € L,(To,u), To C T, such that |z() —
Y( )z, oy < 6, 0 > 0. In this case as recovery methods we consider all
possible mappings m: L, (Tp, 1) — C or R. The error of a method m is defined
as

€1 (pa T, m) = sup |L:C - m(y)|
z(-)EW, y(-)ELp(To,p)
le () =y (L, (g, m) <6

The quantity

E1(p, ’I“) = 61((],7", m) (23)

inf
m: Ly(To,n)—C(R)

is optimal recovery error, and a method on which this infimum is attained is
called optimal.

Theorem 1'. Let 1 < p,r < 00, A1, A2 >0, A\ + A2 > 0, ¢(t) # 0 for almost
allt € T\ Ty, Z(t) = Z(t, A1, A2) > 0 be a solution of equation

—[0(®)] + pAaaP~ () xo(t) + rrele(t)] 2" (t) = 0,
and A1, Ao such that conditions (3) are fulfilled, and My > 0, if T\ Ty # 0. Then
Ei(p,7) = pA\16P + 1o,

and the method

ly) = phy / L (B(t)y(t) du(t), (24)
To
where w(t)
c(t) = ma P(t) #0,
L ) =0,

s optimal recovery method.



Proof. For the functional case it is known (see, for example, [6]) that

Put Z(-) = e()Z(-). It follows by (3) that Z(-) € W and |Z(-)||z, (7, < 0.
Taking into account (18), we obtain

Ei(p,r) = sup
z()EW
ll(- )HLP% <o

t)' :/ WO()|E(E) du(t) = pArdP + r)a.
T

Now we estimate the error of method (24). We have
el(pa Ty ﬁl) = sup
z(-)eW, y(-)€Lp(To,u)

/T (1) () du(t) — (y)
le() =yl (Tg,m) <6

< sup /WJ A = a(@)z(t) + at)z(t)] du(t),
z(-)EW, z(-)ELy(To,u)
(E1€ )HL,,(TO m<5

where a(-) is defined by (20) for ¢ = 1. It follows from the proof of Theorem 1
that

Ey(p,7) < ex(pyr, ) < /T W(6) 2 (8) dpt) = pAad® + A,

One can easily obtain analogs of Corollaries 1 and 2 for problem (23).

3. The case of homogenous weight functions

Let T be a cone in a linear space, Top = T, |(-)| and |¢(-)| be homogenous
functions of degrees n, v, respectively, ¢(t) # 0 and (t) # 0 for almost all
t € T, and p(-) be a homogenous measure of degree d. We assume, again,
that 1 < p < ¢, < co. For k € [0,1) the function kﬁ(l - k)_r%q increases
monotonically from 0 to +00. Consequently, for all z € T such that ¢(z) # 0
and 9(z) # 0 (if p < r), there exists k(z) for which

a(p—r)
P—q (p—q)(r—q)

(1 — k(z)) 7 lp(z)|7

Thus, the function k(z) is well defined for almost all z € T.

10



Theorem 2. Let 1 < g < p,r < 00, ¢(t),1¥(t) # 0 for almost allt € T, and
v+d(1/r—1/p) #0. Assume that

L- / (=) 755 k75 (2) dps(z) < oo,

b= [ e k7 ) du(e) < o
Then
E(p, qn’) _ 67[;7/17[2*(177)/7“([1 + 12)1/(1’
where a1/ )
v—n— q—1/r
= , 26
" v+d(1/r—1/p) (26)
and the method
m(y)(t) = k(€)Y (t)y(t),
where )
€= (511—1/17]2}#) vFd(1/r=1/p) ’ (27)

1s optimal recovery method.

a0 = (1400 ),

pA
where A; > 0 will be specified later. We show that Z(-) satisfies (2), where

Proof. Put

q(p r)

Ao =17 lgb (ph) e €T : (28)

We have
pAEP (L) = qlY(1)]|7k(EL),

and further,

W(mq)” ki (€t).

Pl (0 = el (14

Since |¢(+)| and |¢(-)| are homogenous it follows by (25) that

q(p r)

= |p(§1)] > N nae=r) WIw()I
kv=a(St) = PEDT (1—k(&t) =¢ RO ()‘ ( k(&)
Thus,
rA2|e()["Z"TI(t) = A2 (19?\1> TSR ()91 - k(E)

= [P (1 = k(&) = gl ()T — pAazP(2).

11



Now we show that for
A qI 7gmna—dtt sa—p (29)
p
the equalities
/ 2P (t) du(t) = o, / (82" (8) dpu(t) =

T T

hold. In view of the definition of Z(-) we need to check that
£\ 7
(05 kst et ) = o
T\ PM

[ tetor (42500 ) K757 (6) du(t) =

Changing z = ¢t and taking into account that functions [t(-)|, |¢(+)| with the
measure p(-) are homogenous, we obtain

D

q ﬁ ngqp. +d
— = §P¢Dp
(P)w) &

T

bA1L

The validity of these equalities immediately follows from the definitions of A;
and &.
It follows by Theorem 1, (29), (28), and (27) that

A1 6P A A = N
E(p,q,r) = me —I = g d—(sq (pq1> e nQ(p q)

= o0 [Py DI 4 L),
Moreover, the same theorem states that the method
m(y)(t) = ¢ PP ()| T I(0)y(t) = k(E)w(B)y(t)
is optimal. O

It follows by Theorem 2 and (22) that for all x(-) € W such that
le()z( )z, (1) <1 the exact inequality

IOz Oy < CleOIL, 2 (30)
holds, where
C = Il—’Y/PI;(l—’Y)/T(Il _~_1'2)1/q.

12



(Here and later the exactness means that C' cannot be replaced by any other
constant smaller than C).
From (30) the following exact inequality can be easily obtained

OOz, < CleOIL, 2 IO 0 (31)

which holds for all z(-) e W, z(-) # 0.

Let |w(-)|, |wo(+)|, and |wy (-)| be homogenous functions of degrees 6, 6y, and
61, respectively. We assume that w(¢), wo(t), w1 (t) # 0 for almost all t € T and
1< g < p,r < oo. Then for almost all z € T such that w(z),we(z),w1(z) # 0
there exists k(z) satisfying

kra(z) ‘ w(z) wo(2) |77
(1—k(z))ma |wi(2) w(z)
Put _ _ _
9:9+d/q, 90:90+d/p, 91:01+d/7“. (32)

Corollary 3. Let 1 < g < p,r < 0o, w(t), wo(t), w1(t) # 0 for almost allt € T,
and 0y # 01. Assume that

P 2 e ) dne) < oo
Il‘/Tu«)(z) F75 (2) du(z) < oo,
f= [ 2 ) () du(e) < .

T [wo(2)| 7=

Then for all x(-) # 0 such that wo(-)z(-) € Ly(T, ) and wi(-)z(-) € L. (T, )
the exact inequality

lw()aO) g < CleoCaOI ol OeOIE T, (39)
holds; here L
C = _71—?//17172—(1—77)/7‘(171 + E)l/q’ 5= ~91 —NH .
0, — 6y
Proof. Put
xTr) = s xTr) = .
¥(z) wo (@) ¢(x) wo(@)

Then [¢(-)| and |p(+)] are homogeneous functions of degrees n = 6 — 6y and
v = 01 — 0Oy, respectively. It follows by (31) that for all z(-) € W, z(-) # 0, the
exact inequality

IOzl g < CleOIL @ leCQeOIE T,

holds. Substituting x(-) = wo(-)y(-), we obtain (33). O

13



The well-known Carlson inequality [4]

|2 ()|, 2 < VAl g, It @I, (34)

was generalized in many directions (see [5], [1], [3]). Inequality (33) is also a
generalization of the Carlson inequality.

Let 1 < p < gq,7 < oo, T be a cone in RY, du(t) = dt, [¢(-)] and |o(-)| be
homogenous functions of degrees 7, v, respectively, ¢(t) # 0 and ¥(t) # 0 for
almost all ¢ € T. Thus u(-) is a homogeneous measure of degree d. Consider
the polar transformation

T = pPCoOSWi,
ZT9 = pSinw; cosws,

Tg—1=psinw) sinws .. .sinwg_s cOSwq_1,
Tg=psinw; sinwsy ...sinwg_o sinwg_1.

Set w = (w1, ..., Wd—1),
{l}v(w) =p "(pcoswy,...,psinw; sinws ... sinwy_s sinwg—1)|, (35)
Plw)=p~"|p(pcoswr,...,psinw; sinwsy . ..sinwg_ssinwg_1)|.

Denote by € the range of w. Since T is a cone, {2 does not depend on p. Put

d—3

J(w) = sin? 2wy sin? 3wy ... sinwg_s.

By (25) we obtain the following equality for k(-):

1 ~__q(p=r)
P— 7 —r)—vr(p— (p—a)(r—q)
i) — =p e YO0 W) quT - (w). (36)
(1 - k(p,w))7™ 77 (w)

Assume that v € (0, 1), where v is defined by (26). Put

It is easy to verify that ¢* > ¢ > 1. Moreover,

«_ pgr(v+dd/r—1/p))
vr(p—q) —nqlp—r) "

Theorem 3. Let 1 < g < p,r < 00, v € (0,1), and gZ(w),{/;(w) %0 for almost
all w € Q. Assume that

07 ()

)

J(w) dw < 0.

Then
E(pa q, T) = 015’}/’

14



where

1/q"
R e Blay/p,a" (1 =7)/r) 1
Gr=7r1-7) <|z/+d(1/7“—1/p)|(7r+(1—v)p)> ’

where B(-,-) is the beta-function. Moreover, the method
1
)0 = k (77wl

where

o
§ =0 (T (1P
1s optimal recovery method.

Proof. Using Theorem 2, we obtain
h= [ @t ) ds

~_4ap +OO nap P
= [ @@ [ o ) dp.
Q 0
y (36) we have

pur(p—q)—nq(p—r) — (1 — k(p’w))p—q ,(Zq(p—r) (w)
kr=i(p,w)  Grr=a(w)

(38)

Fixing w, we pass to k

- ¢
dpld _ PP=7) (1) d(l — k)(p=a)¢
P -\ pre—a)(w) k(r—a)¢

5P (o (1 - p)r-ai-1
=—C<1ﬁ (>> Ak (r—q+(p—r)k)dk,

(pr(p*q) (w) k(r—q)¢+1
where
= ngp +d(p — q) _¢(l=7)
(p—q)(vr(p—q) —nglp—7))  r(p—2q)
Consequently,

+OO nap +d_1 D
. k=i (p,w)dp
+oo
b—4q 2 9P 4 d
= £ 1 k7= (p,w) dpr—a
nqp+d(p—q)/o (pr10)

_ 1 IP=7) (1) ¢
~fur(p —q) —nalp — )| (gr(p_q) (w)> (K1 + K»),
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where

1 —~ ~
Ky =(r—q) / (1~ k)T Vdk = (r— )B(G+1,9),

Ky=(p-1) / (L - BT dk = (p— 1B+ 2,9)

p+1 N R
=p—-—r)—DB({O+1,9),
(p )erq+1 (P+1,9)
. qrlv—m)—dlr—q) v . megpt+dp—q 11—y
p= =q¢=, q= = -
vr(p—q) —ng(p—r) p vr(p—q) —ng(p—r) T
Thus,

vr — — —T ~ N ~ N
Ki+Ky=p b —a) —nalp )B(p+1,Q)=§fB(p+LQ)

—1
qay (v, 1— PR
=*(+7> B(p,q).
g \p r

The analogous calculations give

- /T [0(2)| 757 | 9(2)]" k757 (2) dpa(2)

_ /Q e

Fixing w, we pass to k

+oo . N
@7 @I do [ pFETH T ) dp

o G e
dp:<w<><w>> JA=Re0

orir=a)(w) E(r—a)
Y G
_ PP (w) (1—k)r-a&-1
- (@T(p_‘”(w) Er—a)Cit1 (r—q+ (p—r)k)dk,
where
4-1: 77(]7‘+(1/7‘+d)(p—q) :q*(l—’}/) N 1
p—qwro—q) —malp—7r)) rlp—q)  p—q
‘We have

Foo ngr r
/ pp_q—‘—z/r—&—d—lkﬁ(p,w) dp
0

nar

+oo
pP—q / —z_ +vr+d
kr=a(p,w) dpr=a
)p—4a) Jo (

- ngr+ (vr+d
_ 1 Jq(p—r)(w) Sl
= |1/7"(p - q) - ﬁq(p - 7’)| <§5’f‘(p—q) (W)> (Ll + Lg)7
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where

L= (r—q) / KU1 - k)Tdk = (r— )B@.3+ 1),

1
Ly=(p— r)/o K1 —k)dk=(p—r)B{p+1,4+1)

p P
=(p—1r)——= B(p,g+1
(p )p+q+1 (P, q+1)
Thus,
Iyt Ly =P =nap=1) gy T pai
P vpr+d(p—r) ’ ¢
—1
ql—7) (v  1—7v PR
e
q p r
‘We obtain
—1
I = Y (2+22) o
priv+d(1/r—1/p)| \p r
I, = 1—7 (7+1_7>_1B(ﬁ§)]
prlv+d(1/r—1/p)| \p r ’
It remains to apply Theorem 2. O

Note that for d =1 we have I =1 when T'=Ry and I =2 when T'=R.
Assume that |w(-)|, |wo(+)], and |w;(+)| are homogenous functions of degrees

0, Oy, and 6, respectively. Define w(-), wo(-), w1(-) by the analogy with (35).
From Theorem 2 (analogously to Corollary 3) we immediately obtain

Corollary 4 ([3]?). Suppose that w(t),wo(t),w1(t) # 0 for almost all t € T,
1<qg<p,r<oo,7e(0,1), where
i
AR

and 5, 0o, and 6, are defined by (32). Moreover, assume that

I= ’LAU/CY((A)) w w o0
= /Q @Zﬁ(w)@?(l_:’)(w)ﬂ ) do < oo,

where

2The exact constant in [3] (formula (10)) was given with a misprint.
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Then the exact inequality

[w (e Lyerm < Cullwo()e O, g oL i (39)
holds; here
o s B@maa -1\
G=7r=9) T<|aleo|ﬁr+<1%>p>> '
Put

’lU()(t) = 17 ’wl(t) — 24:1—()\-‘1-1)/1)7 ’lUQ(t) _ t1+(u—1)/q.
From Corollary 4 we obtain

Corollary 5 ([5]). Let 1 < p,q < oo and A\, > 0. Put

I A
o= , B= .
i+ gA pp+ gA

Then the exact inequality

|2 ()|, ey < ClIE O Pa(e) 52 g D @)

holds; here

B 1 1 o B 1-a=p
O_(pa)“(qﬁ)ﬁ <A+uB<1—a—ﬁ’1—a—ﬁ)> '

Using Theorem 1’ and calculations from the proofs of Theorems 2 and 3 we
obtain

Theorem 3'. Let 1 < p,r < o0, @(w),iz(w) # 0 for almost all w € Q and ~,
q*, I, k(-), C1, & as above but for ¢ = 1. Assume that v € (0,1) and I < co.
Then

El(p, r) = 01(5"’.

Moreover, the method

) = [ k(sl””t) By du(t)

18 optimal recovery method.

4. Optimal recovery of functions from a noisy Fourier transform

Let S be the Schwartz space of rapidly decreasing C°*°-functions on R, S’
the corresponding space of distributions, and let F: S’ — S’ be the Fourier
transform. We let F,, denote the space of distribution z(-) in S” for which

el = ( . Fx(t)ﬁdt)l/p <00, 1<p<oo

18



We set

{a() e &™)y < oo},
{z() e Fy o =™ (), <1}

Ty
F?’L

Assume that the Fourier transform of a function z(-) € F» N F, is known
on R to within § > 0 in the metric of L,(R). In other words, we know a
function y(-) € L,(R) such that ||Fz(-) — y(-)||z,®) < J. How should we best
use this information to recover the lth derivative of the function in the metric
Fq, 0 < 1 < n? By recovery methods here we mean all possible mappings
m: Ly(R) — F,. The error of a method is, by definition, the quantity

ep,g,r(Mm) = sup ||37(l)(') —m(y)()llq-
z()EF'NFp, y(-)ELp(R)
1Fz()=y( )L, (a,) <6

The optimal recovery error is defined as follows:

Epqr = . Li?Rf)_}]__q €p,q,r(m).
A method on which this lower bound is attained is called optimal.
It is readily checked that this problem is a special case of the general problem
(1) with T'= Ty = R, ¥(t) = (it)}, ¢(t) = (it)".
Thecases 1) 1<g=r<p<o00,2)1<qg=p<r<oo,3)1<g=p=r<
00, and 4) 1 < ¢ < p =1 < oo were studied in [14].
For the case 1 < g < p,r < co we can apply Theorem 3. In this case

1
RP(l) gttt n—l-1/g+Ur

(1— k()™ YT T i —1)p

and I = 2. It is easy to verify that if n > 1+ 1/q — 1/r, then v € (0,1). Thus,
it follows by Theorem 3

Theorem 4. Let 1 < g <p,r <oo andn>1+1/q—1/r. Then
Epqr=C167, (40)

where

2B (/a1 -\
n+1/r=1/p)(yr+ (1 —7)p)

and q* is defined by (37). Moreover, the method m(y)(-) = F~'Y,(-) is optimal,
where

Ci=77(1=9)""7 <(

1 .
Y0 = 'k (77T w0, € =6 (1= ey R
Note that case 4) immediately follows from Theorem 4 for p = In

7.
cases 1)-3) the optimal recovery error coincides with the limits lim,_,, Ep 4.,
lim, ., Ep q.r, im,_,q E}, 4 », respectively, where E,, , , is given by (40).
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5. Optimal recovery of derivatives and generalized Carlson-Levin-
Taikov inequalities

For functions x(-) € La(R) whose (n — 1)st derivative is locally absolutely
continuous and 0 < k <n — 1, L. V. Taikov [16] obtained exact inequality

| )(0)] < Kl )||L2 ~ ()HM;

where )

W41\ 2% +1 \ 2

Passing to the Fourier transform we have the following equivalent inequality

2n—2k—1

1
—/tha:( dt‘ <K< /\Fx th)
27T R
1 2lz+l
2| 2 " .
><<27T/t Fa(t)| dt)

Set g(t) = t* Fx(t). Then we obtain the following inequality

2n—2k—1

/Rg(t) dt‘ < K\/ﬂ(/Rt?ﬂg(t)th)

2k+1

« ( / tQ("_k)|g(t)|2dt> "
R

Putp=qg=2 A=2k+1, and g = 2n — 2k — 1. Then by Corollary 4 we
have

[atnase( [T g )

2n—2k—1

2k+41

oo an
x ( / t2<”'“>|g<t>|2dt> 7
0
2n—2k—1

1 an —2k—1 1

where

2n — 2k —1 2n 2n
Since 2k+1 2k+1
+ + ™
B(1- -
< 2n 7 2n ) . 2k+1
sin T
2n
we have
2n—2k—1
2%k +1 \ = 2%k +1 \ V2
= e 2 1) si .
C ﬁ(Qanl) ((k:—i— ) sin 5 77)
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From the inequality

arby + azby < 2275l 4 @MY (BY/F + b/ )s

it follows that
0 0
Jala= [ lgwlar+ [ ol
—oo 0
0 2n—2k—1 0 21Z+1
<o _emampa) T ([ peigra)
_: 2n—2k—1 _OC;O 2§+1
+ c( / 12 g(0)]? dt) ( / 209 g 1) dt)
0 0
2n—2k—1 2;2+1
<V2C (/ t=2F)g(t)[? dt) (/ 2=k g(1)|? dt) .
R R
Thus Taikov’s inequality follows from Levin’s inequality.

This inequality is closely connected with the problem of optimal recovery of
derivatives from inaccurate information about the Fourier transform (see [9]).
We consider such problem in multidimensional case.

Consider linear operators Dy : Ly(R%) — La(RY)NC(R?) and Dy: Ly(RY) —
Ly(RY) (D; and D are not necessary differentiation operators). Put

W ={a(-) € La(R) : | Daz(") | L, ey < 1}

We consider the problem of optimal recovery of Dyz(7), 7 € RY on the class
W from the information about z(-), given inaccurately in La(R¢)-metric.

As recovery methods we consider all possible mappings m: Lo(R%) — C or
R. The error of a method m is defined as

e(m) = sup | D1x(7) —m(y)|-
2()EW, y()ELa(RY)
l2() =y ()l 1 (may <0

The quantity

E= inf 41
m: Lg(]er’li)—N:(R) e(m) ( )

is known as the optimal recovery error, and a method on which this infimum is
attained is called optimal.

For the case when d = 1, Dyz(-) = *)(-), and Doz(-) = 2" (-), 0 < k < n,
similar problems were considered in [9)].

Let dy(t) and da(-) be measurable functions on R?. Put

X ={z(-) € La(RY) : do(-)F(-) € Lo(R) }.
We define the operator Dy as follows

Doz (-) = F ' (do(-)Fz("))(-).
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Assume that di (-)Fz(-) € La(R?) for all 2(-) € X and the operator D; which is
defined by the equality

Dya(-) = F~H(di(-)Fz()(")

maps X to Ly(R?) N C(RY).

Let |dq()| and |d2(-)| be homogenous functions of degrees k, n, respectively
(k and n are not necessarily integer), d;(t) # 0, j = 1,2, for almost all ¢ € RY,
Put

glvl(w) = p*k|d1(pcosw1, ..., psinwi sinws ... sinwgy_s sinwg—1)|,
Jg(w) = p "|da(pcoswy,...,psinw; sinws . ..sinwg_ssinwg—1)|.

By Plancherel’s theorem we have
1
W = )€ Ly(RY) 1 —— do(t)Fz()|>dt <1 %,
{ot e @t o [ laaoratopar<1

() =yl Lo@e) = ﬁllﬂv(') = Fy()llLaea)-

Moreover,
1

D = [ di(t)Fz(t)e’™" dt
1a(7) = gz [ DOFa()e ™ ar
where (7,t) = 71t1 + ...+ 7Tatq. Thus we obtain problem (23) with p = r = 2,
(51 = (5(271’)'1/2,

1 . 1
’(/}(t) = (27T)dd1 (t)ez<7—7t)7 (p(t) = (27T)d/2 d2(t)
By Theorem 3’ we have

Theorem 5. Let k>0 and n >k + d/2. Assume that

2k+d

I :/ MJ(w) dw < 0o, Tg_y =[0,7]%"% x [0,27].
II

1 dy " (w)
Then
_ (nI)'/? 2n—2k—d
E = WKd(k,n)(s 2
where
2n—2k—d
2k +d an C2k+d \ VP

Moreover, the method

1 52(2k + d) RN
m(y) = W/Rd di(t) (1+ (27r)d(2n—2k—d)> y(t)e! ™t dt

1s optimal recovery method.
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By this theorem analogously to (31) we obtain the exact inequality

(7T'I)1/2 271,—235—{1 %
|D1$<T)‘ < WKd(kvn)”x(')HLZ(]Rd) ||D2x(')HL2(]Rd)
or
(71'])1/2 2 2k+d
[D12( )| Lo (re) < WKd(k,n)lll’( )||L2 (®) D M 2 Ray- (42)

Now we consider some examples. Define the operator (fA)"/ 2. n >0, as

follows
(=) 2z(-) = FH(t]" Fa(t) ().

Put d;(t) = |t|* and do(t) = [t|*. Then problem (41) is the problem of optimal
recovery of (—A)*/2z(1) on the class

= {(-) € La(R) : |(=2)"2() || L may < 1}

by the inaccurate information about z(-).
By Theorem 5 we obtain

Corollary 6. Letn >k +d/2. Then

_ 2n—22k—d _ Kd(k:,n)
E= Cd(kvn)6 " Cd<k7n) - (Qd—lﬂd/2flr(d/2))1/2’

and the method

R 1 52(2k +d B
70 = ot [ (14 s =) Y0

s optimal.

By (42) we get the exact inequality

k+d

2n—2k—d
I(=2)*22( ) ey < Calk, )z, &y 1(=2)" 2 ()IIL?‘Rd)

Consider one more example. Let o = (o, ..., aq) € Z%. We define D* (the
derivative of order «) as follows:

Dx() = F~H((it)"Fa(t))(-),

where (it)® = (it1)* - - - (itg)*?. Let Dy = D* and Dy = (—A)™/2. Then (41)
is the problem of optimal recovery of D®z(7) on the class W by the inaccurate
information about z(-).

From the well-known Dirichlet formula we have

L(p1/2)...T(pa/2)
290 (p1 /2 + ... +pa/2 + 1)

—1 1
D xsd dIl N dl‘d =

1}120,‘..,1,120
z%+...+w3§1
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P1,--.,pq > 0. Using this formula and passing to the polar transformation we
obtain

L(p1/2)...T(pa/2)
L(p1/2+...+pa/2)’

I(p1,...,pa) = / O(w, p1, -+ pa)J (W) dw = 2
Mgy
where

®(w,p1,...,pq) = |coswi [P sinwy coswy P27 x ...
X | sinwy sinws . .. sinwg_g cos wg—1 pa—1-1

X |sinwy sinws . .. sinwg_o sinwg_1 P47,

Thus for dy(t) = (it)* and da(t) = |[t|™ we have

T(ag +1/2)...T(ag+1/2)

I=1(2 1,...,2 1) =2
ot aatl) ol td/2)

where || = a1 + ... aq4.

Corollary 7. Let n > |a|+d/2. Then

2n—2|a|—d

E = Cd_roé (TL)5 2n

where
Caa(n) =

and the method

1 o 52(2|a| + d) -1 s
(2m)d /]Rd (it) (1 + (2m)2(2n — 2|a| — d)) y(t)e ™t at

Ka(lal,n) <F(a1+1/2)...F(ad+1/2))1/2
(2m)(d=1)/2 I(la| +d/2) ’

m(y) =

s optimal.

The exact inequality in this case has the form:

2n—2|a|—d 2| +d

1D%2() |z ety < Caalm)llzOll oty (~A) ()]l 2R

[1] Andrianov F. I. Multidimensional analogues of Carlson’s inequality and
its generalizations, Izv. Vyssh. Uchebn. Zaved. Mat. 1(56) (1960) 3-7 (in
Russian).

[2] Arestov V. V. Approximation of linear operators, and related extremal
problems, Approximaiton of functions and operators, Proc. Steklov Inst.
Math. 138 (1977) 31-44.

[3] Barza S., Burenkov V., Pecari¢ J., Persson L.-E. Sharp multidimen-
tional multiplicative inequalities for weighted L,, spaces with homogeneous
weights, Math. Ineq. Appl. 1 (1998) 53-67.

24



[4]
[5]

[6]

Carlson F. Une inégalité, Ark. Mat. Astr. Fysik 25B (1934) 1-5.

Levin V. I. Exact constants in inequalities of Carlson type, Dokl. Akad.
Nauk. SSSR 59 (1948), 635638 (in Russian).

Magaril-Il’'yaev G. G., Osipenko K. Yu. Optimal recovery of functionals
based on inaccurate data, Math. Notes 50:6 (1991) 1274-1279.

Magaril-Il’'yaev G. G., Osipenko K. Yu. Optimal recovery of functions and
their derivatives from Fourier coefficients prescribed with an error, Sbornic:
Mathematics 193:3 (2002), 387-407.

Magaril-II’'yaev G. G., Osipenko K. Yu. Optimal recovery of functions and
their derivatives from inaccurate information about the spectrum and in-
equalities for derivatives, Funct. Anal. Appl. 37:3 (2003), 203-214.

Magaril-II’'yaev G. G., Osipenko K. Yu. Optimal recovery of values of func-
tions and their derivatives from inaccurate data on the Fourier transform,
Sbornic: Mathematics 195:10 (2004) 1461-1476.

Magaril-Il’'yaev G. G., Osipenko K. Yu. How best to recover a function
from its inaccurately given spectrum? Math. Notes 92:1 (2012) 51-58.

Marchuk A. G., Osipenko K. Yu. Best approximation of functions specified
with an error at a finite number of points, Math. Notes 17:3 (1975) 207-212.

Micchelli C. A., Rivlin T. J. A survey of optimal recovery. In: Optimal
Estimation in Approximation Theory (C. A. Micchelli and T. J. Rivlin,
eds.). Plenum Press, New York, 1977, 1-54.

Osipenko K. Yu. Optimal Recovery of Analytic Functions, Nova Science
Publ., Inc., Huntington, New York 2000.

Osipenko K. Yu. Optimal recovery of linear operators in non-Euclidean
metrics, Sbornic: Mathematics 205:10 (2014) 1442-1472.

Plaskota L. Noisy Information and Computational Complezity, Cambridge
University Press, 1996.

Taikov L. V. Kolmogorov-type inequalities and best formulas for numerical
differentiation, Math. Notes 4:2 (1969) 631-634.

Traub J. F., Wasilkowski G. W., Wozniakowski H. Information-Based Com-
plexity, Academic Press, New York 1988.

Traub J. F., Wozniakowski H. A General Theory of Optimal Algorithms,
New York: Academic Press, 1980.

25



