USSR ACADEMY OF SCIENCE
SCIENTIFIC COUNCIL FOR CYBERNETICS

ON SOME PROBLEMS OF OPTIMAL RECOVERY OF
ANALYTIC AND HARMONIC FUNCTIONS FROM
INACCURATE DATA

K. Yu. Osipenko and M.I. Stessin

Preprint

Moscow 1990



Introduction. Let X be a linear space, Y, Z — normed spaces,
W C X — subset of X. Consider the problem of optimal recovery of
the operator L: W — Z using the values of the information operator
I: W — Y in the case those values are inaccurate ones. More precisely,
let us consider the extremal problem
(1) E(L,1,6) =inf sup | Lz — Sy,

S zeW
[{z—y||<d
where S: Y — Z is some mapping (algorithm). E(L,,0) is called the
intrinsic error of recovery. An algorithm Sy is called an optimal one if

sup || Lx — Soy|| = E(L, 1,9).
zeW
[Tz—yl<é
If Sy is an optimal algorithm, zy € W, and
sup ||Lzo — Soy|| = E(L, 1,9),

[1z0—y||<é
then zg is called a worst element.

The investigations of the problem (1) were initiated in [1] for the
case dimY < oo. The case dimY = oo was worked out in [2] (see
also [3]). In this paper we consider some problems of optimal recovery
of analytic functions from the Hardy space H, and the Bergman space
Ay, 1 < p < oo. We also consider the same problems for harmonic
functions from similar classes h, and a,. Some results related to H,
can be found in [4-7].

In Section 1 we prove some general theorems on optimal recov-
ery from inaccurate data, which closely relate to results obtained
in 2,3,8,9]. In Section 2 we apply these theorems to finding opti-
mal recovery algorithms for functions from H,, A,, h,, and ay in some
point of the unit disc of C, when the disposed data is the inaccurate
value of these functions in some other point. In particular we obtain
some generalizations of Schwartz’s Lemma. In the last section we find
optimal algorithms of recovery of f'(0) from inaccurate data f(—h) and
f(h), h € (0,1) in H, spaces. In H,, we also find the optimal value of
h for which the intrinsic error is minimal.

1. Some general theorems on recovery from inaccurate data. Now
our aim is proving the sufficiency of some conditions for the algorithm
So to be an optimal one and zy to be a worst element. These con-
ditions were originally found by Micchelli and Rivlin [2]. Though it
is closely connected with Micchelli and Rivlin’s result the theorem we
need slightly differs from it.

Theorem 1. Let xg € W, —xg € W, L(—zo) = —Lxo, |[{zo] < 0,
[ (=o)l| <9, and

sup || La = Soy|| = [|Lol|

zeW
[Tz—y||<é



Then

i) So is an optimal algorithm,
ii) zo is a worst element,
iii) the intrinsic error is E(L,I,0) = ||Lxo||.

Proof. 1t follows from (1) that
E(L,1,6) < sup | Lz — Soy| = || Lzol.
xeW
[Tz—yll<é

On the other hand, for any algorithm S we have
(2) [Lzo — S(0)[| + [[L(=20) — S(O)|| = 2|[ Lo
and therefore

sup || Lz — Sy|| = max{|| Lz = SO)]], [|L(=w0) = SO)[I} = [[Lao]l.

Te
[{z—yll<é

Thus E(L, I,0) = ||Lzo|| and Sy is an optimal algorithm. Now suppose
that x( is not a worst element, i.e.,

sup |[Lzg — Soy|| < sup ||Lz — Soy|| = || Lol

I[Tzo—yl|<d ”MIEE‘/‘SE
Then
[ Lzo — So(0)|| < [[Lxoll,  [[L(—z0) — So(0)]| < [[Laol,
which contradicts (2). Theorem 1 is proved. O

Corollary 1. Let xg € W, —zg € W, L(—x¢) = —Lxo, ||[Izo] < 0,
1 (—z0)|| <9, Sy is a linear operator and

sup || Lz — Solz|| = ||Lxo|| — 6]|So]|-
xeW

Then

i) Sy is an optimal algorithm,
ii) xo is a worst element,
iii) the intrinsic error is E(L,I,6) = sup | Lz| = ||Lxo]|.
zeW
[Hz||<6
Proof. Note that
sup ||[Lx — Soy|| = sup |[Lx — Solx + So(Iz —y)|

zeW zeW
([Tz—yl| <6 [[Tz—yl| <6
< suvl‘)/ ||Lx — Solx|| + 0||Sol| = || Lxo]|-
xe

Since ||/zy]| < & we have

sup ||La|| > || Laoll = sup  [[Lx — Soyl| = sup |[La|.

zeW zeW zeW
l1z[| <6 [Tz—y||<d [ 1z]| <8



Thus
sup || Lz — Soy|| = || Laol| = sup ||Lx]].
zeW zeW
[Hz—yll<d [1z]|<é
Now the corollary follows from Theorem 1. U

Let 2 be a subset of C" and p be a nonnegative measure on ().
Denote by L,(2, 1) the Lebesgue space of complex (or real) -valued
functions with the usual norm

1/p
anp:(/Q \f(Z)\pdu(Z)) C1<p<ss,
IVWEZVfgypV@N

Let X, be some linear subspace of L,(£2, 1) and BX, = {f € X, :
Il fll, < 1}. Consider the problem (1) for X = X,, W = BX, and
Z = C(R).

The following theorem is a generalization of the appropriate results
from |8,9] obtained for the case 6 = 0.

Theorem 2. Let g € X, ||gll, # 0, 90 = g/|lgll,, L be a functional
on X,, L(—g0) = —Lgo, |19l < 0, |[{(—g0)|| < 9, So is a linear
functional, Solgo = 6||Sol|, and for every f € BX,

o / TEDg()P2f (=) du(z), 1<p < oo,

3) Lf-Slf={ '
/Q d@De(2) () du(z), p= oo,

where a >0, ¢ € L1(Q, 1) and if p =00 |g(2)| =1 almost everywhere
on ) with respect to measure . Then

i) So is an optimal algorithm,
ii) go is a worst element,
iii) the intrinsic error is
allglp=t +0[1Soll, 1< p < oo,

P 100 = |Lf|:LgOZ{H90Hl+5HSoH p= o

Proof. For every f € BX, from (3) and the Hélder inequality we have

Lf = Sorf] < { Ol T =P <o

On the other hand we obtain
allglb=t, 1< p < oo,

Lgo — 0[Sl = Lgo — Solgo = {H‘PH D= o
1, - .



Hence
sup |Lf — Sol f| = Lgo — 8]1Sol.
fEBX,
Now the theorem follows from Corollary 1. O

Let " be the space C™ supplied with the norm

m 1/q
(Slat) " 1=q<o
j=1

max |ag, q = o0,

||a||q = ||(CL1, s 7am)”q =

and by (a,b) denote the Hermitian inner product

m

(CL, b) = Z ajl_)j.

J=1

Let a # 0, a* € Bl and

(a,a) = llally,  1/¢+1/¢" = 1.
It is easy to see that

a:la.; q_2
a; = ] jJ,fl ., 1<¢ < oo,
lally
and for ¢’ = oo
agf _ 07 j 7é j07
‘7 . . .
ajo/lazl, = jo,

where jg, such that |a;,| = max |a;l.
>jsm

Corollary 2. Let I: BX, — ", Soy = (y,a), a € C™, g € X}, ||gll, #
0, g0 = /gl L be a functional, L(~go) = ~Lgo, 11(~go)lly < 0.
Suppose that for every f € BX, the equality (3) holds and Igy = da*
ifa#0, or ||Igo|l <6 if a=0. Then
i) Sy is an optimal algorithm,
ii) go is a worst element,
iii) the intriisic error is

E(L,1,6)= sup |Lf|=Lgo=
feBX,

{MM$1+MWw 1<p< oo,
11f]lq<6

el +dllally,  p=oo.

2. Optimal rcovery of analytic and harmonic functions. Let D =
{z € C:|z| <1} and H, is the Hardy space, i.e., the space of functions
which are analytic in D and

1 27 ‘ 1/p
b V=g (5 [ o) e spes
T 0

£z = sup |f(2)| < oo.
zeD



6

It is well known that the functions from H, have boundary values
almost everywhere and therefore H, can be considered as a subspace

, 1
of Ly(Q,u) for Q={z€ C:|z|] =1} and du(e?) = 2—d6.
m

Recall that the Bergman space A, is the space of analytic functions
which satisfy the inequality

@ W= (2 1) < 1spen

where o(z) is the Lebesgue measure on D (for p = co Ay = Hy).

1
Thus the space A, is the subspace of L,(D, p) for du(z) = —do(z).
T

Denote by h, and a, the spaces of harmonic functions in D which
satisfy (4) and (5), respectively.

Consider the problem (1) when X is one of the spaces H,, A,, h,, or
a,, W =BX, Lf = f(&), If = f(#1), £ and 2 are distinct points in
D. The relative intrinsic error will be denoted by E(&, 21,6, X).

Put
(6) p=

Z— 2

;o W(z) =¢€"¥

]_—2127

where ¢ is determined from the condition W (&) = p,

5_(_1_[) )”p 52:<_1—p2)”p
2(1 = |%]?) ’ 1 — |2 ’
1,

0 <46 <d,
h(z) = ¢ (W(z)+a)/(14+aW(z)), 6 <<y,
W(z), d > 09,

where a € [0, 1] and satisfies the equation
CL(52

(7) W) (L ap+ a)e

(the existence of a solution follows from the continuity of the function
from the left hand side of (7)). Put a = 0 for § > J,.

9, 0<9 <0y

Proposition 1. Let X = H,. Then for every 1 <p < oo and § > 0

i)

Soy =

M) =p)  (1-€1\"
AET+ape 0 \T=1eP) ¥
15 an optimal algorithm,

i)
_ 1—¢P e (W(z)+a)(1+ aW(Z))@—p)/p
& m = (HTM) h(2) (1 — €)%

18 a worst function,



iii) the intrinsic error is

(p+a)(1 +ap)PP

P& 200 ) = R0+ 2ap + a2y~ P
Proof. Put
W)+ @)Lt alW @) g1~ a2

9(2) = = :

h(z)(1 —&z)%/P " h(E)(1+ ap)2e-D/p

By the residue theorem we have for every f € H,

2r ) ]
o5 [ dE@late) P ") df

—ai (14 aW(2))2P=D/Pp(2) o ) ]
2w e W) (2 - )1 —fz)(P—2)/pf( Jdz = f(€) — Sof (=1).

Besides that

27
p  _
lglls, = /

1 <1+aW< )W) +a) ,_ 1+2ap+a
2m set W(2)(1—E€2)(2 =€) 1— ¢

1~|—aW ) o

It follows from (7) that for 0 < § < 0y |go(21)] = d and for & > Jy
lgo(z1)] = d2 < 0, Soy = 0. Since Spgo(z1) > 0, we have Spgo(z1) =
d]|So|| for every 6 > 0. Now the proposition follows from Theorem 2.

U

Note that in virtue of Theorem 2 the following generalization of the
Schwartz Lemma can be obtained from Proposition 1:

9)  sup [f(2)]

fEBH,
[£(0)|<6
(e + @)L +alzpCPe o 1—|z|)”p
(1= 271+ 2alz[ + a7 " =" =\ 2 ’
= (1 +alz))*” 1—[z[\"" 1y
(1 — |2)V7(1 + 2a|2| + a2)/e’ ( 2 <=1z
(1= [22)7172, 5> (1— |o)r

where a is defined by (7) for z; = 0.



Now consider the same problem for X = A,. Put

_ 2 4pr-p s _ (1= N\
L@ ) (A =[P T D= [a?)
1
7O§6<517
b— 1+ap
3 5251a
a+p

where a € [0, 1] and satisfies the equations

" ap¥?((p/2 — 1)(1 — a®)b? + b+ ) 2/P(1 — |2 |?) 2/ _ 5
(p/2 = 1)(1 = a*)(1 +2ap + a®)p?"  p*2—p") (1—?)2 v
1—p? (1—p?)?
for 0 < & < &, and
(1 _ b2)2/p(1 _ p2)2/p 5

(T=2(1 = 220 + (1= 2200 (1~ [aa P2

for ; < 0 < d3 (the solution of the last equation may be given in direct
form and the existence of solution (10) will be shown below). Put a = 0
for 6 > 5. Let

(p/2=1)(1 = a*)(1 = pW(2))
p(z) = +(1+aW(2))(2+ap—pW(2)), 0<0<d,
(14 aW(2))(2a+ p —apW(z)), J > 0y,

W(z) +a (p(2)*"

B 1+(IW(Z)(1—EZ)4/177 0§5<(517
9E) =9 (o
WE) 5> 4,
(1—22)ilr

Proposition 2. Let X = A,. Then for every 1 <p < oo and § >0

i)

Soy = b*(1 — p*)? (1 — &z >4/p (gp(zl)>(1’2)/py

is an optimal algorithm,
ii) g0 =9/|lglla, is a worst function,



iii) the intrinsic error is

Co((p/2)(1 — p%) + 1)'7P 50
(L [eP2r o
Y ( 1 — |z ? )2/” ( (€) )2/’”
E(éa 21 57 Ap) = a (1 - ’5‘2)(1 - :02> Qp(zl) 7
0<d<do,
1
= PP e

Proof. Note that the functions
(p/2 = 1)1 —a®)(1 = pw) + (1 +aw)(2 + ap — pu)
and
(14 aw)(2a + p — apw),
as the functions of w, have real zeros which are outside the interval
(—1,1). Therefore ¢(z) is zero free in D. Let 0 <6 < d;. For f € Hy
denote
1 (1+aW(2))*((2)) P2/

20 Sy W (=) (W (2) = p)(1 = €222

Jf = f(z)dz.

Since
(z =90 = |=]*)
(1 =Z12)(1 = Z:§)

W(z) —p=e?
we obtain by the residue theorem

o PL= [ P)(1 — g2
(1 + a1 - 58 <s>>p /s

On the other hand, in view of the equality W(e®) = W=1(e), we
obtain by Stokes’ formula

Jf = f(&) = Sof(z1).

Jpo L (WH_ ) (L4 WG o)
e \ T+ (s) ) (1= W) (1 - Eo
)

211
:L @ p/2+1 (l—l—aW( ) 2 ( ( >+a)p/2—1
|2|=1 1—I—GW 1—pW() 1+ alW(z)

271

(p(2)) "2/ N R W N AT
X(l—fz) p2/pf(z)dz— 1_|Zl|27T/D<1+GW>

. ¢ ( W() +a )/ (p(x) 20
(1—-£2)2 \1+alW(z) (1 — £z)20-2)/p

f(z)do()

=L [ @) o)

[21[* ™
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Thus for every f € H,, we have
(11)

_£12)2-2)/p o
OﬁzmgLémem%Aﬂ@ﬂﬂdwdﬂ@mﬂ@=f@%—%ﬂm)

As functions from H,, are dense in A, for every 1 < p < oo, the
equality (11) holds for every function from A,. It is easily seen that
Sog(z1) > 0. Therefore it follows from Theorem 2 that if a € [0, 1] sat-
isfies the condition |g(21)|/||g||4, = 0, then Sy is an optimal algorithm.
For f = g, from (11) we have

o(1 — [€[2)20 )
0+ a2 (@)D ol

(p+a)(p(©)*r (1 — p2>2 ap(z1)
(1 —1¢l

T (T ap)(1— [P \1+ap 2)4/0(p(€)) =20
Hence
» _ (pFra)l+ap) B a(l — p?)? .
95, = "o iy O lep )

We find by direct calculation that

P _ 1 b — a1 — 2 a a2) b2
oy, = ez =g (5 = 1)1 = @)1= )1+ 200+ a3y
F1oo(l— A4 (1 p2>2b4).

Since ||g||a, > 0 for every a € [0, 1], the function in the left-hand side
of (10) is continuous as a function of a (a € [0,1]), and therefore the
equation (10) has a solution for every 6 € [0,0;). We have

oGO (/2= 1)1~ a?) +2 4 ap)?V
’1—621|4/p ’1_521’4/27
a((p/2 —1)(1 —a®) +14+b7")*P(1 — p?)*/r
(1= [E2)P(1 — |21 [)%p

l9(z1)| = a

and so the equation (10) means that [g(z1)|/||g|4, = 6.
The case 0 € [01,02) can be considered in the same way if we set

Jf =

n W) + @Rl

271 e W) — )1 — o )
RRNYREEY 6y

217 s (1= W)L — E20

f(2)dz.
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Let now d > 85. Then a = 0, g(2) = p*P(1 — £2)~%?, and
Ll R CVT
7 Jp (1—&2)2(1 — €2)2-21r

_ 2-1/p /)
S A jgpyen

= [ Al dote) -

(here we use the fact that the Bergman kernel (1 — £2)~2 is the repro-
ducing kernel on A,). Thus

_ |£]2)2(p—2)/p -
a2) L0 [ SElatar ) do() = 19 - Suf(z)

Now let us verify that [g(21)|/||g]|4, < 6. Substituting f = g in (12),
we obtain

2/p
(1= 6PVl = ey
which yields
gzl _ ( L >2/”_5 <
lglla, — \1—1?) 777
The proposition is proved. O

Now we consider the same problem for X = h,, p > 1. Put

1 [ . , .
o [ PG (P )~ AP, )i 0
a(\) = 0 = , 01 =a(0),
1P(€, ) = AP (21, )2
1— €7 . : 1.1
where P({,2) = ——=-— is the Poisson kernel, — + — =1, ()¢ =
1—&z[? poq
|z|7" ! sign x, and
1 o y 1/q
= — N9 de .
11 = (55 [ Irteyeao)
Let us show that for every 0 < 9§ < §; the equation
(13) a(d) =194
) 1+p ” z— 2
has a solution A € |0, ——|. For z =¢" and ( = W(z) = ¥ ——
1—0p 1 -2z
we have
P(¢, 2 1—p* _1-p
(1) P&2) _ iy <

P(z1,2) [1—=pC* ~ 1+p

(p and ¢ are the same as in (6)). Thus for every z = ¢’
1+

P(§2) = 7= P(e1,2) 0.

0
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Therefore
1
o (ﬂ) < 0.
1—p

i p] and «(0) = 41, the equation

1
Since a(A) is continuous for A € [0, ]

(13) has a solution in this interval for every 0 < ¢ < ¢;. We denote
this solution C,(§, 21,0). For § > d; we put Cp(&, 21,9) = 0.
Proposition 3. For X =h,, p > 1,

1) Soy = Cp(&, 21, 0)y is an optimal algorithm,

ii)

1 2w

P(C7 eie)(P(ga 61‘9) - Cp(f? 21, 5)P(217 eie))(lJ) do

1P, ) = Cpl€, 21,0) P21, )15
18 a worst function,
iii) the intrinsic error is

E(g’zhév hp) = uO(E) = ||P(§, ) - CP(&? 21, 5)P(Z17 )”q + 5013(572175)'

Proof. Tt is known (see [10]) that every function from h,, p > 1, has
boundary values almost everywhere. It is also known that boundary
values reconstruct this function by Poisson transformation. So for every
u € Bhy, p > 1, we have by the Holder inequality

[u(§) — Cp(§, 21, 0)u(z1)]
L /%(P(f,e”) — Cy(&, 21,0) P (21, €”))u(e) db
2m Jo
< ||P(& ) — Cp(&; 21, 0) P21, )l

_ 21,

()

On the other hand, the function

(P& ") = Gyl& 21,0)Pz1,€”))g
o= BL,(0, 21
1 |P(&,-) — Cpl(&, 21, 0)P(z1, ) ||47" € BL,(0,2m)

and therefore (see [10]) uyp € Bh,, and has almost everywhere boundary
values which coincide with f(6). Thus we obtain that

uo(§) = Cp(&, 21, 0)un(21) = [[P(E; ) = Cp(E, 21,0) P21, )l

Hence

(15)  sup |u(§) = Gy, 21, 0)ulz1)] = uo(§) = Cp(&, 21, 0)uo(21)-

u€Bhp

Let 0 < § < 6. It follows from the definition of C,(¢, 21,0) that
up(z1) = 6. Since Cy(&, 21,0) > 0, we have from (15) that ue(§) > 0
and

sup [u(§) = Cp(&, 21, 0)u(z1)] = uo(§)] = 0C(E, 21, 0).

u€Bhy
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For § > 0, the same equality holds because C,(&, 21,d) = 0. Now the
proposition follows from Corollary 1. Il

We can easily find C(§, 21,9). In this case ¢ = 1 and
1

T or

a(A) /0 ' P(z1,e") sign(P(€,e?) — AP(zy,¢")) db.

In view of (14) substitution

e (+ 2
2= ——————————
1+§16_Z‘PC
yields
1 2w ]
a()) = — / sign(P(p, ¢) — \) df
2 Jo
1 [ 1— p?
= —/ sign P — A db
T Jo 1 —2pcosf+ p?
L -y
2 1 2 1 +p 1
2 A(1 —(1— —
= { — arccos (tp)=( p)—l, —pgAgﬁ,
s 2pA —i—,ol 1—0p
1, A> P
\ 1-— 1%
Hence for 0 < 6 < 1 the solution of (13) is
1—p?
Cx(&, 21,0) = , :
(&21,9) 1+ 2psin(7d/2) + p?
1
If 0 =1, every A\ € lO, #] is a solution of (13).
—p

For 0 < 6 < 1 and z = € we have
sign(P(&,2) — Coo(§, 21,0) P(21, 2))
9
= sign (1—'0 — C(&, 21, 5)) = sign (Re W (z) + sin gé)

1= pW(z)]
W (z) + tan(md/4) _ 4 e arctan W (z) + tan(wd/4)

1+ W(z)tan(md/4) = 14+ W(z)tan(md/4)
In the case p =00, 0 < § < 1, we obtain

_ 4 Rearctan W(¢) + tan(wd/4)
uo(¢) = - Rearctan 7= W (C) tan(w/4)”

Thus the next corollary follows from Proposition 3.

= sign Re

Corollary 3. For X = hy
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i 0<d<1
1—|—2psin(7r5/2)—i—p2y7 - ’
Soy = 1-p
C s 5:17060717
Y [0,1]
0, 0>1,

is an optimal algorithm (in the case 6 = 1, ¢ is an arbitrary
value in [0, 1]).
ii)
4 %% A
up(z) = - Re arctan 1—|—(Z+I/It(z)’
where
A tan(md/4), 0<6 <1,
1, 6> 1,
1 a worst function,
iii) the intrinsic error is

E(&, 21,0, he) = up(§) = %arctan fjAAp.

The solution of the equation (13) may also be obtained in direct form
for p = 2. Nevertheless, we shall prove a more general result for the
Hilbert space.

Let X be a complex (or real) Hilbert space. Consider the problem
(1) in the case W = BX,Y =7 =C (R), Lz = (z,21), [x = (z,x9),
x1, 22 € X. The intrinsic error will be denoted by E(z1,zq,0, X).

Proposition 4. Let 1 and x5 be linear independent elements from the

Hilbert space X. Put
€ = min {5, M} .

(2]
Then
i) Soy = )\wy, where
|22
e Il = 1w )R
|(z1, 72)] ||z2||? — €2 ’

15 an optimal algorithm,

2 _ 2
o = | 2| € e (xl _ /\($1,$2)$2>

VPl = (e, 2

i)

18 a worst element,
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iii) the intrinsic error is

$1,$2)| |(9€1,$2)|
E(x1,19,0,X) = l|lz1||? — + ¢ .
|22 |22

Proof. We have

sup |(z,21) — So(z,22)| = sup (m,xl—ﬁ””“x?axg)‘
| <1 el <1 22|
B RN a2 llza]2 — |G, 22)?
vazll2 |22 — & '
Moreover
(Ihxz) ($17$2)

Thus ||zo]| =1 and

sup ’(x7x1) - So(l’,&}g)| = (x(bxl) - SO(Q:071'2)'

llzll<1
Since 2
So(zo, 72) = AL = A)f(21, 7o) >0
|z2]? ||z1 — )\(xl,xz)%
[l 2
and
(0, 22)] = z2])® — 2

)|2‘($1,l’2)|(1 - )‘) =&,

2 [l = (21, 2

we obtain So(zg, z2) = 0||Sp||. To finish the proof of the proposition we
should only apply Corollary 1. O

The problems of optimal recovery in Hilbert spaces from inaccurate
data were investigated in [11] (see also [2] for a more general situation).

Let X be a Hilbert space of functions f: Q@ — C (R) with the repro-
ducing kernel K: Q x Q — C (R), i.e

f(z) = (f(), K(,2))
for every f € X and z € Q. Consider the problem (1) for W = BX,
Lf = f(&), If = f(z). If K(-,€) and K(-,2) are linearly indepen-
dent (i.e., the class BX distinguishes the points  and z;), then from

Proposition 4 we get
Corollary 4. Put
e —mind s EELOLL
K(&.¢€)

Then
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(67 Zl)
K(Zl, Zl

N1 K(§,§) K (21, 21) — |[K(21,8)[?
B ’K 21,6)| K(z1,21) — €2

15 an optimal algorithm,

i) Soy =

y, where

i)

_ K(z,2) — €
fo(2) = \/K(ﬁ,f)K(Z’l,Zl) — | K (21,8)]?
K(z1,¢€)

x (K(z,g) - AmK(z,zl))

15 a worst function, and
iii) the intrinsic error is

e? K (21,97 | 1K (21,8)]
E 2,0,X)=4]/]1— ——|K(,&) — +¢ .
(€2 ) \/ K(21,Z1)\/ (€.8) K(z1,21) K(z1,21)
We list some examples of Hilbert spaces with reproducing kernels:

1) Hy  K(E2) = (1-€2)", <f,>:i " F(e")g@ db,

%) Ay, K(6,2)=(1-€2)2, / f(2)9() do (=),
3) hy, K(&2)=2Re(1-&2)71 -1,

4) ay, K(&2)=2Re(l —&2)7% — 1, ,
(u,v) = ;/Du(z)v(z) do(z).

Note that we can obtain the generalization of Schwarz’s Lemma in
the same way as (9):
sup  [f(§)] = E(&, 21,6, X),

feBX
|f(z1)|<0

where E(E, 21,6, X) can be found from the corresponding proposition
for X = H,, Ay, h,, and a.
Denote

D(£7 21767X> - {Z €D: |90<Z>| < 5}7
where X = H, A, h,, or ay and go(z) is a worst function for the
appropriate recovery problem. Consider the information operator
If = fip(e,1.0,x) instead of If = f(z) and the space Y is a space
of continuous in D(€, 21,0, X ) functions with the norm

lyll = sup  [y(2)].
z€D(&,21,6,X)
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It follows from Corollary 1 that the optimal algorithm, the worst func-
tion, and the intrinsic error will be stay the same. Thus the additional
information (with the same inaccuracy) about the behaviour of the
function f in D(E, 21,0, X) will not decrease the intrinsic error. In
other words, the point z; forms some “shadow” set in which any addi-
tional information is useless.

3. Optimal recovery of the derivative from inaccurate data. We
turn now to the problem (1) for X = H,, Z=C,Y =12, Lf = f'(0),
If = (f(=h),f(h)), h € (0,1). The intrinsic error will be denoted by
Ey(h,d, Hp).

There is the well-known algorithm

o) = 1= 11)

which is not optimal even in the case § = 0 (see [12]). It was shown
in [2]| that

is an optimal algorithm for 6 = 0 and p = oco. It follows from [8] that
this algorithm is an optimal one for § = 0 and every 1 < p < oc.
Moreover it is also optimal for § = 0 and X = ho (see |9]).

Now we consider the case when the value of functions in the points
—h and h are known with an error < ¢ in the norm of lg, that is, we
know y; and ys such that

|f(=h) —y|? +[f(R) —y2|? <07, 1< g < oo,
max{[f(—=h) —yl,|f(h) — 2|} <J, ¢q=oc.
Put

1/p, 1<
sp:{/p’ =P e (1 02, 5, = ke,

0, p = 00,
1, 0 <6<y,
—— 0>
1 —a222’ =

Let a € [h, 1] be a solution of the equation

h(a2 _ hz)(l _ a2h2)25p71

(16) a(h)(1 — h*)er (1 — 2a2h2 + at)er

— 5250,

where 0 < § < §5 (the existence of the solution follows from the conti-
nuity of the function in the left hand side of this equation). Put a = h
for 6 > 0s.

Proposition 5. For every 6 >0, 1 < p,q < o0



18

h) (1 = a®h?)?17e) gy — gy
! 0 ~ S — Of(
PO~ Soy = = oya— w2

15 an optimal algorithm,

i)

( ) 1— h4 Ep Z(CL2 o 22)(1 o a2z2>2£p—1
Z) =
g0 1 —2a2h? + a* a(z)(1 — h2z2)%r»
s a worst function,
iii) the intrinsic error is

2 1—h4 Ep
E'(h.6,H,) = — .
o 0 Hy) a(0) (1—2a2h2+a4>

Proof. Put

2) = z(a® = 2%)(1 — a?2?)*>"! z) = ooz @’’’
9(2) = a(2)(1 — h222)%r , p(2) (1_h222> .

For every f € H, and z = ¢’

h? 1 / a(z)(1 — a?2%)?1-=p)
|z|=1 2%(

we obtain by the residue theorem

f1(0) = Sl f = — f(z)dz

a(0) 2mi 22 — h?)(1 — h222)1- 2
h? 1
a(0) 27

h? 1 2
— do = 00.
T e,
For f = g we have from these equations

) 1 — 2a%h® + a*
lolly, = el = =2

AWREM@W”ﬂdW,1Sp<m,

Note that if p = oo, |g(€??)] = 1. Now to use Corollary 2 we must prove
that

0
[g(] = (50,* = 27(—1, 1)

if 0 < 0 < 52 and ||]g()||lg < o if o > 52. Let 0 < 0 < 52. Since
go(—h) = —go(h) it is sufficient to prove the equation

go(h) = 27 %
which coincides with (16). If § > ds, go(2) = 2 and |[[Igol[;z = h2% =
09 < . This completes the proof of the proposition. O

Note that Spy = 0 for § > 2. If § < 2% we can consider the problem
of finding such a value hg, that

E!(ho,6, H,) = min E'(h,d, H,).

he(0,1)
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The value hy is called an optimal value of h. We shall give the solution
of this problem for p = oo.

Proposition 6. Forp=o00, 1 < ¢ <00, and 0 < < 2% the optimal
value hy satisfies the equation
(17) Shy + 21 eap3 — 5221 %apy — § = 0.

The equality

in E!(h,d, Hy,) = hg
hg%(l)ﬂ) q<77 ) 0

holds. The optimal value hy can also be found from the equality
ho = Vksn(K/3, k),

where k 1s determined by the equation

- m(m+1)

>N K
(18) VEk=2n/tm=0 _  p=e s

1+2>

m=1

or
K N
K
here K, A denote the complete elliptic integrals of the first kind with

respective moduli k, \ = 62475« and K', N’ denote the ones with com-
plementary moduli.

(19)

Proof. From Proposition 5 we have

a2, 0<§ < hos,

E!(ho, 6, Hy) =
Q( 059 ) {17 52h2aq’

where a € [h, 1] and determines by the equation

2 _ 12
a®—h

20 h———— = §27°.

(20) 1 —a%h?

Extracting a? from this equation and minimizing it as a function of

h € (0,1) we obtain that the minimum hg is unique and satisfies the

equation (17). Taking a derivative from (20), we have

a® — h? 1—at 1—ht
— 2" 4 200’ h—=— = 0.
—a2 e T T ey
Thus if kg is minimum then g (hy) = 0, where
a® — 2?
(21) go(2) = 2—1 gyl

Now it is sufficient to find a function go(z) of kind (21) such that for
some hy € (0,1), go(hg) = 627%¢ and g{(ho) = 0. It follows from
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Lemma 2.2 of [7]| that this function is a Blaschke product of order 3
with minimal norm

= max 2)| = 627°,
190l e |90(2)]

where k is determined by the conditions |go(—VE)| = |go(VE)| = 627 54.
From [13] this function can be written in the form
ksn?(2K/3,k) — 22
do(2) = 2 ( : /3, k) N
1 —ksn?(2K/3,k)z
This function can be rewritten by using the first fundamental transfor-
mation of degree 3 (see [14])

g0(z) = VAsn (3BAu/K,\),  z=Vksn(u,k),

where A = ¢%47% and k satisfies (18), (19). If we put hy =
VEsn(K/3,k) then go(ho) = 62%¢ and gj)(ho) = 0. This completes
the proof of the proposition. O

It is easily shown from (17) that

14¢4
ho=2""3 6+ 0 (57,

and consequently

14-€4
in E!(ho,d, Hy) =43 623 4+0(6%).
hrerz%)]ﬁ) q( 0, Y ) + ( )
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