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Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÕÀÐÄÈ Hp

Ä. ô-ì. í., ïðîô. Ê. Þ. Îñèïåíêî1

Ïðîñòðàíñòâîì Õàðäè Hp, 1 ≤ p ≤ ∞, íàçûâàåòñÿ ìíîæåñòâî
àíàëèòè÷åñêèõ â åäèíè÷íîì äèñêå D = {z ∈ C : |z| < 1} ôóíêöèé,
äëÿ êîòîðûõ

‖f‖Hp := sup
0<r<1

(
1

2π

∫ 2π

0

|f(reit)|pdt
)1/p

<∞, 1 ≤ p <∞,

‖f‖H∞ := sup
z∈D
|f(z)| <∞, p =∞.

×åðåç BHp áóäåì îáîçíà÷àòü çàìêíóòûé åäèíè÷íûé íàð Hp

BHp := { f ∈ Hp : ‖f‖Hp ≤ 1 }.

Íà êëàññå BHp ìû ðàññìàòðèâàåì çàäà÷ó îïòèìàëüíîãî âîññòàíîâ-
ëåíèÿ èíòåãðàëà ∫ b

a

f(x)p(x) dx (1)

ïî çíà÷åíèÿì èíôîðìàöèîííîãî îïåðàòîðà

If := { f(x1), . . . , f (ν1−1)(x1), . . . , f(xn), . . . , f
(νn−1)(xn) },

ãäå p(x) � íåîòðèöàòåëüíàÿ âåñîâàÿ ôóíêöèÿ, x1, . . . , xn � ðàçëè÷-
íûå òî÷êè èç èíòåðâàëà (−1, 1) è (a, b) ⊂ (−1, 1).
Äëÿ ν = (ν1, . . . , νn) ïîëîæèì

τν :=

(
x1 . . . xn
ν1 . . . νn

)
.

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ èíòåãðàëà (1) íà
êëàññå BHp íàçîâåì âåëè÷èíó

E(τν) := inf
ϕ : Cn→C

sup
f∈BHp

∣∣∣∣∫ b

a

f(x)p(x) dx− ϕ(If)
∣∣∣∣ (2)

Ìåòîä âîññòàíîâëåíèÿ, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü â (2),
áóäåì íàçûâàòü îïòèìàëüíûì.

1Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ (�96-01-10035, �99-01-01181) è ãîñó-
äàðñòâåííîé ïðîãðàììîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë Ðîññèè (�96-15-
96072).
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Èç îáùèõ ðåçóëüòàòîâ, êàñàþùèõñÿ îïòèìàëüíîãî âîññòàíîâëå-
íèÿ ëèíåéíûõ ôóíêöèîíàëîâ (ñì., íàïðèìåð, [1]), âûòåêàåò, ÷òî

Ep(τν) = sup
f∈BHp
If=0

∣∣∣∣∫ b

a

f(x)p(x) dx

∣∣∣∣. (3)

è, êðîìå òîãî, ñóùåñòâóåò ëèíåéíûé îïòèìàëüíûé ìåòîä âîññòà-
íîâëåíèÿ. Èíûìè ñëîâàìè, ñóùåñòâóåò êâàäðàòóðíàÿ ôîðìóëà∫ b

a

f(x)p(x) dx ≈ ϕ0(If) =
n∑
j=1

νj−1∑
m=0

ajmf
(m)(xj),

äëÿ êîòîðîé

sup
f∈BHp

∣∣∣∣∫ b

a

f(x)p(x) dx− ϕ0(If)

∣∣∣∣ = E(τν).

Òàêàÿ êâàäðàòóðíàÿ ôîðìóëà íàçûâàåòñÿ íàèëó÷øåé äëÿ äàííîé
ñèñòåìû óçëîâ τν .
Ïîñòðîåíèþ íàèëó÷øèõ, à òàêæå îïòèìàëüíûõ êâàäðàòóðíûõ

ôîðìóë (ïîä îïòèìàëüíûìè êâàäðàòóðíûìè ôîðìóëàìè ïîíèìà-
þòñÿ êâàäðàòóðíûå ôîðìóëû, ïîãðåøíîñòü êîòîðûõ ìèíèìèçèðó-
åòñÿ çà ñ÷åò âûáîðà óçëîâ) ïîñâÿùåíî äîâîëüíî ìíîãî ðàáîò, áîëü-
øàÿ ÷àñòü êîòîðûõ êàñàåòñÿ êëàññîâ ãëàäêèõ ôóíêöèé (ñì. [2]).
Äëÿ êëàññîâ àíàëèòè÷åñêèõ ôóíêöèé èçâåñòíî çíà÷èòåëüíî ìåíü-
øå ðåçóëüòàòîâ. Â ÷àñòíîñòè, íàèëó÷øèå êâàäðàòóðíûå ôîðìóëû
äëÿ êëàññîâ Õàðäè BHp èçâåñòíû ëèøü ïðè p =∞ ([3, 4]).
Â äàííîé ðàáîòå ñòðîèòñÿ íàèëó÷øàÿ êâàäðàòóðíàÿ ôîðìóëà íà

êëàññàõ Õàðäè ïðè âñåõ 1 ≤ p ≤ ∞ äëÿ ñëó÷àÿ, êîãäà ν1, . . . , νn �
÷åòíûå ÷èñëà. Ïðè ýòîì êîýôôèöèåíòû íàèëó÷øåé êâàäðàòóðíîé
ôîðìóëû âûðàæàþòñÿ ÷åðåç ýêñòðåìàëüíóþ ôóíêöèþ, ÿâëÿþùó-
þñÿ ðåøåíèåì çàäà÷è (3). Ñóùåñòâîâàíèå òàêîé ôóíêöèè, à òàêæå
ðÿä âàæíûõ ñâîéñòâ ýòîé ôóíêöèè âûòåêàþò èç ñëåäóþùåé ëåììû.

Ëåììà. Ïîëîæèì

B(x) :=
n∏
j=1

(
x− xj
1− xjx

)νj
.

Ïðåäïîëîæèì, ÷òî ν1, . . . , νn � ÷åòíûå ÷èñëà, 1 < p ≤ ∞ èëè

p = 1 è −1 < a < b < 1. Òîãäà

(1) ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ gτν ,p ∈ BHp òàêàÿ, ÷òî

Ep(τν) =

∫ b

a

gτν ,p(x)B(x)p(x) dx,
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(2) gτν ,p íå èìååò íóëåé â äèñêå D è gτν ,p(x) > 0 ïðè x ∈ (−1, 1),
(3) ïðè âñåõ 1 < p <∞ è âñåõ θ ∈ [0, 2π]

Ep(τν)|gτν ,p(eiθ)|p =
∫ b

a

gτν ,p(x)B(x)P (eiθ, x)p(x) dx,

ãäå P (eiθ, x) � ÿäðî Ïóàññîíà.

Ïðè p = ∞ ëåãêî óáåäèòüñÿ, ÷òî gτν ,∞ ≡ 1. Ôóíêöèÿ gτν ,2 òàê-
æå ìîæåò áûòü íàéäåíà â ÿâíîì âèäå. Äåéñòâèòåëüíî, èñïîëüçóÿ
ôîðìóëó Êîøè, èìååì

sup
g∈BH2

∣∣∣∣∫ b

a

g(x)B(x)p(x) dx

∣∣∣∣
= sup

g∈BH2

∣∣∣∣∫ b

a

1

2π

∫ 2π

0

g(eiθ)

1− xe−iθ
dθB(x)p(x) dx

∣∣∣∣ = sup
g∈BH2

|(g, ψ)H2| ,

ãäå

ψ(z) =

∫ b

a

B(x)

1− xz
p(x) dx,

à

(g, ψ)H2 =
1

2π

∫ 2π

0

g(eiθ)ψ(eiθ) dθ

� ñêàëÿðíîå ïðîèçâåäåíèå â ãèëüáåðòîâîì ïðîñòðàíñòâå H2. Òàêèì
îá-ðàçîì,

gτν ,2(z) =
ψ(z)

‖ψ‖H2

.

Òåîðåìà. Ïóñòü ν1, . . . , νn � ÷åòíûå ÷èñëà, 1 < p ≤ ∞ èëè p = 1
è −1 < a < b < 1. Òîãäà êâàäðàòóðíàÿ ôîðìóëà∫ b

a

f(x)p(x) dx ≈
n∑
j=1

νj−1∑
m=0

ajmf
(m)(xj),

â êîòîðîé

ajm =

∫ b

a

cjm(x)p(x) dx,

cjm(x) =
B(x)gτν ,p(x)(1− x2)
m!(νj −m− 1)!

×
(

(1− xjz)νj
ωj(z)gτν ,p(z)(x− z)(1− xz)

)(νj−m−1)∣∣z=xj ,
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ωj(x) =
n∏
s=1
s 6=j

(
x− xs
1− xsx

)νs
,

ÿâëÿåòñÿ íàèëó÷øåé íà êëàññå BHp äëÿ ñèñòåìû óçëîâ τν.

Ëèòåðàòóðà

[1] Ìàãàðèë-Èëüÿåâ Ã. Ã., Îñèïåíêî Ê. Þ. Îá îïòèìàëüíîì âîññòàíîâëåíèè
ôóíêöèîíàëîâ ïî íåòî÷íûì äàííûì. // Ìàò. çàìåòêè, 1991, 50. � ñ. 85�93.

[2] Íèêîëüñêèé Ñ. Ì. Êâàäðàòóðíûå ôîðìóëû. Ì.: Íàóêà, 1979. � 256 ñòð.
[3] Bojanov B. D. Best quadrature formula for a certain class of analytic functions.

// Zastos. Math. 1974, 14. � p. 441�447.
[4] Îñèïåíêî Ê. Þ. Î íàèëó÷øèõ è îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóëàõ íà

êëàññàõ îãðàíè÷åííûõ àíàëèòè÷åñêèõ ôóíêöèé. // Èçâ. ÀÍ ÑÑÑÐ, Ñåð.
ìàò. 1988, 52. � ñ. 79�99.



ÀÍÍÎÒÀÖÈß

Â äàííîé ðàáîòå ìû íàõîäèì íàèëó÷øóþ êâàäðàòóðíóþ ôîðìóëó
â ïðîñòðàíñòâàõ Õàðäè Hp, 1 ≤ p ≤ ∞. Êîýôôèöèåíòû ýòîé ôîð-
ìóëû äàíû â òåðìèíàõ ýêñòðåìàëüíîé ôóíêöèè äëÿ ïîãðåøíîñòè
íàèëó÷øåé êâàäðàòóðíîé ôîðìóëû.

ON BEST QUADRATURE FORMULAS

ON THE HARDY SPACES Hp

K. Yu. Osipenko

In this paper we �nd a best quadrature formula for the Hardy spaces
Hp, 1 ≤ p ≤ ∞. The coe�cients of this formula are given in terms of
an extremal function for the error of a best quadrature formula


