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Abstract

The paper is concerned with the recovery problem of derivatives at the origin
from noisy information about functions defined on the semiaxis for the Sobolev
class. The problem of S. B. Stechkin about approximation of derivatives by
bounded linear functionals is also studied.
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1. Setting of Problems

Let W3 (R4), n € N, be the Sobolev space of functions z(-) € La(Ry) such
that the (n — 1)-st derivative is locally absolutely continuous and z(™)(-) €
L2(R+). Set

W (Rs) = {() € WER:) : [ ()l o) <1}

We consider the problem of recovery of x(k)(()), 0 < k < n, on the class
W3 (R4) by inaccurate information about x(-). We assume that for every func-
tion z(-) € W (R,) we know y(-) € Lo(R;) such that

2() =yOllzoy) <6, 6>0.

For a given y(-) we have to construct an approximate value of z(*)(0).
As recovery methods we consider all possible mappings m: Ly(Ry) — R.
The error of a method m is defined as follows

ex(W3' (Ry),6,m) = sup 12 (0) = m(y(-))-
z(-)EWS (Ry), y(-)€L2(Ry)
lz()—y()llLy @y ) <6
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The quantity

BWyR).0) = inf (W (Ra).dm)

is known as the optimal recovery error and a method for which this infimum is
attained is called optimal.

Note that optimal recovery problems are closely connected with statistical
estimation problems. Details may be found in [2].

We also study the problem of best approximation of z(*)(0) on the class
W3 (R4) by linear continuous functionals on Lo(R; ) with the norm not greater
than some fixed positive number N (this problem is known as Stechkin’s prob-
lem). It relies on finding the value

Se(W3'(Ry),N) = inf sup  [2M(0) = (y*, 2()],
Yy E€L2(Ry) z()EWSR(Ry)
Ny Iy ) <N

and also a functional delivering the lower bound which is called extremal.
Solutions of the formulated problems are closely connected with the prob-
lems of exact constants in Kolmogorov-type inequalities for derivatives. For the
semiaxis the corresponding results which we essentially use here where obtained
in [3] and [4]. For R the analogous problems of recovery and approximation
by bounded linear functionals were considered in [6]. The range of problems
connected with Stechkin’s problem was elucidated in the survey paper [1].

2. Main Results

It may be obtained from [4] that there exists a function Z(-) € W32™(R,)
such that for all 2(-) € W3 (R ) the following equality

2®)(0) = /]R 230 dt + / 2 ()7 () dt (1)

Ry

holds. We give the explicit form of Z(-) and prove the corresponding result for
completeness.
Put

)\j:e(”Jr?j*l)%7 j=1,....,n, A= ,

and A, ; is the cofactor of )\;”“3_1. Denote by |A| the determinant of matrix A.

Lemma 1. Set
n k n

A~ ]t



Then for all z(-) € WE(R4) (1) holds, moreover,

UOE (2)
where
- T
Apg = cotja, a=—.
ok sin'/2((2k + 1)« H J 2n
Proof. Since /\?" =(-1)"tforallj=1,...,n we have

Z(t) + (-1)"z®(t) = 0.

In view of the fact that ReA; < 0 for all j = 1,...,n, Z(-) € W32"(R,). Thus,
for every z(-) € W7 (R4) we have

/ x(t)%chw(—l)”/ z()zZC () dt = 0.
Ry R

Using integration by parts we obtain

n

/‘x() Jdt + (—1)" Y (=1)Pa =D (0)FCr)(0)
Ry

p=1

For all s,p=1,...,n we have

S TAGNTPT =5, A,

j=1
where d,, ¢ is the Kronecker delta. Consequently,

nk”

zn=p)(0) ZAn k,j)\fn P = (1) o prink- (4)

Substituting (4) in (3) we obtain (1).
Now let us calculate 2(%) (0). We have

i?(k)( — )"~ kzn:A )\k —1)n k|Ak|
|A| o A[
where
AT Ay
)\%n STOPSERRLEE )\%nfk72
Ap=| M Ak
)\?nfk )‘721”7]6
)\%n—l )\%nfl



Since
m __ Jj—1
AT = Omptd,

where

jEm

|0'm|:1a Bm =€ ™,

matrices A and A may be rewritten in the forms

1
On - Onpn™
A= ,
O02n—1 O2n—1Hon_1
1
On . Ontn ™
n—1
O2n—k—2 -+ O2n—k—2Mo, 1 _o
n=
Ak = Ok . O’k,uk
n—1
O2n—k cee O2n—klon_j
n—1
O2n—1 cee Oon—1M9n_1

If we put z(-) = z(+) in (1), then we obtain
2®(0) = 12O, @) + 1ZWONIZ,my - (5)

Thus, () (0) > 0. Using this fact and the formula for the Vandermonde deter-

minant we have
n

f(k)(O) _ H | r — Mn+j71‘

|u2n—k—1 - ,un+j—1| .

j=1
j#n—k

Since
lp — ps| = 2[sin(p — s)al,

we obtain

0 (0) = H [sin(n+j —k — 1)

e |sin(n + j + k)a

Jj#Fn—Fk
k
_ 1 Hj+k+1 sin jo
sin((2k + 1)a) HJ psinje [T52) "1 gin jo
_ 1 HJ k+1s1n]aHJ n+1sinjoz
sin((2k + 1)a) Hk_l sin ja H ,_1 “!sin jo
—1
= Hcotja J =kl sin ja
sin( 2k—|—1 i 1k sin jo
n—k—1
— 2
= sin( 2k:+1 Hcotja H cot ja = 2k+1 Hcot Jou.



Theorem 1. The following equality

-~ 2n an 2n n on_2k—1
IV" _  2n
Bl 2(R+)’6)_An’k<2n2k1> <2k+1> o

holds. Moreover,

(y) = B+ / y(OF(BE) dt, (6)
Ry
where .
2n—2k—1\2" 1
b= <2k+1> o

is the optimal method of recovery.

Proof. From (1) by the Cauchy-Schwarz inequality we obtain

R n 1/2
2P0 < (IO s + 18O ws))
1/2
X (O sz + 10O ey)

Taking into account (5) we have

~ 1/2
£ ®O)] < Aus (O am + 12 OB ey) )
Put y(t) = z(bt), b > 0. Then

Lo n n—1|x(n
O = FIFON @y ™ Ol @) =0 I OIL,@.)-

Substituting y(-) into (7) we obtain that for all b > 0 the inequality

R " o 1/2
AL < A (FIEO ) + P O, )

holds. In view of (5) and (2) we get that for all b > 0 the inequality f(b) > 0 is
fulfilled, where

F0) = 0"Z O, ry ) — AR+ A% = 12O, k-
It is easily seen that f(-) has the unique minimum on R,

( (2k +1)A2 )k
by = : .
)

20[EWOI2, x,




On the other hand, f(1) = 0. Consequently, by = 1. Thus,

2k +1

IOl zages) = Aoy =5

It follows from (5) and (2) that

~ ~ 2n —2k —1
1O e, = Ak\/T

Put 71 (t) = ax(8t), a, 8 > 0. Choose o and 8 such that ||[71(-)|[z,r.) =9
and |\55§”>(-)||L2(R+) = 1. We have

2BHEON sy = % 2B THEW O @,y = 1

1
~ 2n 2n — 2k — 1\ % 1
:A71 51—
“ ”’k\/Zn—2k—1< 2%k + 1 ) o

Mm—2%—1\7 .
/3—<2k+1> o

Hence,

Substituting Z(t) = a~1Z1(t/8) in (1) we obtain

2®)(0) = a1 / ORI dt+a 5 [ 2™ ()8) dt.
Ry Ry

We change variables ¢ = s and put z(s) = z(8s). Then we have that for all
z(-) € W3 (R4) the equality

2B (0) = A, / (5)F1(5) ds + Mg / 2 ()37 (s) ds (8)
R, R,
holds with .
I} 1
Av="—— A= a1

It follows from general results about optimal recovery of linear functionals
(see, for example, [5]) that

EL(W3(Ry),8) = sup  [zM(0). (9)
z2()EWS (Ry)
lz() Ly @) <o

From (8) by the Cauchy-Schwarz inequality we obtain

E (W3 (RL),8) < A162 + Aa. (10)



Let us estimate the error of method (6), which may be written in the fol-
lowing way

(y) = M / () dt.

Suppose that 2(-) € W3 (R ) and [|2(-) — y(-)[|z,(r,) < J. Taking into account
(8) we have

[2®(0) — m(y)]

z(k)(())—)\l/R z(t)ﬁ(t)dtﬁl/ (z(t)—y(t));?l(t)dt‘

Ry

A / (2(t) — y(£))Z1 (£) dt + A / 2z (¢) dt‘ < M6% + Xo.
Ry

Consequently,

EL (W3 (R,),06) < ep(WaH(Ry), 5,m) < A\8? + Aa. (11)

The last inequality together with (10) gives

EL (W (RL),8) = A6% + Ay

2 271,742’(}71 2 2i+1

-~ n " n " 2n—2k—1
=A | ———— 6 2.
’k(2n2k1) (2k+1)

Inequality (11) implies also that m is the optimal method of recovery. O

Note that the exact solution of extremal problem (9) gives us the exact
inequality

*) 2n722k71 (n) 21;¢
2(0)] < KnllzOllp, &y 12" Ol 3w, )

where
2n—2k—1 2k+41

N m an m in
Kn = An . a1 1
¥ ’k(2n—2k—1> <2k+1>

It may be also obtained from exact inequality (7) by Proposition 4 from [7,
p. 119].
We now proceed to the Stechkin problem.

Theorem 2. The following equality

~_2n 2k + 1 o — 2k — 1\ T an_si
S(WHR N) = A N~ 2k+1
bW (R, N) = A5 \/2n—2k—1( 2n )

holds. The functional

(7,2 ()) = g5 / 2(O)F D) dt

Ry



where

2n 2761«#1 N 2k2+1
By = (2 ) N
n—2k—1 Ak

Proof. As was proved in the optimal recovery problem among all optimal meth-
ods there exists a method defined by a linear continuous functional, therefore

is extremal.

Ep(W3(Ry),8) = inf inf sup 12 (0)—(y*, y ()]
N>0lly* Ly SN z()EWS (Ry), y(-)€L2(Ry)
lz()—y()lly @) <6

< inf sup |z ®(0) = (y*, 2("))[+ 0N = S (W3 (Ry), N)+IN.

Y g my ) SN 2(-)EWF (Ry)
Consequently, for all N > 0
Sk(W3 (Ry), N) > Ex(W3 (Ry), ) — ON. (12)

We define the linear functional 7* as follows

Y, z(-)) :Al/ x(t)Z1(t) dt.

Ry

Then [|y*[|,®.) = M19. If we choose ¢ such that N = 14, then it follows from
(12) that
Sk(W3' (Ry), N) = Ag.

On the other hand, in view of (8) we have

S (W3 (R1),N) < sup  [a"(0) — (7", 2(-))] = Ko
2()EW (R )

Consequently, Si(W3(Ry), N) = Ao, If N = A4, then

n —~ F2n
[2n —2k—1 (20— 2k — 1\ (A, .\~
0=0N = . .
2k +1 2n N
For § = 6y we have

~an 2k + 1 o — 2k — 1\ T s ok
Ao = AZ2FFI N 2EF1
27 Tk \/2n2k1( 2n )

The functional 7* may be written in the following way

(@, 2()) = B+ / £()F(F0) dt

where 3 is defined in Theorem 1. For § = dy
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