OPTIMAL RECOVERY OF LINEAR OPERATORS
FROM INACCURATE INFORMATION

K. YU. OSIPENKO

1. INTRODUCTION

What does it mean to solve a problem in an optimal way?
Assume that we have a problem p to be solved. Usually we have
some information abut this problem. This information as a rule is
incomplete and/or inaccurate. We denote it by I(p). Suppose we have
a method (algorithm) m to solve this problem. The method m uses
the information /(p). To compare the quality of different methods with
each method m we have to associate a number indicating the error of
the solution of the problem. We denote this number by e(p, I, m).

Usually we want to have a method that can be applied to several
problems of the same type. Assume that we have a set of problems P.
Then for the set P the error of the given method m may be defined as
follows

e(P,I,m)=supe(p,I,m).
peEP

If we want to find a good method for problems P we have to find a
method for which the value e(P, I, m) as small as possible. Denote by
M the set of admissible methods. Then we want to find a method m
such that

e(P,1,m) = 12/{/[ e(P,I,m)=: E(P,I,M).

We call the method m an optimal method and the value E(P,I, M) is
called an optimal error.

It may appears that E(P,I, M) is not sufficiently small. Then we
may try to find another type of information about problems from P
that can provide a better error of solutions. In other words, we can
consider the following problem

inf E(P,I, M),

1€
where 7 is some set of information.
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Let us consider some examples.

2. OPTIMAL INTERPOLATION

Let W be some class of functions defined on a domain D. Denote by
pys the problem of finding f(¢), t € D, for a function f € W. Put

I(py) =1(f) = (f(tr),.... f(ta)), t; €D, j=1,...,n
Let M be the set of all mappings m: R™ — R. We put
e(ps, L, m) = |f(t) —m(I(f))]
Here P = {p; : f € W}. Thus,
e(P,I,m) = sup [f () =m(I(f))] = e(t, W, I,m).

To find an optimal method we have to consider the following problem

B(t,W.I, M) = inf e(t,W.1,m).

e
—R

This problem is called the problem of optimal recovery of a function
f € W at a fixed point ¢t from the information about the values

f@t), -, f(tn).

3. OPTIMAL INTEGRATION

Let py be the problem of finding the integral

1= [ s

for a function f € W. With the same I(f), P, and M we obtain the
problem of optimal integration on the class W from the information
about values of f at a fixed system of nodes

E(L,W,I,M)= inf sup

m: R*—>R feW

[ ryar—mr|.

Note that if instead of M we consider the set M containing only
linear functions m, that is,

n

m(I(f) = a;f(t;), a; €R, j=1,....n,

J=1

then we obtain the well-known problem of finding optimal quadrature
formula for the class W and a fixed system of nodes.
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One may ask how to choose such points a < t; < ... < t, < b for
which the optimal error will be minimal. In this case we obtain the
following problem

E(L,W,Z, M) = inf E(L,W, 1, M),
€

where
IT={T:a<t;<...<t, <)}

4. OPTIMAL NUMERICAL DIFFERENTIATION

In notation of the first example this is the following problem

E'(t,W, I, M) = inf sup|f'(t) — m(I(f))|.

m: R?"—R feW

5. OPTIMAL INTERPOLATION FOR W1

We consider complete solutions of some previous problems for simple
classes.

Denote by WL the class of real functions f defined on the interval
[—1, 1], absolutely continuous, and satisfying the condition

|f'(t)] <1 almost everywhere on [—1,1].

Following the first example we put
e(t, Wae, Im) = sup [f(t) —m(I:(f))],
fews

Et,WL I;)= inf e(t, WL, I;,m),

m: R*"—R

L) =(f(t), ..., f(tn), t=(t1,...,tn), —-1<t;<...<t, <L
Denote by «(t) the nearest point to ¢ from the set of nodes

{t1,...,t,} (in the case when ¢ is in the middle between ¢; and ¢;,; we
set for definiteness a(t) = t;). Thus,
( t1+1¢
i, —1<t< 1‘; ”,
ti_ t t; +t;
at) = < t;, it t < ]+]+1, =2,...,n—1,
2 2
too1 4+t
b, ot ooy
\ 2
Put
f@t) =t —at)]

(see Fig. 1).
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A

-1 t to t, 1 t
Puc. 1. 1

It is obvious that f € WL and —f € WL. Moreover, I;(f) =
I;(—f) = 0. For any method m we have

~

2f() = 11(£) = m(0) — (= F(£) = m(0))|
< [F(8) = m(O)] + | = J(t) = m(0)] < 2e(t, WL, I, m).
Consequently, for all m
e(t, WL, Ir,m) > f(t).
Hence
(1) E(t, W, Ir) > f(b).

We obtain the lower bound. Now let us obtain the upper bound.
Define the method m by the equality

m(Li(f)) = f(a(l))
Then

Since |f'(7)| < 1 we have

Lf(t) = fla@)] < [t —alt)] = f(D).
Thus, for all f € WL
(1) = ()] < F(2).
We have
E(t, WL I) <e(t, WL, I m) < f(t).

Taking into account the lower bound (1), we obtain that

E(t, WL, I;) = f(t)
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and m ia an optimal method. Consequently, if we have function values
f(t1), ..., f(t,), then an optimal method of recovery of f(¢) on the class
WL is the following

ft) = fla(t))
(see Fig. 2).
f(a(t)) f(tn)
f(t)
-1 # to t, 1 Tt
flta) |
Puc. 2. 2

There may be several optimal methods. Among them there is one
which has good properties. It is called the central method. We construct
the central method for the above problem. Let y = (y1,...,y,) € R™
Put

Wy:{fewolo:[ff:y}-
Consider the set
Ay ={f@t): feW,}
For the fixed t the set A, is an interval on R and

SUpP rew, f(t> + inffewy f(t)
v 2
is the middle of it.
For any y, such that W, # 0 and for all f € W, we have

inf sup |f(t) —c| = sup |f(t) — ¢, |-
c€R rew, fewy

Thus for any method m and for any y, W, # 0,

sup [f(t) —m(y)| > sup |f(t) — ¢,
fewy fewy
Consequently, the method m.(/;f) = cy,s is the optimal method which
is the best for any fixed information Izf. Such methods are called
central methods.
The explicit form for the method m. may be found using the
following picture
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Yj+1

Yj

t; ot £t

Puc. 3. 3
(Y1, —1<t<t,
v, t; <t <1t
j=1,...,n—1,
Yi T ¥
2 ti +1
me(Ief)(t) = 4 + sign(y;4+1 — v;) (t - %) , St <ty
7=1,...,.n—1,
o S E< b
j=1,....,n—1,
[ Yn, thst<1.
po it i — gl e bt e [ —
j 2 2 2 2

6. OPTIMAL RECOVERY OF THE MINIMUM

Now for the same class W1 and the same information I; we consider
the problem of optimal recovery of the (nonlinear!) functional

Lf= min f(t).

te[—1,1]

The error of any method m: R™ — R is

e(L, Wi, Iz, m) = sup |Lf —m(If)],
fEWL
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The problem is to find

E(L,WL )= inf e(L, WL, I;m)

m: R*—R

and an optimal recovery method.

We construct the central method in this problem. For the fixed y €
R™ we again deal with the set W, = {f € WL : If = y} # 0.
All functions from W, are between two piecewise linear functions. The
upper function we denote by Z,(t) and the lower function by z,(t).

Zy(t)
Zy(t) Yj+1
Zy(t) 2, (t)
v Zy(t)
Zy(t)
tj tit1 t

Thus for all f € W,

in Z,(t) < mi t) < mi t).
e & A

It is clear that

in Z,(t) = min v,
&0 y(t) min

It may be shown that

min  z (t):y]+1+yj -
te(ty,tiy1] 2 2

Taking into account intervals [—1,¢;] and [t,, 1] we obtain

i t
ter[rylr}”zy()
_min{yl _h07y2;_y1 _h1/27"'7% _hn—l/27yn_hn}7

Whereh0:t1—|—1, hj:tj+1—tj,j:1,...,n—1, hnzl—tn
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Thus the method

mr (I f) = 1 ( min Z,(t) + min Zy(t))

2 \tel-1,1] te[—1,1]
—_— 1 1
= 2 i<jen
1 n e
+§mln{y1 _]107,(1/2%2—y1 _h1/27"’7% _hn—1/2ayn_hn}

is the central method for recovery of minimum. It may be shown that
1
E(L,WL I) = 5 min {ho,h1/2, ... By 1/2, b}

For the equidistant system of points

N 2 -1
tj=—-1+ , Jg=1....n,
n
We have
mr(Izf)
_ Lo y,+}mm y Y2 + 1 Yn + Yn1 1
21<j<n 2 Lo g I oy

7. OPTIMAL RECOVERY FROM FOURIER COEFFICIENTS

Let f be a periodic function on T = [—7, 7] and the Fourier series
f(t) = % + Z(ak cos kt + by sin kt),
k=1
where

1
ap = — t)ycosktdt, k=0,1,2,...
k /f() ) 3 Ly 4y )
T JT

1
by = —/f(t)sinktdt, k=1,2,...,
T Jr
converges uniformly to f.

Suppose that instead of precise values of the Fourier coefficients of
f we know their inaccurate values ay, b such that

(‘LO_T%) + 3 ((ar — @) + (b — bi)?) < 0%,

where § > 0. The problem is to recover f at some point 7.
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We cannot take as approximation the series

~ o0

% + kz_;(&}g cos kT + by sin k)

since it may differ from f(7) as much as desired or even be
nonconvergent.
A. N. Tikhonov proposed to take the following series

~ a > 1 _ ~
f(t) = % + Z m(ak cos kT + by sin k1),
k=1

where « has the same order of smallness as d (in particular, it is possible
to put @ = §). He proved that if f € Ly(T) and f is continuous at T,
then f(7) — f(7) as d — 0.

Lo(T) is the linear space of functions for which

/T|f(t)|2dt < .

This method are known as Tikhonov regularization.

There are several questions to this method.

1. Are there any better method? How to compare various methods?

2. What is the error of approximation when ¢ is fixed?

3. Do we need to know all inaccurate values a; and b7

We try to answer these questions and construct a family of
optimal methods for this problem. We call the approach that we use
Kolmogorov regularization since it based on ideas of A. N. Kolmogorov.

We begin with the setting of the problem in terms of optimal recovery
theory.

Let Wi (T) be the space of 2m-periodic functions with absolutely
continuous "~V and 2™ € Ly(T). Set

W3(T) = {z € WH(T) : ||z r,r) < L.

Suppose that for every € W3 (T) we know the Fourier coefficients

1

aj(x):;/jrx(t)cosjtdt, j=0,1,2,...,
1

bj(x):;/jrx(t)sinjtdt, j=12...,

given inaccurately.
Suppose that we know

Yy = (50,51,51 .. )
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such that
[Tz = yll, <6,
where
Iz = (ag(x),a1(x),bi(x),...).

Here the norm in [y is defined by the inner product

anC -
<U,U>l2 = %_{—Z(a’kck—’—bkdk)a U= (a'(bal)blv"')v
k=1

V= (Co,dl,Cl, .. )

Using this information we would like to find the best method of
recovery of z(7) at some point 7 € T. For every method of recovery
m: ly — R we define the error of the method by

€(W27L<T),[,5, m) = sup ’l’(T) - m(y)‘
xeW3(T), y€lo
{z—yll;, <o

We are interested in the optimal error of recovery

E(WJ(T),1,6) = inf e(W3(T), 1,6,m),
m: log—r

and the method for which this value ia attained.
Let a be the solution of the equation

1 - 1
2 "2 [
- k2n

(it may be shown that for every 6 > 0 there exists the unique solution
of this equation).

Teopema 1. The method

~ o0

. 1 ~ .
m(y) = o 4 ; m(ak cos kT + by sin k)

15 optimal and
E(WQn(T)? [7 5) = )\1(& + 62)7
where

o an 1/2
()

k=1
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8. OPTIMAL RECOVERY BY FINITE NUMBER OF FOURIER
COEFFICIENTS

We begin with the case when we know exact values of Fourier
coefficients. Let A C Z, = {0,1,2,...} and B ¢ N = {1,2,...} be
finite sets and for every x € W3(T) we know the Fourier coefficients
{ar}rea and {bg }rep. That is for every x we know the vector Fy px =
({ak}keA, {bk}beB) from RN, N = card A + card B.

Using the information Iy pxr we want to find a function which
approximate (", 0 < r < n — 1, in Ly(T) in the best way. Now the
error of method m: RY — Ly(T) is defined as follows

GT(W;(T), FA,Bv m) = Sup H‘r(r) - m(FA’BQ?) HLZ(T)'
xeW3(T)

The error of optimal recovery is defined by

E,-(W;(T),FAB) = 1nf 6T<W;(T),FA,B,M).

m: RN =Ly (T)

Since for every c € R = ¢ € WJ(T), it is easy to show that in the
case when 0 ¢ A Ey(W3(T), Fap) = oo.
Put
ko = ko(A, B) = mi in k in k}.
0 = koA, B) = min{ k:réll\ll{lA ’ kIe%}{lB }
It means that {0,1,... kg —1} € A, {1,...;kg—1} € B,and kg ¢ A
or k’o g B.
Put xo =1 and x, =0 for r > 1.

Teopema 2. Let 1 < r < n—1o0rr = 0 and 0 € A. Then

E (W(T), Fap) = ko™ " and for all & = {ag}rea and 8 = {Bi}ren
such that

0

ko
the method
m(Fapx)(t) = %Xr + Z k" ayay cos(kt 4+ wr/2)
ke A\{0}
+ ) K Biby sin(kt + 71 /2)
keB

s optimal
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Let us consider the case when r = (0. Note that we may take as an
optimal method the method

~ Q .
m(Fapx)(t) = ?0 + Z ay, cos kt + Z by sin kt.
keA\{0} kEB
But the method
.
m(Fapx)(t) = 50 + ; (a cos kt + by sin kt)

is also optimal and it does not use coefficients a;, and by, if k > k.

9. OPTIMAL RECOVERY BY FINITE NUMBER OF INACCURATE
FOURIER COEFFICIENTS

Now we consider the case when for every x € Wi (T) we know y €

RY such that ||[Fagr — ylleo < 6, where ||y|le = maxo<j<n_1|y;l,

Y= (Yo, Y15 YnN-1)-
It means that instead of exact values of Fourier coefficients we know

{ax}rea and {gk}keg such that
jar — x| <6, ke A, |bp—bi| <6, keB.

Again we want to recover 2(") in Ly(T)-metric.
Here we define the error of m by

er(W3'(T), Fap,6,m) = sup ||zt —m(y)| Lyco)-
zeWZ(T), yell
1Fa,pz—ylloo <6

The error of optimal recovery is

E.(W3(T),Fapg,d) = inf e (W3H(T), Fap,0,m).

m: I —La(T)

Set
p

D= max{p S/ 2522162” < 1}, po = min{p, kg — 1}.
k=0

Teopema 3. If 1 <r<n—1o0rr=0and0 € A, then

ET(W;(T>7 FA,B7 5)

1 52 Po L 2(n—r)
=t =X + 262> kT [1-
gt e (1= ()
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Py ~ a
and the method m({ax rea, {brtren)(t) = —x»

2
po 2(n—r)
k
1—
i ; ( (po + 1> )

x k" (@ cos(kt + mr/2) + by sin(kt 4+ 7r/2))  is optimal.

10. HADAMARD THREE-CIRCLE THEOREM AND INEQUALITIES FOR
DERIVATIVES

We begin with one extremal problem which is known as the
Hadamard three-circle theorem. Let f(z) be a holomorphic function
on the annulus

ry < |z] <.
Put
M(r) = max|[f(z)].

|2=r
Then log M(r) is a convex function of the logr. The conclusion of the
theorem can be restated as

logr/rq

M( ) < M(Tl)long/rl M(rz)logTQ/rl

for any three concentric circles of radii r1 < r < rs.

The history of this theorem is the following. A statement and proof
for the theorem was given by J.E. Littlewood in 1912, but he attributes
it to no one in particular, stating it as a known theorem. H. Bohr and
E. Landau claim the theorem was first given by J. Hadamard in 1896,
although Hadamard had published no proof.

The Hadamard three-circle theorem gives an estimate in the
following extremal problem

M(r) — max, M(r1) <01, M(rz) <o

The exact solution of this problem which is expressed in terms of elliptic
functions was given by R. M. Robinson in 1943.

In 1913 E. Landau considered a very similar problem. He took
derivatives instead of circles. He proved that for all functions = €
Lo (R;) with the first derivative locally absolutely continuous on R
and 2" € Lo (R,) the following exact inequality

//||1/2

1/2
2|z sy < 201l LRy

< 2|zl S ll=

holds (the exactness means that the constant 2 could not be replaced
by some other constant which is less than 2). That is he found the
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exact solution of the extremal problem

2| ey = max, 2l ragmy) <01 2" o (ry) < 02

Then in 1914 Hadamard solved the analogous problem for R.
In 1939 A. N. Kolmogorov obtained the general result in this field.
He found the exact solution of the problem

2™ Loy = max, |2l p@) < 61, (27w < 0o

The value of this problem is

Kr—k

k
1=

K

6%—]47/7‘5]2{1/7”

9

where
4 o0 -1 s(m+1)
Km =7 ((23 +) 1)+

s=0
are the Favard constants.

These types of extremal problems are known as Landau—Kolmogorov
inequalities for derivatives and they all are similar to the initial

extremal problem formulated by Hadamard.

11. HARDY-LITTLEWOOD—POLYA INEQUALITY AND OPTIMAL
RECOVERY OF DERIVATIVES

One more example of Landau-Kolmogorov type inequalities is the
Hardy—-Littlewood—Pélya inequality.

In 1939 Hardy, Littlewood, and Pdélya proved that for all integer
0 <k <randall z € Ly(R) N W3 (R)

1—% T g
o s < 1o 12 1 o

This result may be formulated in the same form as Hadamard’s
theorem.

Teopema 4. log ||2®||1,r&) is a convex function of k.

It is possible to define fractional derivatives then k will be continuous
argument.

We may consider more than three circles in Hadamar’s theorem and
more than three derivatives in the Hardy—Littlewood—Pdlya inequality.
The more values of convex function we know the more precise we can
estimate the function.
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Let k1 < ... <k, and ky < k < k,,. Consider the following extremal
problem

29 s > max, [} ey <3y, 5= 1...m,
z € Wit (R).
Let
M = cof (kj,logé;), j=1,...,n}.
be a set in R? Put
O(z) =min{y : (z,y) € M }.
kﬁ k]2 ka kﬂ4 kJ5
0 T
log d; log 8,

log o5m~—|_— Tog s,

log d;,
0()

Teopema 5.

k 0(k
sup 12 Ly = €°®.
zeWhn (R)
I2*3 1y my <85, G=1,....n

12. OPTIMAL RECOVER OF DERIVATIVES
Suppose that we know functions yq, ..., y, € La(R) such that

2% — yillam) <65, j=1,...,n.
We want to recover z(F),

Any recovery method is a map m: (Ly(R))™ — La(R).
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The error of method m is defined as

e(D*, K, 5,m) = sup 2% = m(y)| Lo,
zEWEn (R)
1255~y | 1y 2y <87, G=1,0m

here K = (ky,...,ky), d = (01,...,0,) and y = (y1, ..., Yn)-
The error of optimal recovery is defined by
E(D* K,$) = inf e(DF, K,6,m).
m: (La(R))"— Lo (R)
The method for which the lower bound is attained is called optimal
method of recovery.
Let k;,,...,kj, be the points of break of polygonal line §. Denote by

J1*
Fx the Fourier transform of z.

Teopema 6. For all kv < k <k,

E(D* K, 5) = '®,
Ifkj, <k <kj,,,1<s<r—1, Then the metod m(y) = (Ls*y;,) +
(Rs41 * Yj,,, ), where

(kj.€+1 - k)62 (_iT)kjs

Js+1

(ki — RO 7280+ (k= Iy ) 7

Js+1
(k — kj, )87 (—iT)"isss
(kjs+1 - k)(;]QﬂerlTijs + (k - kj5)52 7‘2kj8+1 ’

Js

FRgy1 (1) = (ir)"

is optimal. Fork =k;,, 1 < s <r—1, the metod m(y) = y,, is optimal.

13. ANALOG OF THE HADAMARD THEOREM FOR THE HEAT
EQUATION

For the heat equation we will consider the problem which is analogous
to the Hadamard three-circle theorem.
Let u be the solution of the heat equation in R?

uy = Au,

Uy = F@). f € La(®).

Teopema 7. Let u(t,x) be the solution of the heat equation. Then
log [[u(t, )| 1, ra) s a convez function of t.

In other words, for all t; < 7 <ty

to—T Tty
aCr, Mpary < Nt M i lalta, V2
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Now we consider the similar problem with n 4+ 1 “circles”. Namely,
we want to solve the following extremal problem

”U(T,')||L2(Rd) — mMax, ”U(tj,')||L2(Rd) S (Sj, ] = 1,2,...,71,
f € L2<Rd)7

where 0 <t <...<t,and 0; >0,57=1,2,...,n.
To formulate the result we consider the set

M = cof{ (t;,logd;), 1 <j<n}+{(t,0)| t>0},

where co A is a convex hull of A. Define the function 6(t), t € [t1,00)
as follows

O(t) =min{y : (t,y) € M }.
It is clear that 6 is a polygonal line on [t1, 00).

A

Teopema 8. For all 7 > t,

sup ||U(T, ')”Lz(Rd) = 60(7—)'

fELQ(Rd)
||u(t.7'7')||L2(]Rd)§6j7 7j=12,..n
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14. OPTIMAL RECOVERY OF THE SOLUTION OF THE HEAT
EQUATION

The considered extremal problem is closely connected with the
problem of optimal recovery of the solution of the heat equation from
inaccurate observations of the solution at time moments t4,...,1%,.

Assume that we know functions y; € Lo(R?), j = 1,...,n, such that

Ju(t;, ) — yj(')||L2(Rd) <é;, j=1,...,n.

What is the best way to use this information to recover the
temperature distribution at the time 7 # ¢;, 1 < j < n, that is to
recover the function wu(r,-)?

We admit as recovery methods arbitrary maps m: (Ly(R?))" —
Ly(R%). For a fixed method m the quantity

eT(Lg(Rd), 9, m)

= sup Ju(r,-) — m(?J)(‘)HLz(Rd),
FY1seesyn €L2 (RY)
llw(ts ) =45 Ol 1y mdy 055 F=1s0m
where u is the solution of the heat equation with the initial function f,
d=(01,...,0n), and y = (y1,...,Yn), is called the error of the method
m.
We are interested in the value
E,(Ly(R%),8) = inf A(Ly(RY), 6, m),
(L2(R%),0) = Lot © (L2(R%), 6, m)

which is called the error of optimal recovery and in the method m, for
which the infinum is attained that is in the method m for which

E (Ly(RY),8) = e, (Lo(RY), 6, ).

We call this method the optimal recovery method.
Let t,,, j =1,...,r, be points of break of 0. For 7 € (t,,,t,,,) put

2(rt—ts;)
oo e 7T (e | e
¢ t 5 ’
Sj+1 U8 8j
Z(tsj+1—T)
)\ o T — tS]' ( 55‘7. ) tSjJrl 7t5j
Sj+1 T :
t8j+1 tsy’ 6Sj+1

Teopema 9. For all 7 > t1 E;(Ly(R%),8) = "7, If 7 € (L. Ls,,,),
then for all y; such that

2(ts, —T 2(ts; -7
Asyir [ E P 0 1 — 5 ()Pt ™) < A A

Sj+17
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all methods
m(y)(t) = (K ys, ) () + (L1 * ys,,,) (1),
where
FI;() = 2577, FLija(€) = (1= (€)el tn ™7,

are optimal. For 7 = t,,, j = 1,...,r, methods m(y)(t) = ys,(t) are
optimal and for T > t,_ the method

m(y) = F~ (e S0 Py, (€))(x)
s optimal.
The condition
)‘5;‘+1|%‘(§)|2€2|£‘2(t5j77) + /\5j|1 - %(f”QGQKP(t%H?T) < )‘Sj)‘SjH

may be rewritten in the form

Yi(€) - f | o VsV A e 1
’ p+ po| 1+ e ’
where
p1 = A8j6_2‘£|2(tsj T py = /\sj+1€_2|£‘2(t5.1+1_7).

It can be shown that u; 4 pe > 1 for all £ € R Thus, v;(€) may be
chosen from the interval

{ p ey e =1 L ViV +p2—1

M1+ pi2 M1+ 2 "+ o M1+ pi2

Note that optimal method of recovery uses not more than two
observations. To find these observation we have to construct the set
M and the polygonal line §. Then we have to find the nearest points
of break of 6 to the point 7. The observations at these points are those
that use in optimal method of recovery.

Note also that we can make more precise points of observation which
are not on the polygonal line. Suppose that for some t,,, t;, <1, <t
and

Sj+1

O(ty) < logopm.

Then optimal recovery method gives the error less than §,,. Indeed

lultm, ) = T(y) ()l pyqmay < ) < 8.
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15. OPTIMAL RECOVERY OF SIGNALS

The Hardy-Littlewood—Pdlya inequality may be considered as the
solution of the following extremal problem

2@ o) = max,  [|z]|u@ <0 @™ |,m < 6.

We will consider a slightly different extremal problem which closely
connected with problems of signal reconstruction

12 || @) — max,  |Falr,n,) <6, e |l@ <1,

where Fz is the Fourier transform of  and A, = [—0, 0], 0 > 0.

We consider the problem of optimal recovery of ) knowing the
Fourier transform of = giving with some error on A,.

We assume that x € Wi(R),

W3 (R) = {z € Ly(R) : 2"V is loc. abs. cont. , ||z, < 1}.

Moreover, we assume that for any x € WJ(R) we know a function
y € Ly(A,) such that

|Fr —yllL,a,) < 0.

The problem is to recover z(*) knowing y.
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Any method of recovery is a map m: Lao(A,) = Lo(R). The error of
such method is defined as follows

eqs(m) = sup 12® = m(y) || o).
zeWR(R), yeLa(As)
1F2=yllLy(ay) <o
We are interested in the value

E, = inf eq(m),
m: L2 (Ao' )*}LQ (R)

which is called the error of optimal recovery and in the method m, for
which the infinum is attained that is in the method m for which

E, =e,(m).
We call this method the optimal recovery method.

Set
i (27 ~
= (%) Ak (5—7;) , 0o=min{o,0},

o= (12 (7 (5))

Teopema 10.

Q)

For all o such that

2n—k)
a(6) = a0 < | a2(e) +a(0) ((5) _ 1>,

0o

methods .
m(y)(t) = — / (i€) o (€)y(€) de

:27r

o

are optimal.

For a fixed error of input data consider the error of optimal recovery
E, as a function of 0. The larger interval (—o, o) we take the less error
we have. But beginning with & the error E, does not change.

Consequently, for o > & the observed information becomes partially
redundant. To avoid this case the following condition

n

52 2n<2 <E>m
o S 4T 2
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Puc. 4

should hold. This inequality may be considered as some “uncertain
principle”.
Now consider the set of optimal filters « obtained in the previous
theorem. Let n = 2 and k = 1. Then this set is defined as follows
1 t]2t% — 1
< .
1442 — 1+ 4t

a(ogt) —

Caencrue 1. For all

methods

m(y)(t) = 5~ m<,@O%K®é&d§
. (i€) o (€)y(€) e de

27 Jor<ig)<on

are optimal.

Note that obtained methods do not smooth the input data on the
interval [—o’, 0'].
16. SCHEME OF PROOF
It can be easily obtained the lower bound
E, > sup ||$(k)||L2(R)'

W (R)
1F2l|Ly(ay) <o
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Passing to the Fourier transform and using the Plancherel theorem
we obtain the extended extremal problem with measures

52
/ €2 du(€) — max, / du(€) < &
R Ao

- 27’
/Rizndu(ﬁ) <1, du(€)>0.

Using the Lagrange principle we obtain that E? > \6%/(27) + Ao,
where \; and A\, are Lagrange multipliers.

To obtain the upper bound we have to consider methods
1 - i
m)0) = o= [ (9 (e dg

:27T

o

and to obtain the error of these methods.
For simplicity we consider the case o = oco. Passing to the Fourier
transform we get the following extremal problem

% /R (i) F(€) — (i€)*a(€)y(€)[” d€ — max,
1

[1Fe©) -vorae <o, o [ eraopa <t
R T Jr

Put z = Fx — y. Then the extremal problem has the form
1
3 [ 41O + (1 = al©) Pa(€) de — max.
1
[1seras < o [ enraepae <t
R T JR

By the Caushy-Schwarz inequality we have

2(€)2(€) + (1 = ale) Fa(©)
< (249, 4oty

) O + Mo [ Fa(©)]2)

A1 Ag&?"
Using this inequality we obtain that
E? < S(a) (A15—2 + AQ)
g 27_‘_ Y
e ), (1—a®)?
a“ (& 1—a(&
sio) = (¢ (57 )
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For all « such that
p (o€ | (1-a(f))?
(2 e (S8 ol o

S(a) < 1 and the upper bound coincides with the lower bound. It is
easy to show that inequality (2) is equivalent to the inequality from
the theorem.
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