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Ââåäåíèå. Ïóñòü X � ëèíåéíîå ïðîñòðàíñòâî è Y, Z � ëèíåé-
íûå íîðìèðîâàííûå ïðîñòðàíñòâà. Ðàññìîòðèì çàäà÷ó îïòèìàëü-
íîãî âîññòàíîâëåíèÿ îïåðàòîðà L : W → Z, W ⊂ X, ïî çíà÷åíèÿì
èíôîðìàöèîííîãî îïåðàòîðà I : W → Y , çàäàííûì ñ ïîãðåøíî-
ñòüþ. Òî÷íåå, ðàññìîòðèì ñëåäóþùóþ ýêñòðåìàëüíóþ çàäà÷ó:

(1) E(L, I, δ) = inf
S

sup
x∈W

‖Ix−y‖≤δ

‖Lx− Sy‖,

ãäå S : Y → Z � ïðîèçâîëüíûå îòîáðàæåíèÿ (ìåòîäû). Âåëè÷è-
íà E(L, I, δ) íàçûâàåòñÿ îïòèìàëüíîé ïîãðåøíîñòüþ âîññòàíîâ-

ëåíèÿ. Ìåòîä S0 íàçûâàåòñÿ îïòèìàëüíûì, åñëè

sup
x∈W

‖Ix−y‖≤δ

‖Lx− S0y‖ = E(L, I, δ).

Åñëè S0 � îïòèìàëüíûé ìåòîä, x0 ∈ W è

sup
‖Ix0−y‖≤δ

‖Lx0 − S0y‖ = E(L, I, δ),

òî x0 íàçûâàåòñÿ ýêñòðåìàëüíûì ýëåìåíòîì.
Èññëåäîâàíèÿ çàäà÷è (1) áûëè íà÷àòû â ðàáîòå [1] äëÿ ñëó÷àÿ

dimY < ∞. Ñëó÷àé dimY = ∞ èçó÷àëñÿ â [2] (ñì. òàêæå [3]). Â
äàííîé ñòàòüå ìû ðàññìàòðèâàåì íåêîòîðûå çàäà÷è îïòèìàëüíîãî
âîññòàíîâëåíèÿ àíàëèòè÷åñêèõ ôóíêöèé èç ïðîñòðàíñòâ Õàðäè Hp

è Áåðãìàíà Ap, 1 ≤ p ≤ ∞, è ãàðìîíè÷åñêèõ ôóíêöèé èç àíàëî-
ãè÷íûõ êëàññîâ hp è ap. Íåêîòîðûå ðåçóëüòàòû, îòíîñÿùèåñÿ ê H∞,
ñì. â [4�7].
Â ï. 1 ìû äîêàçûâàåì îáùèå òåîðåìû î âîññòàíîâëåíèè ïî íåòî÷-

íûì äàííûì, áëèçêèå ê ðåçóëüòàòàì ðàáîò [2,3,8,9]. Â ï. 2 ñ ïîìî-
ùüþ ýòèõ òåîðåì ìû íàõîäèì îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ
äëÿ ôóíêöèé èçHp, Ap, hp è a2 â ïðîèçâîëüíîé òî÷êå èç åäèíè÷íîãî
êðóãà C â ñëó÷àå, êîãäà èçâåñòíà èíôîðìàöèÿ î ïðèáëèæåííûõ çíà-
÷åíèÿõ óêàçàííûõ ôóíêöèé â íåêîòîðîé äðóãîé òî÷êå. Â ÷àñòíîñòè,
ïîëó÷åíî îáîáùåíèå ëåììûØâàðöà. Â ï. 3 íàõîäÿòñÿ îïòèìàëüíûå
ìåòîäû âîññòàíîâëåíèÿ f ′(0) ïî ïðèáëèæåííûì çíà÷åíèÿì f(−h),
f(h), ãäå h ∈ (0, 1), â ïðîñòðàíñòâàõ Hp. Äëÿ H∞ íàõîäèòñÿ òàêæå
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îïòèìàëüíîå çíà÷åíèå h, ïðè êîòîðîì ïîãðåøíîñòü îïòèìàëüíîãî
âîññòàíîâëåíèÿ ìèíèìàëüíà.
1. Îáùèå òåîðåìû î âîññòàíîâëåíèè ïî íåòî÷íûì äàí-

íûì. Íàøåé öåëüþ ÿâëÿåòñÿ äîêàçàòåëüñòâî äîñòàòî÷íîñòè íåêî-
òîðûõ óñëîâèé äëÿ îïòèìàëüíîñòè ìåòîäà S0 è ýêñòðåìàëüíîñòè
ýëåìåíòà x0. Ýòè óñëîâèÿ áûëè, ïî ñóùåñòâó, ïîëó÷åíû â [2]. Òåî-
ðåìà, êîòîðàÿ íàì ïîòðåáóåòñÿ, õîòÿ è áëèçêà ê îäíîìó èç ðåçóëü-
òàòîâ ðàáîòû [2], òåì íå ìåíåå èìååò íåêîòîðûå îòëè÷èÿ.

Òåîðåìà 1. Ïóñòü x0 ∈ W , −x0 ∈ W , L(−x0) = −Lx0, ‖Ix0‖ ≤ δ,
‖I(−x0)‖ ≤ δ è

sup
x∈W

‖Ix−y‖≤δ

‖Lx− S0y‖ = ‖Lx0‖.

Òîãäà

1) S0 � îïòèìàëüíûé ìåòîä,

2) x0 � ýêñòðåìàëüíûé ýëåìåíò,

3) èìååò ìåñòî ðàâåíñòâî E(L, I, δ) = ‖Lx0‖.

Äîêàçàòåëüñòâî. Èç (1) ñëåäóåò, ÷òî

E(L, I, δ) ≤ sup
x∈W

‖Ix−y‖≤δ

‖Lx− S0y‖ = ‖Lx0‖.

Ñ äðóãîé ñòîðîíû, äëÿ ëþáîãî ìåòîäà S èìååì

(2) ‖Lx0 − S0‖+ ‖L(−x0)− S0‖ ≥ 2‖Lx0‖,
ïîýòîìó

sup
x∈W

‖Ix−y‖≤δ

‖Lx− Sy‖ ≥ max{‖Lx0 − S0‖, ‖L(−x0)− S0‖} ≥ ‖Lx0‖.

Òàêèì îáðàçîì, E(L, I, δ) = ‖Lx0‖ è S0 � îïòèìàëüíûé ìåòîä.
Ïðåäïîëîæèì òåïåðü, ÷òî x0 íå ÿâëÿåòñÿ ýêñòðåìàëüíûì ýëåìåí-
òîì, ò. å.

sup
‖Ix0−y‖≤δ

‖Lx0 − S0y‖ < sup
x∈W

‖Ix−y‖≤δ

‖Lx− S0y‖ = ‖Lx0‖.

Òîãäà

‖Lx0 − S00‖ < ‖Lx0‖, ‖L(−x0)− S00‖ ≤ ‖Lx0‖,
÷òî ïðîòèâîðå÷èò (2). Òåîðåìà äîêàçàíà. �

Ñëåäñòâèå 1. Ïóñòü x0 ∈ W , −x0 ∈ W , L(−x0) = −Lx0, ‖Ix0‖ ≤
δ, ‖I(−x0)‖ ≤ δ, S0 � ëèíåéíûé îïåðàòîð è

sup
x∈W
‖Lx− S0Ix‖ = ‖Lx0‖ − δ‖S0‖.

Òîãäà

1) S0 � îïòèìàëüíûé ìåòîä,
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2) x0 � ýêñòðåìàëüíûé ýëåìåíò,

3) ñïðàâåäëèâî ðàâåíñòâî E(L, I, δ) = sup
x∈W
‖Ix‖≤δ

‖Lx‖ = ‖Lx0‖.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

sup
x∈W

‖Ix−y‖≤δ

‖Lx− S0y‖ = sup
x∈W

‖Ix−y‖≤δ

‖Lx− S0Ix+ S0(Ix− y)‖

≤ sup
x∈W
‖Lx− S0Ix‖+ δ‖S0‖ = ‖Lx0‖.

Ïîñêîëüêó ‖Ix0‖ ≤ δ, èìååì

sup
x∈W
‖Ix‖≤δ

‖Lx‖ ≥ ‖Lx0‖ ≥ sup
x∈W

‖Ix−y‖≤δ

‖Lx− S0y‖ ≥ sup
x∈W
‖Ix‖≤δ

‖Lx‖.

Òàêèì îáðàçîì,

sup
x∈W

‖Ix−y‖≤δ

‖Lx− S0y‖ = ‖Lx0‖ = sup
x∈W
‖Ix‖≤δ

‖Lx‖

è ñëåäñòâèå âûòåêàåò èç òåîðåìû 1. �

Ïóñòü Ω � ïîäìíîæåñòâî Cn è µ � íåîòðèöàòåëüíàÿ ìåðà íà Ω.
Îáîçíà÷èì ÷åðåç Lp(Ω, µ) ïðîñòðàíñòâî Ëåáåãà êîìïëåêñíûõ (èëè
âåùåñòâåííûõ) ôóíêöèé ñ îáû÷íîé íîðìîé

‖f‖p =

(∫
Ω

|f(z)|p dµ(z)

)1/p

, 1 ≤ p <∞,

‖f‖∞ = vraisup
z∈Ω

|f(z)|.

Ïóñòü Xp � êàêîå-ëèáî ïîäïðîñòðàíñòâî Lp(Ω, µ) è BXp = {f ∈
Xp : ‖f‖p ≤ 1}. Ðàññìîòðèì çàäà÷ó (1) äëÿ X = Xp, W = BXp è
Z = C(R).
Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì ñîîòâåòñòâóþùèõ ðå-

çóëüòàòîâ èç ðàáîò [8, 9], ïîëó÷åííûõ â ñëó÷àå δ = 0.

Òåîðåìà 2. Ïóñòü g ∈ Xp, ‖g‖p 6= 0, g0 = g/‖g‖p, L � ôóíêöèîíàë

íà Xp, L(−g0) = −Lg0, ‖Ig0‖ ≤ δ, ‖I(−g0)‖ ≤ δ, S0 � ëèíåéíûé

ôóíêöèîíàë, S0Ig0 = δ‖S0‖ è ïðè âñåõ f ∈ BXp

(3) Lf − S0If =


α

∫
Ω

g(z)|g(z)|p−2f(z) dµ(z), 1 ≤ p <∞,∫
Ω

g(z)|ϕ(z)|f(z) dµ(z), p =∞,

ãäå α > 0, ϕ ∈ L1(Ω, µ), è åñëè p = ∞, òî |g(z)| = 1 ïî÷òè âñþäó

íà Ω îòíîñèòåëüíî ìåðû µ. Òîãäà

1) S0 � îïòèìàëüíûé ìåòîä,

2) g0 � ýêñòðåìàëüíàÿ ôóíêöèÿ,
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3) âûïîëíåíû ñîîòíîøåíèÿ

E(L, I, δ) = sup
f∈BXp
‖If‖≤δ

|Lf | = Lg0 =

{
α‖g‖p−1

p + δ‖S0‖, 1 ≤ p <∞,
‖ϕ‖1 + δ‖S0‖, p =∞.

Äîêàçàòåëüñòâî. Ïðè âñåõ f ∈ BXp èç (3) è íåðàâåíñòâà Ã¼ëüäåðà
èìååì

|Lf − S0If | ≤

{
α‖g‖p−1

p , 1 ≤ p <∞,
‖ϕ‖1, p =∞.

Ñ äðóãîé ñòîðîíû,

Lg0 − δ‖S0‖ = Lg0 − S0Ig0 =

{
α‖g‖p−1

p , 1 ≤ p <∞,
‖ϕ‖1, p =∞.

Òåì ñàìûì
sup
f∈BXp

|Lf − S0If | = Lg0 − δ‖S0‖,

è òåîðåìà âûòåêàåò èç ñëåäñòâèÿ 1. �

Ïóñòü lmq � ïðîñòðàíñòâî Cm ñ íîðìîé

‖a‖q = ‖(a1, . . . , am)‖q =


( m∑
j=1

|aj|q
)1/q

, 1 ≤ q <∞,

max
1≤j≤m

|aj|, q =∞.

×åðåç (a, b) îáîçíà÷èì ýðìèòîâî ñêàëÿðíîå ïðîèçâåäåíèå

(a, b) =
m∑
j=1

ajbj.

Ïóñòü a 6= 0, a∗ ∈ Blmq , (a, a∗) = ‖a‖q′ , 1/q + 1/q′ = 1. Ëåãêî âèäåòü,
÷òî

a∗j =
aj|aj|q

′−2

‖a‖q′−1
q′

, 1 ≤ q′ <∞,

è äëÿ q′ =∞

a∗j =

0, j 6= j0,
aj0
|aj0|

, j = j0,

ãäå j0 òàêîâî, ÷òî |aj0| = max1≤j≤m |aj|.

Ñëåäñòâèå 2. Ïóñòü I : BXp → lmq , S0y = (y, a), a ∈ Cm, g ∈
Xp, ‖g‖p 6= 0, g0 = g/‖g‖p, L � ôóíêöèîíàë, L(−g0) = −Lg0 è

‖I(−g0)‖q ≤ δ. Ïðåäïîëîæèì, ÷òî ïðè âñåõ f ∈ BXp âûïîëíåíî

ðàâåíñòâî (3) è Ig0 = δa∗, åñëè a 6= 0, èëè ‖Ig0‖q ≤ δ, åñëè a = 0.
Òîãäà

1) S0 � îïòèìàëüíûé ìåòîä,

2) g0 � ýêñòðåìàëüíàÿ ôóíêöèÿ,
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3) âûïîëíåíû ñîîòíîøåíèÿ

E(L, I, δ) = sup
f∈BXp
‖If‖q≤δ

|Lf | = Lg0 =

{
α‖g‖p−1

p + δ‖a‖q′ , 1 ≤ p <∞,
‖ϕ‖1 + δ‖a‖q′ , p =∞.

2. Îïòèìàëüíîå âîññòàíîâëåíèå àíàëèòè÷åñêèõ è ãàðìî-
íè÷åñêèõ ôóíêöèé. Ïóñòü D = {z ∈ C : |z| < 1} è Hp � ïðî-
ñòðàíñòâî Õàðäè , ò. å. ïðîñòðàíñòâî àíàëèòè÷åñêèõ â D ôóíêöèé,
äëÿ êîòîðûõ

(4)
‖f‖Hp = sup

0<r<1

(
1

2π

∫ 2π

0

|f(reiθ)|p dθ
)1/p

<∞, 1 ≤ p <∞,

‖f‖H∞ = sup
z∈D
|f(z)| <∞.

Õîðîøî èçâåñòíî, ÷òî ôóíêöèè èç Hp èìåþò ïî÷òè âñþäó ãðàíè÷-
íûå çíà÷åíèÿ. Ïîýòîìó Hp ìîæíî ðàññìàòðèâàòü êàê ïîäïðîñòðàí-

ñòâî Lp(Ω, µ) äëÿ Ω = {z ∈ C : |z| = 1} è dµ(eiθ) =
1

2π
dθ.

Íàïîìíèì, ÷òî ïðîñòðàíñòâîì Áåðãìàíà Ap íàçûâàåòñÿ ïðî-
ñòðàíñòâî àíàëèòè÷åñêèõ â D ôóíêöèé, äëÿ êîòîðûõ

(5) ‖f‖Ap =

(
1

π

∫
D

|f(z)|p dσ(z)

)1/p

<∞, 1 ≤ p <∞,

ãäå σ(z) � ìåðà Ëåáåãà íà D (äëÿ p = ∞ A∞ = H∞). Òà-
êèì îáðàçîì, ïðîñòðàíñòâî Ap åñòü ïîäïðîñòðàíñòâî Lp(D,µ) äëÿ

dµ(z) =
1

π
dσ(z).

Îáîçíà÷èì ÷åðåç hp è ap ïðîñòðàíñòâà ãàðìîíè÷åñêèõ â D ôóíê-
öèé, óäîâëåòâîðÿþùèõ (4) è (5).
Ðàññìîòðèì çàäà÷ó (1), êîãäà X ÿâëÿåòñÿ îäíèì èç ïðîñòðàíñòâ

Hp, Ap, hp èëè ap, W = BX, Lf = f(ξ), If = f(z1), ξ è z1 � ðàç-
ëè÷íûå òî÷êè èç D. Ñîîòâåòñòâóþùóþ ïîãðåøíîñòü îïòèìàëüíîãî
âîññòàíîâëåíèÿ îáîçíà÷èì ÷åðåç E(ξ, z1, δ,X). Ïîëîæèì

(6) ρ =

∣∣∣∣ ξ − z1

1− z1ξ

∣∣∣∣ , W (z) = eiϕ
z − z1

1− z1z
,

ãäå ϕ îïðåäåëåíî èç óñëîâèÿ W (ξ) = ρ,

δ1 =

(
1− ρ

2(1− |z1|2)

)1/p

, δ2 =

(
1− ρ2

1− |z1|2

)1/p

,

h(z) =


1, 0 ≤ δ ≤ δ1,
W (z) + a

1 + aW (z)
, δ1 < δ < δ2,

W (z), δ ≥ δ2,

5



ãäå a ∈ [0, 1] óäîâëåòâîðÿåò óðàâíåíèþ

(7)
aδ2

h(z1)(1 + aρ+ a2)1/p
= δ, 0 ≤ δ < δ2

(ñóùåñòâîâàíèå ðåøåíèÿ óðàâíåíèÿ ñëåäóåò èç íåïðåðûâíîñòè
ôóíêöèè, ñòîÿùåé â ëåâîé ÷àñòè (7)). Äëÿ δ ≥ δ2 ïîëîæèì a = 0.

Ïðåäëîæåíèå 1. Ïóñòü X = Hp. Òîãäà äëÿ âñåõ 1 ≤ p < ∞ è

δ ≥ 0
1) ìåòîä

S0y =
h(z1)(1− ρ2)

h(ξ)(1 + aρ)2(p−1)/p

(
1− ξz1

1− |ξ|2

)2/p

y

îïòèìàëåí;

2) ôóíêöèÿ

(8) g0(z) =

(
1− |ξ|2

1 + 2aρ+ a2

)1/p
(W (z) + a)(1 + aW (z))(2−p)/p

h(z)(1− ξz)2/p

ýêñòðåìàëüíà;

3) èìååò ìåñòî ðàâåíñòâî

E(ξ, z1, δ,Hp) =
(ρ+ a)(1 + aρ)(2−p)/p

h(ξ)(1 + 2aρ+ a2)1/p(1− |ξ|2)1/p
.

Äîêàçàòåëüñòâî. Ïîëîæèì

g(z) =
(W (z) + a)(1 + aW (z))(2−p)/p

h(z)(1− ξz)2/p
, α =

ρ(1− |ξ|2)(p−2)/p

h(ξ)(1 + aρ)2(p−1)/p
.

Ïî òåîðåìå î âû÷åòàõ äëÿ âñåõ f ∈ Hp

α
1

2π

∫ 2π

0

g(eiθ)|g(eiθ)|p−2f(eiθ) dθ

= α
1

2πi

∫
|z|=1

(1 + aW (z))2(p−1)/ph(z)

W (z)(z − ξ)(1− ξz)(p−2)/p
f(z) dz = f(ξ)− S0f(z1).

Êðîìå òîãî,

‖g‖pHp =
1

2π

∫ 2π

0

∣∣∣∣1 + aW (eiθ)

1− ξeiθ

∣∣∣∣2 dθ
=

1

2πi

∫
|z|=1

(1 + aW (z))(W (z) + a)

W (z)(1− ξz)(z − ξ)
dz =

1 + 2aρ+ a2

1− |ξ|2
.

Èç (7) ñëåäóåò, ÷òî |g0(z1)| = δ äëÿ 0 ≤ δ < δ2; |g0(z1)| = δ2 ≤ δ äëÿ
δ ≥ δ2 è S0y ≡ 0. Òàê êàê S0g0(z1) ≥ 0, òî S0g0(z1) = δ‖S0‖ ïðè âñåõ
δ ≥ 0. Òåïåðü ïðåäëîæåíèå 1 âûòåêàåò èç òåîðåìû 2. �
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Çàìåòèì, ÷òî â ñèëó òåîðåìû 2 èç ïðåäëîæåíèÿ 1 ìîæåò áûòü
ïîëó÷åíî ñëåäóþùåå îáîáùåíèå ëåììû Øâàðöà:

(9) sup
f∈BHp
|f(0)|≤δ

|f(z)|

=



(|z|+ a)(1 + a|z|)(2−p)/p

(1− |z|2)1/p(1 + 2a|z|+ a2)1/p
, 0 ≤ δ ≤

(
1− |z|

2

)1/p

,

(1 + a|z|)2/p

(1− |z|2)1/p(1 + 2a|z|+ a2)1/p
,

(
1− |z|

2

)1/p

≤ (1− |z|2)1/p,

(1− |z|2)−1/p, δ ≥ (1− |z|2)1/p,

ãäå a îïðåäåëåíî ðàâåíñòâîì (7) äëÿ z1 = 0.
Ðàññìîòðèì òó æå çàäà÷ó äëÿ X = Ap. Ïîëîæèì

δ1 =
(2 + ρ)2/p(1− ρ)2/p

21/p(3− ρ2)1/p(1− |z1|2)2/p
, δ2 =

(
1− ρ2

1− |z1|2

)2/p

,

b =

(1 + aρ)−1, 0 ≤ δ < δ1,
a

a+ ρ
, δ ≥ δ1,

ãäå a ∈ [0, 1] óäîâëåòâîðÿåò óðàâíåíèþ
(10)

aρ2/p[(p/2− 1)(1− a2)b2 + b+ b2]2/p(1− |z1|2)−2/p[
(p/2− 1)(1− a2)(1 + 2aρ+ a2)ρ2b4

1− ρ2
+
ρ2(2− ρ2)

(1− ρ2)2
+ (1− b2)2

]1/p
= δ

äëÿ 0 ≤ δ < δ1 è

(1− b2)2/p(1− ρ2)2/p

[1− 2(1− ρ2)2b2 + (1− ρ2)2b4]1/p(1− |z1|2)2/p
= δ

äëÿ δ1 ≤ δ < δ2 (ðåøåíèå ïîñëåäíåãî óðàâíåíèÿ ìîæåò áûòü çàïè-
ñàíî â ÿâíîì âèäå, à ñóùåñòâîâàíèå ðåøåíèÿ óðàâíåíèÿ (10) áóäåò
äîêàçàíî íèæå). Ïðè δ ≥ δ2 ïîëîæèì a = 0. Ââåäåì ñëåäóþùèå
îáîçíà÷åíèÿ:

ϕ(z) =


(p/2− 1)(1− a2)(1− ρW (z))

+(1 + aW (z))(2 + aρ− ρW (z)), 0 ≤ δ < δ1,

(1 + aW (z))(2a+ ρ− aρW (z)), δ ≥ δ1,

g(z) =


(W (z) + a)(ϕ(z))2/p

(1 + aW (z))(1− ξz)4/p
, 0 ≤ δ < δ1,

(ϕ(z))2/p

(1− ξz)4/p
, δ ≥ δ1.

Ïðåäëîæåíèå 2. Ïóñòü X = Ap. Òîãäà äëÿ âñåõ 1 ≤ p < ∞ è

δ ≥ 0
7



1) ìåòîä

S0y = b2(1− ρ2)2

(
1− ξz1

1− |ξ|2

)4/p(
ϕ(z1)

ϕ(ξ)

)(p−2)/p

y

îïòèìàëåí;

2) g0 = g/‖g‖Ap � ýêñòðåìàëüíàÿ ôóíêöèÿ;

3) èìååò ìåñòî ðàâåíñòâî

E(ξ, z1, δ, Ap) =



ρ((p/2)(1− ρ2) + 1)1/p

(1− |ξ|2)2/p
, δ = 0,

δb
a+ ρ

a

(
1− |z1|2

(1− |ξ|2)(1− ρ2)

)2/p(
ϕ(ξ)

ϕ(z1)

)2/p

,

0 < δ < δ2,

(1− |ξ|2)−2/p, δ ≥ δ2.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ôóíêöèè

(p/2−1)(1−a2)(1−ρw)+(1+aw)(2+aρ−ρw), (1+aw)(2a+ρ−aρw)

êàê ôóíêöèè îò w èìåþò âåùåñòâåííûå íóëè, ëåæàùèå âíå èíòåð-
âàëà (−1, 1). Ïîýòîìó ϕ(z) íå èìååò íóëåé â D. Ïóñòü 0 ≤ δ < δ1.
Äëÿ f ∈ H∞ ïîëîæèì

If =
1

2πi

∫
|z|=1

(1 + aW (z))2(ϕ(z))(p−2)/p

W (z)(W (z)− ρ)(1− ξz)2(p−2)/p
f(z) dz.

Ïîñêîëüêó

W (z)− ρ = eiϕ
(z − ξ)(1− |z1|2)

(1− z1z)(1− z1ξ)
,

ïî òåîðåìå î âû÷åòàõ ïîëó÷àåì

eiϕ
ρ(1− |z1|2)(1− |ξ|2)2(p−2)/p

(1 + aρ)2(1− z1ξ)(ϕ(ξ))(p−2)/p
If = f(ξ)− S0f(z1).
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Ñ äðóãîé ñòîðîíû, â ñèëó ðàâåíñòâà W (eiθ) = W−1(eiθ), èñïîëüçóÿ
ôîðìóëó Ñòîêñà, èìååì

If =
1

2πi

∫
|z|=1

(
W (z) + a

1 + aW (z)

)2
(1 + aW (z))2(ϕ(z))(p−2)/p

(1− ρW (z))(1− ξz)2(p−2)/p
f(z) dz

=
1

2πi

∫
|z|=1

(
W (z) + a

1 + aW (z)

)p/2+1
(1 + aW (z))2

1− ρW (z)

(
W (z) + a

1 + aW (z)

)p/2−1

× (ϕ(z))(p−2)/p

(1− ξz)2(p−2)/p
f(z) dz = e−iϕ

(1− z1ξ)
2

1− |z1|2
1

π

∫
D

(
W (z) + a

1 + aW (z)

)p/2

× ϕ(z)

(1− ξz)2

(
W (z) + a

1 + aW (z)

)p/2−1
(ϕ(z))(p−2)/p

(1− ξz)2(p−2)/p
f(z) dσ(z)

= e−iϕ
(1− z1ξ)

2

1− |z1|2
1

π

∫
D

g(z)|g(z)|p−2f(z) dσ(z).

Òàêèì îáðàçîì, ïðè âñåõ f ∈ H∞
(11)

ρ(1− |ξ|2)2(p−2)/p

(1 + aρ)2(ϕ(ξ))(p−2)/p

1

π

∫
D

g(z)|g(z)|p−2f(z) dσ(z) = f(ξ)− S0f(z1).

Òàê êàê ôóíêöèè èç H∞ ïëîòíû â Ap äëÿ ëþáîãî 1 ≤ p <∞, ðàâåí-
ñòâî (11) âûïîëíÿåòñÿ äëÿ ëþáîé ôóíêöèè èç Ap. Ëåãêî óáåäèòüñÿ,
÷òî S0g(z1) ≥ 0. Ïîýòîìó èç òåîðåìû 2 ñëåäóåò, ÷òî åñëè a ∈ [0, 1]
óäîâëåòâîðÿåò óñëîâèþ |g(z1)|/‖g‖Ap = δ, òî S0 � îïòèìàëüíûé ìå-
òîä. Äëÿ f = g èç (11) èìååì

ρ(1− |ξ|2)2(p−2)/p

(1 + aρ)2(ϕ(ξ))(p−2)/p
‖g‖pAp

=
(ρ+ a)(ϕ(ξ))2/p

(1 + aρ)(1− |ξ|2)4/p
−
(

1− ρ2

1 + aρ

)2
aϕ(z1)

(1− |ξ|2)4/p(ϕ(ξ))(p−2)/p
.

Òåì ñàìûì

‖g‖pAp =
(ρ+ a)(1 + aρ)

ρ(1− |ξ|2)2
ϕ(ξ)− a(1− ρ2)2

ρ(1− |ξ|2)2
ϕ(z1).

Íåïîñðåäñòâåííûì âû÷èñëåíèåì íàõîäèì

‖g‖pAp =
1

b4ρ2(1− |ξ|2)2
[(p/2− 1)(1− a2)(1− ρ2)(1 + 2aρ+ a2b4

+ 1− 2(1− ρ2)2b2 + (1− ρ2)2b4].

Ïîñêîëüêó ‖g‖Ap > 0 ïðè âñåõ a ∈ [0, 1], ôóíêöèÿ, ñòîÿùàÿ â ëåâîé
÷àñòè (10), íåïðåðûâíà êàê ôóíêöèÿ a, è ïîýòîìó óðàâíåíèå (10)
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èìååò ðåøåíèå äëÿ ëþáîãî δ ∈ [0, δ1). Êðîìå òîãî,

|g(z1)| = a
|ϕ(z1)|2/p

|1− ξz1|4/p
= a

[(p/2− 1)(1− a2) + 2 + aρ]2/p

|1− ξz1|4/p

=
a[(p/2− 1)(1− a2) + 1 + b−1]2/p(1− ρ2)2/p

(1− |ξ|2)2/p(1− |z1|2)2/p
,

è, ñëåäîâàòåëüíî, óðàâíåíèå (10) îçíà÷àåò, ÷òî |g(z1)|/‖g‖Ap = δ.
Ñëó÷àé δ1 ≤ δ < δ2 ðàññìàòðèâàåòñÿ àíàëîãè÷íî, åñëè ïîëîæèòü

If =
1

2πi

∫
|z|=1

(W (z) + a)2(ϕ(z))(p−2)/p

W (z)(W (z)− ρ)(1− ξz)2(p−2)/p
f(z) dz

=
1

2πi

∫
|z|=1

(1 + aW (z))2(ϕ(z))(p−2)/p

(1− ρW (z))(1− ξz)2(p−2)/p
f(z) dz.

Ïóñòü δ ≥ δ2. Òîãäà a = 0, g(z) = ρ2/p(1− ξz)−4/p è

1

π

∫
D

g(z)|g(z)|p−2f(z) dσ

= ρ2(p−1)/p 1

π

∫
D

(1− ξz)−2(1− ξz)−2(p−2)/pf(z) dσ(z)

= ρ2(p−1)/p(1− |ξ|2)−2(p−2)/pf(ξ)

(çäåñü ìû ïîëüçóåìñÿ òåì, ÷òî ÿäðî Áåðãìàíà (1 − ξz)−2 ÿâëÿåòñÿ
âîñïðîèçâîäÿùèì ÿäðîì äëÿ Ap. Òàêèì îáðàçîì,

(12)
(1− |ξ|2)2(p−2)/p

ρ2(p−1)/p

1

π

∫
D

g(z)|g(z)|p−2f(z) dσ = f(ξ)− S0f(z1).

Ïîêàæåì, ÷òî |g(z1)|/‖g‖Ap ≤ δ. Ïîäñòàâëÿÿ f = g â (12), ïîëó÷àåì

(1− |ξ|2)2(p−2)/p‖g‖pAp =
ρ2/p

(1− |ξ|2)4/p
,

÷òî äàåò

|g(z1)|
‖g‖Ap

=

(
1− ρ2

1− |z1|2

)2/p

= δ2 ≤ δ.

Ïðåäëîæåíèå äîêàçàíî. �

Ðàññìîòðèì àíàëîãè÷íóþ çàäà÷ó äëÿ X = hp, p > 1. Ïîëîæèì

α(λ) =

1

2π

∫ 2π

0

P (z1, e
iθ)(P (ξ, eiθ)− λP (z1, e

iθ))(q) dθ

‖P (ξ, ·)− λP (z1, ·)‖q−1
q

, δ1 = α(0),

ãäå P (ξ, z) = (1 − |ξ|2)/|1 − ξz|2 � ÿäðî Ïóàññîíà, 1/p + 1/q = 1,
(x)(q) = |x|q−1 signx è

‖f‖q =

(
1

2π

∫ 2π

0

|f(eiθ)|q dθ
)1/q

.
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Ïîêàæåì, ÷òî ïðè ëþáîì 0 ≤ δ ≤ δ1 óðàâíåíèå

(13) α(λ) = δ

èìååò ðåøåíèå λ ∈ [0, (1 + ρ)/(1 − ρ)). Ïðè z = eiθ è ζ = W (z) =
eiϕ(z − z1)/(1− z1z)

(14)
P (ξ, z)

P (z1, z)
= P (ρ, ζ) =

1− ρ2

|1− ρζ|2
≤ 1− ρ

1 + ρ

(ρ è ϕ òå æå, ÷òî è â (6)). Òåì ñàìûì ïðè âñåõ z = eiθ

P (ξ, z)− 1 + ρ

1− ρ
P (z1, z) ≤ 0.

Ïîýòîìó α((1 + ρ)/(1 − ρ)) < 0. Ïîñêîëüêó α(λ) íåïðåðûâíà ïðè
λ ∈ [0, (1 + ρ)/(1− ρ)] è α(0) = δ1, óðàâíåíèå (13) èìååò ðåøåíèå â
óêàçàííîì ïðîìåæóòêå ïðè âñåõ 0 ≤ δ ≤ δ1. Îáîçíà÷èì ýòî ðåøåíèå
÷åðåç Cp(ξ, z1, δ). Ïðè δ > δ1 ïîëîæèì Cp(ξ, z1, δ) = 0.

Ïðåäëîæåíèå 3. Ïóñòü X = hp, p > 1. Òîãäà ïðè âñåõ δ ≥ 0
1) S0y = Cp(ξ, z1, δ)y � îïòèìàëüíûé ìåòîä,

2) ôóíêöèÿ

u0(ζ) =

1

2π

∫ 2π

0

P (ζ, eiθ)(P (ξ, eiθ)− Cp(ξ, z1, δ)P (z1, e
iθ))(q) dθ

‖P (ξ, ·)− Cp(ξ, z1, δ)P (z1, ·)‖q−1
q

ýêñòðåìàëüíà,

3) èìååò ìåñòî ðàâåíñòâî

E(ξ, z1, δ, hp) = u0(ξ) = ‖P (ξ, ·)− Cp(ξ, z1, δ)P (z1, ·)‖q + δCp(ξ, z1, δ).

Äîêàçàòåëüñòâî. Èçâåñòíî (ñì. [10]), ÷òî âñÿêàÿ ôóíêöèÿ èç hp,
p > 1, èìååò ïî÷òè âñþäó ãðàíè÷íûå çíà÷åíèÿ, ïî êîòîðûì îíà
ìîæåò áûòü îäíîçíà÷íî âîññòàíîâëåíà ñ ïîìîùüþ ïðåîáðàçîâàíèÿ
Ïóàññîíà. Òàêèì îáðàçîì, äëÿ ëþáîé u ∈ Bhp, p > 1,

|u(ξ)− Cp(ξ, z1, δ)u(z1)| =
∣∣∣∣ 1

2π

∫ 2π

0

(P (ξ, eiθ)− Cp(ξ, z1, δ)P (z1, e
iθ))

× u(eiθ) dθ

∣∣∣∣ ≤ ‖P (ξ, ·)− Cp(ξ, z1, δ)P (z1, ·)‖q.

Ñ äðóãîé ñòîðîíû,

f(θ) =
(P (ξ, eiθ)− Cp(ξ, z1, δ)P (z1, e

iθ))(q)

‖P (ξ, ·)− Cp(ξ, z1, δ)P (z1, ·)‖q−1
q

∈ BLp(0, 2π),

è ïîýòîìó (ñì. [10]) ôóíêöèÿ u0 ïðèíàäëåæèò Bhp, à åå ãðàíè÷íûå
çíà÷åíèÿ ïî÷òè âñþäó ñîâïàäàþò ñ f(θ). Òåì ñàìûì

u0(ξ)− Cp(ξ, z1, δ)u0(z1) = ‖P (ξ, ·)− Cp(ξ, z1, δ)P (z1, ·)‖q.
11



Ñëåäîâàòåëüíî,

(15) sup
u∈Bhp

|u(ξ)− Cp(ξ, z1, δ)u(z1)| = u0(ξ)− Cp(ξ, z1, δ)u0(z1).

Ïóñòü 0 ≤ δ ≤ δ1. Èç îïðåäåëåíèÿ Cp(ξ, z1, δ) ñëåäóåò, ÷òî u0(z1) = δ.
Òàê êàê Cp(ξ, z1, δ) ≥ 0, ñ ó÷åòîì (15) u0(ξ) ≥ 0 è

sup
u∈Bhp

|u(ξ)− Cp(ξ, z1, δ)u(z1)| = |u0(ξ)| − δCp(ξ, z1, δ).

Äëÿ δ > δ1 ïîñëåäíåå ðàâåíñòâî âûïîëíÿåòñÿ ââèäó òîãî, ÷òî
Cp(ξ, z1, δ) = 0. Ññûëêà íà ñëåäñòâèå 1 çàâåðøàåò äîêàçàòåëüñòâî
ïðåäëîæåíèÿ. �

Íàéäåì âåëè÷èíó Cp(ξ, z1, δ) ïðè p =∞. Â ýòîì ñëó÷àå q = 1 è

α(λ) =
1

2π

∫ 2π

0

P (z1, e
iθ) sign(P (ξ, eiθ)− λP (z1, e

iθ)) dθ.

Â ñèëó (14) ïîñëå çàìåíû ïåðåìåííîé

z =
e−iϕζ + z1

1 + z1e−iϕζ
ïîëó÷àåì

α(λ) =
1

2π

∫ 2π

0

sign(P (ρ, eiθ)− λ) dθ

=
1

π

∫ π

0

sign

(
1− ρ2

1− 2ρ cos θ + ρ2
− λ
)
dθ

=


1, λ ≤ 1− ρ

1 + ρ
,

2

π
arccos

λ(1 + ρ2)− (1− ρ2)

2ρλ
− 1,

1− ρ
1 + ρ

≤ λ ≤ 1 + ρ

1− ρ
,

−1, λ ≥ 1 + ρ

1− ρ
.

Òåì ñàìûì ïðè 0 ≤ δ < 1 ðåøåíèåì óðàâíåíèÿ (13) ÿâëÿåòñÿ

C∞(ξ, z1, δ) =
1− ρ2

1 + 2ρ sin
π

2
δ + ρ2

.

Åñëè δ = 1, òî ëþáîå λ ∈ [0, (1− ρ)/(1 + ρ)] áóäåò ðåøåíèåì (13).
Ïðè 0 ≤ δ < 1 è z = eiθ èìååì

sign(P (ξ, z)− C∞(ξ, z1, δ)P (z1, z))

= sign

(
1− ρ2

|1− ρW (z)|2
− C∞(ξ, z1, δ)

)
= sign

(
ReW (z) + sin

π

2
δ
)

= sign Re
W (z) + tg

π

4
δ

1 +W (z) tg
π

4
δ

=
4

π
Re arctg

W (z) + tg
π

4
δ

1 +W (z) tg
π

4
δ
.
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Ìû ïîëó÷èëè, ÷òî ïðè p =∞ è 0 ≤ δ < 1

u0(ζ) =
4

π
Re arctg

W (ζ) + tg
π

4
δ

1 +W (ζ) tg
π

4
δ
.

Òàêèì îáðàçîì, èç ïðåäëîæåíèÿ 3 âûòåêàåò

Ñëåäñòâèå 3. Äëÿ X = h∞
1) ìåòîä

S0y =



1− ρ2

1 + 2ρ sin
π

2
δ + ρ2

y, 0 ≤ δ < 1,

c
1− ρ
1 + ρ

y, δ = 1, c ∈ [0, 1],

0, δ > 1,

îïòèìàëåí (ïðè δ = 1 c � ïðîèçâîëüíîå ÷èñëî èç îòðåçêà [0, 1]),
2) ôóíêöèÿ

u0(z) =
4

π
Re arctg

W (z) + ∆

1 + ∆W (z)
,

ãäå

∆ =

{
tg
π

4
δ, 0 ≤ δ < 1,

1, δ ≥ 1,
ýêñòðåìàëüíà,

3) èìåþò ìåñòî ðàâåíñòâà

E(ξ, z1, δ, h∞) = u0(ξ) =
4

π
arctg

ρ+ ∆

1 + ∆ρ
.

Ðåøåíèå óðàâíåíèÿ (13) ïðè p = 2 òàêæå ìîæåò áûòü ïîëó÷åíî
â ÿâíîì âèäå. Òåì íå ìåíåå ìû óñòàíîâèì áîëåå îáùèé ðåçóëüòàò
äëÿ ãèëüáåðòîâà ïðîñòðàíñòâà.
Ïóñòü X � êîìïëåêñíîå (èëè âåùåñòâåííîå) ãèëüáåðòîâî ïðî-

ñòðàíñòâî. Ðàññìîòðèì çàäà÷ó (1) äëÿ ñëó÷àÿ, êîãäà W = BX,
Y = Z = C (R), Lx = (x, x1), Ix = (x, x2), x1, x2 ∈ X. Ïîãðåøíîñòü
îïòèìàëüíîãî âîññòàíîâëåíèÿ â ýòîì ñëó÷àå áóäåì îáîçíà÷àòü ÷å-
ðåç E(x1, x2, δ,X).

Ïðåäëîæåíèå 4. Ïóñòü x1 è x2 � ëèíåéíî íåçàâèñèìûå ýëåìåí-

òû ãèëüáåðòîâà ïðîñòðàíñòâà X. Ïîëîæèì

ε = min

{
δ,
|(x1, x2)|
‖x1‖

}
.

Òîãäà

1) ìåòîä

S0y = λ
(x2, x1)

‖x2‖2
y,
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ãäå

λ = 1− ε

|(x1, x2)|

√
‖x1‖2‖x2‖2 − |(x1, x2)|2

‖x2‖2 − ε2
,

îïòèìàëåí,

2) ýëåìåíò

x0 =

√
‖x2‖2 − ε2

‖x1‖2‖x2‖2 − |(x1, x2)|2

(
x1 − λ

(x1, x2)

‖x2‖2
x2

)
ýêñòðåìàëåí,

3) âûïîëíÿåòñÿ ðàâåíñòâî

E(x1, x2, δ,X) =

√
1− ε2

‖x2‖2

√
‖x1‖2 − |(x1, x2)|2

‖x2‖2
+ ε
|(x1, x2)|
‖x2‖2

.

Äîêàçàòåëüñòâî. Èìååì

sup
‖x‖≤1

|(x, x1)− S0(x, x2)| = sup
‖x‖≤1

∣∣∣∣(x, x1 − λ
(x1, x2)

‖x2‖2
x2

)∣∣∣∣
=

∥∥∥∥x1 − λ
(x1, x2)

‖x2‖2
x2

∥∥∥∥ =

√
‖x1‖2‖x2‖2 − |(x1, x2)|2

‖x2‖2 − ε2
.

Áîëåå òîãî,

(x0, x1)− S0(x0, x2) =

(
x0, x1 − λ

(x1, x2)

‖x2‖2
x2

)
=

∥∥∥∥x1 − λ
(x1, x2)

‖x2‖2
x2

∥∥∥∥ .
Ñëåäîâàòåëüíî, ‖x0‖ = 1 è

sup
‖x‖≤1

|(x, x1)− S0(x, x2)| = (x0, x1)− S0(x0, x2).

Ïîñêîëüêó

S0(x0, x2) =
λ(1− λ)|(x1, x2)|2

‖x2‖2

∥∥∥∥x1 − λ
(x1, x2)

‖x2‖2
x2

∥∥∥∥ ≥ 0,

|(x0, x2)| =

√
‖x2‖2 − ε2

‖x1‖2‖x2‖2 − |(x1, x2)|2
|(x1, x2)|(1− λ) = ε,

ïîëó÷àåì S0(x0, x2) = δ‖S0‖. Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà ïðåä-
ëîæåíèÿ îñòàåòñÿ ïðèìåíèòü ñëåäñòâèå 1. �

Çàäà÷è îïòèìàëüíîãî âîññòàíîâëåíèÿ ïî íåòî÷íûì äàííûì â
ãèëüáåðòîâûõ ïðîñòðàíñòâàõ äëÿ áîëåå îáùåé ñèòóàöèè ðàññìàò-
ðèâàëèñü â ðàáîòå [11] (ñì. òàêæå [2]).
Ïóñòü X � ãèëüáåðòîâî ïðîñòðàíñòâî ôóíêöèé f : Ω → C (R) ñ

âîñïðîèçâîäÿùèì ÿäðîì K : Ω× Ω→ C (R), ò. å.

f(z) = (f(·), K(·, z))
14



äëÿ ëþáûõ f ∈ X è z ∈ Ω. Ðàññìîòðèì çàäà÷ó (1) äëÿ W = BX,
Lf = f(ξ), If = f(z1). Åñëè K(·, ξ) è K(·, z1) ëèíåéíî íåçàâèñè-
ìû (ò. å. êëàññ BX ðàçäåëÿåò òî÷êè ξ è z1), òî èç ïðåäëîæåíèÿ 4
ïîëó÷àåì

Ñëåäñòâèå 4. Ïóñòü

ε = min

{
δ,
|K(z1, ξ)|√
K(ξ, ξ)

}
.

Òîãäà

1) ìåòîä

S0y = λ
K(ξ, z1)

K(z1, z1)
y,

ãäå

λ = 1− ε

|K(z1, ξ)|

√
K(ξ, ξ)K(z1, z1)− |K(z1, ξ)|2

K(z1, z1)− ε2
,

îïòèìàëåí,

2) ôóíêöèÿ

f0(z) =

√
K(z1, z1)− ε2

K(ξ, ξ)K(z1, z1)− |K(z1, ξ)|2

×
(
K(z, ξ)− λ K(z1, ξ)

K(z1, z1)
K(z, z1)

)
ýêñòðåìàëüíà,

3) èìååò ìåñòî ðàâåíñòâî

E(ξ, z1, δ,X) =

√
1− ε2

K(z1, z1)

√
K(ξ, ξ)− |K(z1, ξ)|2

K(z1, z1)
+ ε
|K(z1, ξ)|
K(z1, z1)

.

Ïåðå÷èñëèì íåêîòîðûå ïðèìåðû ãèëüáåðòîâûõ ïðîñòðàíñòâ ñ
âîñïðîèçâîäÿùèìè ÿäðàìè:

1) H2, K(ξ, z) = (1− ξz)−1, (f, g) =
1

2π

∫ 2π

0

f(eiθ)g(eiθ) dθ,

2) A2, K(ξ, z) = (1− ξz)−2, (f, g) =
1

π

∫
D

f(z)g(z) dσ(z),

3) h2, K(ξ, z) = 2 Re(1− ξz)−1 − 1,

(u, v) =
1

2π

∫ 2π

0

u(eiθ)v(eiθ) dθ,

4) a2, K(ξ, z) = 2 Re(1− ξz)−2 − 1,

(u, v) =
1

π

∫
D

u(z)v(z) dσ(z).
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Îòìåòèì, ÷òî ìîæíî ïîëó÷èòü îáîáùåíèå ëåììû Øâàðöà, àíà-
ëîãè÷íîå (9):

sup
f∈BX
|f(z1)|≤δ

|f(ξ)| = E(ξ, z1, δ,X),

ãäå E(ξ, z1, δ,X) íàõîäèòñÿ èç ñîîòâåòñòâóþùåãî ïðåäëîæåíèÿ äëÿ
X = Hp, Ap, hp è a2.
Ïîëîæèì D(ξ, z1, δ,X) = {z ∈ D : |g0(z)| ≤ δ}, ãäå X = Hp, Ap, hp

èëè a2, a g0(z) � ýêñòðåìàëüíàÿ ôóíêöèÿ äëÿ ñîîòâåòñòâóþùåé çà-

äà÷è âîññòàíîâëåíèÿ. Åñëè âçÿòü èíôîðìàöèîííûé îïåðàòîð Ĩf =
f|D(ξ,z1,δ,X) âìåñòî îïåðàòîðà If = f(z1) è â êà÷åñòâå ïðîñòðàíñòâà
Y � ïðîñòðàíñòâî íåïðåðûâíûõ â D(ξ, z1, δ,X) ôóíêöèé ñ íîðìîé

‖y‖ = sup
z∈D(ξ,z1,δ,X)

|y(z)|,

òî èç ñëåäñòâèÿ 1 ïîëó÷èì, ÷òî îïòèìàëüíûé ìåòîä, ýêñòðåìàëü-
íàÿ ôóíêöèÿ è ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ îñòàþò-
ñÿ ïðåæíèìè. Òàêèì îáðàçîì, äîïîëíèòåëüíàÿ èíôîðìàöèÿ (ñ òîé
æå ïîãðåøíîñòüþ) î ïîâåäåíèè ôóíêöèè íà ìíîæåñòâåD(ξ, z1, δ,X)
íå óìåíüøàåò ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ. Èíûìè
ñëîâàìè, òî÷êà z1 îáðàçóåò íåêîòîðîå �òåíåâîå� ìíîæåñòâî, ëþáàÿ
äîïîëíèòåëüíàÿ èíôîðìàöèÿ â êîòîðîì áåñïîëåçíà.
3. Îïòèìàëüíîå âîññòàíîâëåíèå ïðîèçâîäíîé ïî íåòî÷-

íûì äàííûì. Âåðíåìñÿ ê çàäà÷å (1) äëÿ X = Hp, Z = C, Y = l2q ,
Lf = f ′(0), If = (f(−h), f(h)), h ∈ (0, 1). Ïîãðåøíîñòü îïòèìàëü-
íîãî âîññòàíîâëåíèÿ îáîçíà÷èì ÷åðåç E ′q(h, δ,Hp).
Ñóùåñòâóåò õîðîøî èçâåñòíûé ìåòîä

f ′(0) ≈ f(h)− f(−h)

2h
,

êîòîðûé íå îïòèìàëåí äàæå ïðè δ = 0 (ñì. [12]). Â ðàáîòå [2] áûëî
ïîêàçàíî, ÷òî ìåòîä

f ′(0) ≈ (1− h4)
f(h)− f(−h)

2h

îïòèìàëåí äëÿ δ = 0 è p = ∞. Èç ðàáîòû [8] ñëåäóåò, ÷òî ýòîò æå
ìåòîä îïòèìàëåí äëÿ δ = 0 è âñåõ 1 ≤ p ≤ ∞. Áîëåå òîãî, îí æå
îïòèìàëåí äëÿ δ = 0 è X = h∞ (ñì. [9]).
Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà çíà÷åíèÿ ôóíêöèé â òî÷êàõ −h

è h èçâåñòíû ñ ïîãðåøíîñòüþ, íå ïðåâûøàþùåé δ, â íîðìå l2q , ò. å.
èçâåñòíû y1 è y2 òàêèå, ÷òî

|f(−h)− y1|q + |f(h)− y2|q ≤ δq, 1 ≤ q <∞,
max{|f(−h)− y1|, |f(h)− y2|} ≤ δ, q =∞.
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Ïîëîæèì

εp =

{
1/p, 1 ≤ p <∞,
0, p =∞,

δ1 = h2εq−εp(1 + h2)−εp , δ2 = h2εq ,

α(z) =

1, 0 ≤ δ < δ1,
a2 − z2

1− a2z2
, δ ≥ δ1

Ïóñòü a ∈ [h, 1] ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

(16)
h(a2 − h2)(1− a2h2)2εp−1

α(h)(1− h4)εp(1− 2a2h2 + a4)εp
= δ2−εq ,

ãäå 0 ≤ δ ≤ δ2 (ñóùåñòâîâàíèå ðåøåíèÿ ñëåäóåò èç íåïðåðûâíîñòè
ôóíêöèè, ñòîÿùåé â ëåâîé ÷àñòè óðàâíåíèÿ). Äëÿ δ > δ2 ïîëîæèì
a = h.

Ïðåäëîæåíèå 5. Ïðè âñåõ δ ≥ 0 è 1 ≤ p, q ≤ ∞
1) ìåòîä

f ′(0) ≈ S0y =
α(h)(1− a2h2)2(1−εp)

α(0)(1− h4)1−2εp
· y2 − y1

2h
îïòèìàëåí,

2) ôóíêöèÿ

g0(z) =

(
1− h4

1− 2a2h2 + a4

)εp z(a2 − z2)(1− a2z2)2εp−1

α(z)(1− h2z2)2εp

ýêñòðåìàëüíà,

3) èìååò ìåñòî ðàâåíñòâî

E ′q(h, δ,Hp) =
a2

α(0)

(
1− h4

1− 2a2h2 + a4

)εp
.

Äîêàçàòåëüñòâî. Ïîëîæèì

g(z) =
z(a2 − z2)(1− a2z2)2εp−1

α(z)(1− h2z2)2εp
, ϕ(z) =

(
1− a2z2

1− h2z2

)2

.

Äëÿ âñåõ f ∈ Hp èç òåîðåìû î âû÷åòàõ èìååì

f ′(0)− S0If = − h2

α(0)

1

2πi

∫
|z|=1

α(z)(1− a2z2)2(1−εp)

z2(z2 − h2)(1− h2z2)1−2εp
f(z) dz

=


h2

α(0)

1

2π

∫ 2π

0

g(eiθ)|g(eiθ)|p−2f(eiθ) dθ, 1 ≤ p <∞,

h2

α(0)

1

2π

∫ 2π

0

g(eiθ)|ϕ(eiθ)|f(eiθ) dθ, p =∞.

Ïðè f = g èç ýòèõ ðàâåíñòâ ïîëó÷àåì

‖g‖pHp = ‖ϕ‖H1 =
1− 2a2h2 + a4

1− h4
.
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Åñëè p = ∞, òî |g(eiθ)| ≡ 1. Äëÿ ïðèìåíåíèÿ ñëåäñòâèÿ 2 îñòàåòñÿ
äîêàçàòü, ÷òî

Ig0 = δa∗ =
δ

2εq
(−1, 1).

Òàê êàê g0(−h) = −g0(h), òðåáóåìîå ñëåäóåò èç ðàâåíñòâà g0(h) =
δ2−εq , êîòîðîå ñîâïàäàåò ñ (16). Ïðåäëîæåíèå äîêàçàíî. �

Çàìåòèì, ÷òî S0y ≡ 0 äëÿ δ ≥ 2εq . Åñëè δ < 2εq , òî ìîæíî ðàñ-
ñìîòðåòü çàäà÷ó î íàõîæäåíèè îïòèìàëüíîãî çíà÷åíèÿ h0, ò. å. òà-
êîãî çíà÷åíèÿ, ÷òî

E ′q(h0, δ,Hp) = min
h∈(0,1)

E ′q(h, δ,Hp).

Ïðèâåäåì ðåøåíèå ýòîé çàäà÷è äëÿ p =∞.

Ïðåäëîæåíèå 6. Ïóñòü p = ∞, 1 ≤ q ≤ ∞ è 0 ≤ δ < 2εq . Òîãäà
îïòèìàëüíîå çíà÷åíèå h0 óäîâëåòâîðÿåò óðàâíåíèþ

(17) δh4
0 + 21+εqh3

0 − δ221−εqh0 − δ = 0.

Ïðè ýòîì E ′q(h0, δ,H∞) = h2
0.

Äëÿ h0 ñïðàâåäëèâî ðàâåíñòâî

h0 =
√
k sn(K/3, k),

â êîòîðîì k îïðåäåëÿåòñÿ èç ñîîòíîøåíèé

(18)
√
k = 2h

1/4
1

∞∑
m=0

h
m(m+1)
1

1 + 2
∞∑
m=1

hm
2

1

, h1 = e−
π
3

Λ′
Λ ,

èëè

(19)
K ′

K
=

Λ′

3Λ
,

ãäå K, Λ � ïîëíûå ýëëèïòè÷åñêèå èíòåãðàëû ïåðâîãî ðîäà äëÿ ìî-

äóëåé k, λ = δ24−εq , à K ′, Λ′ � äëÿ äîïîëíèòåëüíûõ ìîäóëåé.

Äîêàçàòåëüñòâî. Èç ïðåäëîæåíèÿ 5 èìååì

E ′q(h0, δ,H∞) =

{
a2, 0 ≤ δ < h2εq ,

1, δ ≥ h2εq ,

ãäå a ∈ [h, 1] îïðåäåëÿåòñÿ èç óðàâíåíèÿ

(20) h
a2 − h2

1− a2h2
=

δ

2εq
.

Íåòðóäíî óáåäèòüñÿ, ÷òî ìèíèìàëüíîå çíà÷åíèå a2, óäîâëåòâîðÿþ-
ùåå ðàâåíñòâó (20), äîñòèãàåòñÿ äëÿ åäèíñòâåííîãî çíà÷åíèÿ h0 ∈
(0, 1), îïðåäåëÿåìîãî óðàâíåíèåì (17).
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Äèôôåðåíöèðóÿ ðàâåíñòâî (20), èìååì

a2 − h2

1− a2h2
− 2h2 1− a4

(1− a2h2)2
+ 2aa′h

1− h4

(1− a2h2)2
= 0.

Òàêèì îáðàçîì, åñëè h0 � ìèíèìóì, òî g′0(h0) = 0, ãäå

(21) g0(z) = z
a2 − z2

1− a2z2
.

Òåïåðü äîñòàòî÷íî íàéòè ôóíêöèþ g0(z) âèäà (21) òàêóþ, ÷òî
g0(h0) = δ2−εq è g′0(h0) = 0 äëÿ íåêîòîðîãî h0 ∈ (0, 1). Èç ëåì-
ìû 2.2 ðàáîòû [7] ñëåäóåò, ÷òî îíà ÿâëÿåòñÿ ïðîèçâåäåíèåì Áëÿøêå
ïîðÿäêà 3 ñ ìèíèìàëüíîé íîðìîé, ðàâíîé

‖g0‖ = max
z∈[−

√
k,
√
k]
|g0(z)| = δ2−εq ,

ãäå k îïðåäåëÿåòñÿ èç óñëîâèé |g0(−
√
k)| = |g0(

√
k)| = δ2−εq . Èç [13]

ïîëó÷àåì

g0(z) = z
k sn2(2K/3, k)− z2

1− k sn2(2K/3, k)z2
.

Èñïîëüçóÿ ïåðâîå ãëàâíîå ïðåîáðàçîâàíèå ïîðÿäêà 3 (ñì. [14]), çà-
ïèøåì ýòó ôóíêöèþ â âèäå

g0(z) =
√
λ sn

(
3Λ

K
u, λ

)
, z =

√
k sn(u, k),

ãäå λ = δ24−εq , à k óäîâëåòâîðÿåò (18), (19). Åñëè ïîëîæèòü h0 =√
k sn(K/3, k), òî g0(h0) = δ2−εq è g′0(h0) = 0. Ïðåäëîæåíèå äîêàçà-

íî. �

Ñ ïîìîùüþ (17) ëåãêî ïîêàçàòü, ÷òî

h0 = 2−(1+εq)/3δ1/3 +O
(
δ5/3
)

è, ñëåäîâàòåëüíî,

min
h∈(0,1)

E ′q(h0, δ,H∞) = 4−(1+εq)/3δ2/3 +O
(
δ2
)
.
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