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×èñëåííîå èíòåãðèðîâàíèå ôóíêöèé ïî ôîðìóëå

Ñèìïñîíà

Ïîðÿäîê âûïîëíåíèÿ ðàáîòû:

1. Èçó÷èòü ïîðÿäîê âûïîëíåíèÿ âû÷èñëåíèé îïðåäåëåííîãî
èíòåãðàëà ïî ôîðìóëå Ñèìïñîíà è ôîðìó çàïèñè ýòèõ âû-
÷èñëåíèé íà ïðèìåðå â îïèñàíèè ðàáîòû

2. ×èñëåííîå èíòåãðèðîâàíèå ôóíêöèè ïî ôîðìóëå Ñèìïñîíà
íà çàäàííîì îòðåçêå ñ çàäàííîì øàãîì

3. Â îò÷åòå ïî ðàáîòå äîëæíû áûòü ïðèâåäåíû òàáëèöà âû÷èñ-
ëåíèé è ðåçóëüòàò � ïðèáëèæåííîå çíà÷åíèå îïðåäåëåííîãî
èíòåãðàëà

×èñëåííîå èíòåãðèðîâàíèå ôóíêöèé ïî ôîðìóëå

Ñèìïñîíà

Ñóùíîñòü ýòîãî ìåòîäà çàêëþ÷àåòñÿ â çàìåíå ïîäûíòåãðàëüíîé
ôóíêöèè ìíîãî÷ëåíîì âòîðîé ñòåïåíè, ñîâïàäàþùèì ñ ôóíêöèåé â
òðåõ òî÷êàõ. Îòðåçîê èíòåãðèðîâàíèÿ [a, b] ðàçäåëèì íà äâå ðàâíûå
÷àñòè òî÷êîé x1. Ââåäåì îáîçíà÷åíèÿ

b− x1 = x− a1 = h, y0 = f(a), y1 = f(x1), y2 = f(b).

Îòñþäà ïîëó÷èì
x1 = a + h, b = a + 2h.

Òîãäà ∫ b

a

f(x) dx =

∫ a+2h

a

f(x) dx.

Çàìåíèì ïåðåìåííóþ èíòåãðèðîâàíèÿ, ïîëîæèâ

x− a = t, dx = dt.

Çäåñü çíà÷åíèå x = a ñîîòâåòñòâóåò çíà÷åíèþ t = 0, çíà÷åíèþ x =
x1 ñîîòâåòñòâóåò t = h, çíà÷åíèþ x = b ñîîòâåòñòâóåò t = 2h. Òîãäà
ïîëó÷èì ∫ a+2h

a

f(x) dx =

∫ 2h

0

f(t + a) dt.

Äàëåå, ïîäûíòåãðàëüíóþ ôóíêöèþ f(t + a) çàìåíÿåì ìíîãî÷ëå-
íîì âòîðîé ñòåïåíè P2(t), ñîâïàäàþùèì ñ ôóíêöèåé f(t + a) ïðè
t = 0, t + h, t + 2h (ýòî ñîîòâåòñòâóåò çàìåíå ôóíêöèè ìíîãî÷ëåíîì
âòîðîé ñòåïåíè îòíîñèòåëüíî ïåðåìåííîé x)

P2(t) = c2t
2 + c1t + c0.
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Ïî óñëîâèþ äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå ðàâåíñòâà

y0 = c0, y1 = c2h
2 + c1h + c0, y2 = 4c2h

2 + 2c1h + c0.

Ðåøàÿ ýòó ñèñòåìó óðàâíåíèé îòíîñèòåëüíî c0, c1, c2, ïîëó÷èì

c0 = y0, c1 =
−3y0 + 4y1 − y2

2h
, c2 =

y0 − 2y1 + y2
2h2

.

Èìååì∫ b

a

f(x) dx ≈
∫ 2h

0

(c2t
2 + c1t + c0) dt =

8

3
c2h

3 + 2c1h
2 + 2c0h.

Ïîäñòàâèâ âìåñòî c0, c1, c2 èõ âûðàæåíèÿ, ïîëó÷èì ôîðìóëó äëÿ
ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëà:∫ b

a

f(x) dx ≈ h

3
(y0 + 4y1 + y2), (1)

ãäå h =
b− a

2
, èëè∫ b

a

f(x) dx ≈ b− a

6
(y0 + 4y1 + y2).

Ãåîìåòðè÷åñêèé ñìûñë ýòîé ôîðìóëû ñîñòîèò â òîì, ÷òî ãðàôèê
ôóíêöèè f(x) íà îòðåçêå [a, b] çàìåíÿåì ïàðàáîëîé, óðàâíåíèå êî-
òîðîé èìååò âèä y = a2x

2 + a1x + a0. Ïàðàáîëà ïåðåñåêàåò êðèâóþ

y = f(x) â òî÷êàõ x = a, x = b, x =
a + b

2
. Ïðè ýòîì ïëîùàäü êðè-

âîëèíåéíîé òðàïåöèè çàìåíÿåòñÿ ïëîùàäüþ ïàðàáîëè÷åñêîé òðà-
ïåöèè. Íà ÷åðòåæå 1 ñïëîøíîé ëèíèåé îáîçíà÷åí ãðàôèê ôóíêöèè
y = f(x), à ïóíêòèðíîé � ïàðàáîëà.

-

6

x

y

0 a ba + b

2
÷åðòåæ 1.

Äëÿ ïîëó÷åíèÿ áîëåå òî÷íîãî ðåçóëüòàòà ðàçäåëèì îòðåçîê [a, b]
íà 2n ÷àñòåé òî÷êàìè a = x0, x1, x2, . . . , x2n = b. Ââåäåì òàêèå îáî-
çíà÷åíèÿ: y0 = f(a), y1 = f(x1), y2 = f(x2), . . . , y2n = f(x2n),
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h = x2n − x2n−1 = . . . = x2 − x1 = x1 − x0. Òàê êàê∫ b

a

f(x) dx =

∫ x2

a

f(x) dx +

∫ x4

x2

f(x) dx + . . . +

∫ b

x2n−2

f(x) dx,

òî, ïðèìåíÿÿ ê êàæäîìó èç ñëàãàåìûõ ôîðìóëó (1), ïîëó÷èì∫ b

a

f(x) dx ≈ h

3
(y0 + 4y1 + y2) +

h

3
(y2 + 4y3 + y4) + . . . +

h

3
(y2n−2

+ 4y2n−1 + y2n)

èëè∫ b

a

f(x) dx ≈ h

3
[y0 + y2n + 4(y1 + y3 + . . . + y2n−1)

+2(y2 + y4 + . . . + y2n−2)] .

Ó÷èòûâàÿ, ÷òî h =
b− a

2n
, îêîí÷àòåëüíî áóäåì èìåòü∫ b

a

f(x) dx ≈ b− a

2n
(y0 + y2n + 4Σ1 + 2Σ2) , (2)

ãäå

Σ1 = y1 + y3 + . . . + y2n−1,

Σ2 = y2 + y4 + . . . + y2n−2.

Ýòà ôîðìóëà ïðèáëèæåííîãî èíòåãðèðîâàíèÿ íàçûâàåòñÿ ôîðìó-
ëîé Ñèìïñîíà èëè ôîðìóëîé ïàðàáîë.

Âû÷èñëåíèÿ îôîðìëÿþòñÿ â òàáëèöó, ïîäîáíóþ òàáëèöå 1. Ïåð-
âûé ñòîëáåö ýòîé òàáëèöû � èíäåêñû: 0, 1, . . . , 2n, âòîðîé ñòîëáåö
� ñîîòâåòñòâóþùèå çíà÷åíèÿ x0, x1 = x0 + h, x2 = x0 + 2h, . . .
, x2n = x0 + 2nh. Ñðåäíèå ñòîëáöû îòâîäÿòñÿ ïîä ïðîìåæóòî÷-
íûå çíà÷åíèÿ ôóíêöèè, ïðåäïîñëåäíèé ñòîëáåö � ïîä çíà÷åíèÿ
y0 = f(x0), y1 = f(x1), . . . , y2n = f(x2n). Â ïîñëåäíèé ñòîëáåö óäîá-
íî ïîñòàâèòü êîýôôèöèåíò, ñ êîòîðûì ñîîòâåòñòâóþùåå çíà÷åíèå
f(x) âõîäèò â ôîðìóëó (2), ò. å. 1, 2, 4. Ïîñëå çàïîëíåíèÿ òàáëèöû
âû÷èñëÿþò ñóììû Σ1 è Σ2, êîòîðûå ïîäñòàâëÿþò â ôîðìóëó (2).

Ïðèìåð. Âû÷èñëåíèå èíòåãðàëà

∫ 1,8

0,2

√
1 + x2 + x4 dx ñ øàãîì h =

0, 1, ò. å. ïðè n = 8.

Òàáëèöà 1.

0 0,2 0,04 0,0016 1,0416 1,0206 1
1 0,3 0,09 0,0081 1,0981 1,0470 4
2 0,4 0,16 0,0256 1,1856 1,0888 2
3 0,5 0,25 0,0625 1,3125 1,1456 4
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4 0,6 0,36 0,1296 1,4896 1,2205 2
5 0,7 0,49 0,2401 1,7301 1,3153 4
6 0,8 0,64 0,4096 2,0496 1,4316 2
7 0,9 0,81 0,6561 2,4861 1,5704 4
8 1,0 1,00 1,0000 3,000 1,7321 2
9 1,1 1,21 1,4641 3,6741 1,9168 4
10 1,2 1,44 2,0736 4,5136 2,1245 2
11 1,3 1,69 2,8561 5,5461 2,3550 4
12 1,4 1,96 3,8416 6,8016 2,6080 2
13 1,5 2,25 5,0625 8,3125 2,8831 4
14 1,6 2,56 6,5536 10,1136 3,1802 2
15 1,7 2,89 8,3521 12,2421 3,4989 4
16 1,8 3,24 10,4976 14,7376 3,8390 1

Ïîëó÷àåì:

Σ1 = 15, 7331,

Σ2 = 13, 3857,∫ 1,8

0,2

√
1 + x2 + x4 dx ≈ 3, 15211.

Âàðèàíòû çàäàíèé

Âû÷èñëèòü

∫ b

a

f(x) dx ïî ôîðìóëå Ñèìïñîíà ñ øàãîì h. Ïàðàìåòðû

m è n ìîãóò ïðèíèìàòü çíà÷åíèÿ 0, 1, 2, . . ..
Âàðèàíò 1. ∫ 1,6

0,2

1 + x2

√
a + bx4

dx,

a = 1 + 0, 2n, b = 1 + 0, 25m, h = 0, 2.

Âàðèàíò 2. ∫ 1,8

0,4

√
a + x2 + bx3 dx,

a = 2 + 0, 1n, b = 1 + 0, 05m, h = 0, 1.

Âàðèàíò 3. ∫ 1,7

0,3

√
a + x2

b + x4
dx,

a = 3 + 0, 2n, b = 2 + 0, 25m, h = 0, 1.
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Âàðèàíò 4. ∫ 3

0,2

√
a + x3

1 + bx2
dx,

a = 1 + 0, 25n, b = 1 + 0, 1m, h = 0, 2.

Âàðèàíò 5. ∫ 3,1

0,3

√
1 + ax2 + bx4

1 + x2
dx,

a = 1 + 0, 1n, b = 1 + 0, 2m, h = 0, 2.


