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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è îïòèìàëüíî-
ãî âîññòàíîâëåíèÿ çíà÷åíèÿ ïðîèçâîäíûõ ôóíêöèé ïî èíôîð-
ìàöèè î ïðåîáðàçîâàíèè Ôóðüå ýòèõ ôóíêöèé, çàäàííîì ïðè-
áëèæåííî íà êîíå÷íîì èíòåðâàëå èëè âñåé ïðÿìîé. Èçó÷àåòñÿ
òàêæå òåñíî ñâÿçàííàÿ ñ ýòîé ïðîáëåìàòèêîé çàäà÷à Ñ. Á. Ñòå÷-
êèíà î ïðèáëèæåíèè ïðîèçâîäíûõ îãðàíè÷åííûìè ëèíåéíû-
ìè ôóíêöèîíàëàìè. Ïîëó÷åíû ñîîòâåòñòâóþùèå ýòèì ïîñòà-
íîâêàì òî÷íûå íåðàâåíñòâà äëÿ ïðîèçâîäíûõ êîëìîãîðîâñêîãî
òèïà.

1. Ïîñòàíîâêà çàäà÷

Íà÷íåì ñ ôîðìóëèðîâêè êîíêðåòíûõ çàäà÷, êîòîðûå èçó÷àþò-
ñÿ â äàííîé ðàáîòå, à çàòåì ïðèâåäåì îáùóþ ïîñòàíîâêó çàäà÷è
îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèîíàëîâ, îáúåäèíÿþùóþ ýòè
çàäà÷è. Ïóñòü S � ïðîñòðàíñòâî Øâàðöà áûñòðî óáûâàþùèõ áåñ-
êîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé íà R, S ′ � ñîîòâåòñòâóþùåå
ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé, F : S ′ → S ′ � ïðåîáðàçîâàíèå
Ôóðüå, n ∈ N è 1 ≤ p ≤ ∞. Ïîëîæèì

Xn
p = {x ∈ S ′ | Fx(·) ∈ Lp(R), x(n)(·) ∈ L2(R) }

è
Cn
p = {x(·) ∈ Xn

p | ‖x(n)(·)‖L2(R) ≤ 1 }.
Çàäà÷à îá îïòèìàëüíîì âîññòàíîâëåíèè çíà÷åíèÿ x(k)(τ), ãäå

0 ≤ k < n, τ ∈ R, íà êëàññå Cn
p ïî èíôîðìàöèè î ïðåîáðàçîâà-

íèè Ôóðüå Fx(·), çàäàííîì íà èíòåðâàëå ∆σ = (−σ, σ), 0 < σ ≤ ∞,
c ïîãðåøíîñòüþ δ > 0 â ìåòðèêå ïðîñòðàíñòâà Lp(∆σ), çàêëþ÷àåòñÿ
â íàõîæäåíèè âåëè÷èíû

(1) Ep(n, k, σ, δ) = inf
ϕ

sup
x(·)∈Cnp , y(·)∈Lp(∆σ)

‖Fx(·)−y(·)‖Lp(∆σ)≤δ

|x(k)(τ)− ϕ(y(·))|

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé (ãðàíòû �02-01-39012 è �02-01-00386), ïðîãðàìì
ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë Ðîññèéñêîé Ôåäåðàöèè
(ÍØ-304.2003.1) è �Óíèâåðñèòåòû Ðîññèè"(ÓÐ.04.03.067), à òàêæå ïðè ïîä-
äåðæêå U.S.CRDF�R.F.Ministry of Education Award VZ-0100-0.
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(ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì ôóíêöèÿì ϕ : Lp(∆σ)→ C), íà-
çûâàåìîé ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, è ôóíê-
öèè ϕ̂, íà êîòîðîé äîñòèãàåòñÿ íèæíÿÿ ãðàíü â (1), íàçûâàåìîé
îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.
Â äàííîé ðàáîòå èçó÷àåòñÿ òàêæå çàäà÷à î íàèëó÷øåì ïðèáëè-

æåíèè x(k)(τ), 0 ≤ k < n, τ ∈ R, íà êëàññå Cn
p ïî èíôîðìàöèè î

ïðåîáðàçîâàíèè Ôóðüå Fx(·), çàäàííîì íà èíòåðâàëå ∆σ = (−σ, σ),
ëèíåéíûìè íåïðåðûâíûìè ôóíêöèîíàëàìè íà Lp(∆σ), íîðìà êî-
òîðûõ íå ïðåâîñõîäèò íåêîòîðîãî ôèêñèðîâàííîãî ïîëîæèòåëüíîãî
÷èñëà N . Îíà ñîñòîèò â íàõîæäåíèè âåëè÷èíû

(2) ep(n, k, σ,N) = inf
y∗

sup
x(·)∈Cnp

|x(k)(τ)− 〈y∗, Fx(·)〉|

(ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì ëèíåéíûì ôóíêöèîíàëàì y∗ íà
Lp(∆σ) òàêèì, ÷òî ‖y∗‖ ≤ N), à òàêæå ôóíêöèîíàëà ŷ∗, íà êîòîðîì
äîñòèãàåòñÿ íèæíÿÿ ãðàíü â (2), íàçûâàåìûì ýêñòðåìàëüíûì.
Åñëè â (2) âìåñòî Fx(·) ïîñòàâèòü x(·), òî ìû ïîëó÷àåì êëàñ-

ñè÷åñêóþ çàäà÷ó Ñ. Á. Ñòå÷êèíà, òàê ÷òî (2) åñòü íåêîòîðîå åå
îáîáùåíèå, êîòîðîå ìû òàêæå íàçûâàåì çàäà÷åé Ñòå÷êèíà.
Ïðèâåäåì òåïåðü îáùóþ ïîñòàíîâêó çàäà÷è îá îïòèìàëüíîì âîñ-

ñòàíîâëåíèè ëèíåéíîãî ôóíêöèîíàëà íà êëàññå ýëåìåíòîâ ïî íåêî-
òîðîé èíôîðìàöèè î ñàìèõ ýëåìåíòàõ. Ïóñòü X � âåùåñòâåííîå
èëè êîìïëåêñíîå âåêòîðíîå ïðîñòðàíñòâî è C � íåïóñòîå ïîäìíî-
æåñòâî (êëàññ ýëåìåíòîâ) â X. Ïðî êàæäûé ýëåìåíò x ∈ C ìû
ðàñïîëàãàåì èíôîðìàöèåé I(x), ãäå I � îòîáðàæåíèå (íàçûâàåìîå
èíôîðìàöèîííûì) èç C â äðóãîå âåùåñòâåííîå èëè êîìïëåêñíîå
âåêòîðíîå ïðîñòðàíñòâî Y . Â ñëó÷àå, êîãäà èíôîðìàöèÿ çàäàíà
íåòî÷íî, I � ìíîãîçíà÷íîå îòîáðàæåíèå. Ïóñòü, äàëåå, çàäàí ëè-
íåéíûé ôóíêöèîíàë x′ íà X è ñåìåéñòâî Φ ôóíêöèé ϕ : Y → R(C).
Çàäà÷à îá îïòèìàëüíîì âîññòàíîâëåíèè ôóíêöèîíàëà x′ íà êëàññå
C ïî èíôîðìàöèè I ñ ïîìîùüþ ôóíêöèé (ìåòîäîâ âîññòàíîâëå-

íèÿ) èç Φ çàêëþ÷àåòñÿ â íàõîæäåíèè âåëè÷èíû

(3) E(x′, C, I) = inf
ϕ∈Φ

sup
x∈C,
y∈I(x)

|〈x′, x〉 − ϕ(y)|,

íàçûâàåìîé ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ (ôóíê-
öèîíàëà x′ íà C ïî èíôîðìàöèè I), è ìåòîäà, íà êîòîðîì äîñòè-
ãàåòñÿ íèæíÿÿ ãðàíü â (3), íàçûâàåìîãî îïòèìàëüíûì ìåòîäîì

âîññòàíîâëåíèÿ.
Çàäà÷è (1) è (2) óêëàäûâàåòñÿ â îáùóþ ñõåìó. Â ïåðâîì ñëó÷àå

X = Xn
p , C = Cn

p , Y = Lp(∆σ), I : Xn
p → Lp(∆σ), Ix(·) = Fx(·)|∆σ +

δBLp(∆σ) (BLp(∆σ) � åäèíè÷íûé øàð â Lp(∆σ)), 〈x′, x(·)〉 = x(k)(τ)
è Φ � ñîâîêóïíîñòü âñåõ ôóíêöèé íà Lp(∆σ).
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Äëÿ âòîðîé çàäà÷è X = Xn
p , C = Cn

p , Y = Lp(∆σ), I : Xn
p →

Lp(∆σ), Ix(·) = Fx(·)|∆σ , 〈x′, x(·)〉 = x(k)(τ) è Φ = NBY ∗, ãäå BY ∗

� åäèíè÷íûé øàð â ñîïðÿæåííîì ïðîñòðàíñòâå ê Y .
Çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî ôóíêöèîíàëà íà

êëàññå ýëåìåíòîâ äëÿ ñëó÷àÿ, êîãäà I � ëèíåéíîå îòîáðàæåíèå,
dimY < ∞ è Φ � ìíîæåñòâî âñåõ ôóíêöèé èç Y â R, áûëà ïî-
ñòàâëåíà Ñ. À. Ñìîëÿêîì [1]. Èì áûëî äîêàçàíî, ÷òî åñëè â ýòîé
ñèòóàöèè C � âûïóêëîå öåíòðàëüíî ñèììåòðè÷íîå ìíîæåñòâî, òî
ñðåäè îïòèìàëüíûõ ìåòîäîâ åñòü ëèíåéíûé. Äàëåå ýòà çàäà÷à îáîá-
ùàëàñü è ðàçâèâàëàñü â ðàçëè÷íûõ íàïðàâëåíèÿõ (ñì. [2]�[7]).
Çàäà÷è îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèé è èõ ïðîèçâîä-

íûõ â ìåòðèêå L2 (ò.å. çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ îïå-
ðàòîðà, à íå ôóíêöèîíàëà) ïî íåòî÷íî çàäàííûì êîýôôèöèåíòàì
Ôóðüå (äëÿ ïåðèîäè÷åñêèõ ôóíêöèé) è ïî íåòî÷íî çàäàííîìó ïðå-
îáðàçîâàíèþ Ôóðüå (äëÿ ôóíêöèé íà ïðÿìîé) èçó÷àëèñü â ðàáîòàõ
[8], [9]. Êðóã ïðîáëåì, ñâÿçàííûõ ñ çàäà÷åé Ñòå÷êèíà, îñâåùåí â
îáçîðíîé ñòàòüå [10].
Àíàëîã çàäà÷è (1) â ïåðèîäè÷åñêîì ñëó÷àå ïðè p = ∞ ðàññìàò-

ðèâàëñÿ â ðàáîòå [11].

2. Ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ

Â ñèëó èíâàðèàíòíîñòè ðàññìàòðèâàåìûõ êëàññîâ îòíîñèòåëüíî
ñäâèãà âñþäó â äàëüíåéøåì ñ÷èòàåì, ÷òî τ = 0. Íà÷íåì ñî ñëó÷àÿ,
êîãäà p =∞.

Òåîðåìà 1. Ïóñòü δ > 0, k, n ∈ Z, 0 ≤ k < n, 0 < σ ≤ ∞,

σ̂ =

(
π(2n+ 1)(2n− 2k − 1)

2δ2(2n− k)

) 1
2n+1

è σ0 = min(σ, σ̂). Òîãäà

E∞(n, k, σ, δ) =
σk+1

0

π

(
δ

k + 1
+

√
1

2n− 2k − 1

(
π

σ2n+1
0

− δ2

2n+ 1

))
,

à ìåòîä

(4) ϕ̂(y(·)) =
1

2π

∫
|t|<σ0

(it)k
(
1− δλ|t|2n−k

)
y(t) dt,

ãäå

(5) λ =
σ−2n+k

0√
2n− 2k − 1

(
π

σ2n+1
0

− δ2

2n+ 1

)−1/2

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Èç òåîðåìû 1 âûòåêàåò, ÷òî ïðè σ ≥ σ̂

(6) E∞(n, k, σ, δ) = Kδ
2n−2k−1

2n+1 ,
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ãäå

(7) K =
(n+ 1/2)

k+1
2n+1

k + 1

(
2n− k

π(2n− 2k − 1)

) 2n−k
2n+1

.

Òåì ñàìûì â ðàññìàòðèâàåìîé çàäà÷å èìååò ìåñòî ýôôåêò �íàñû-
ùåíèÿ"ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ, çàêëþ÷àþùèé-
ñÿ â òîì, ÷òî ïðè ôèêñèðîâàííîì δ > 0, çíàíèå ïðåîáðàçîâàíèÿ
Ôóðüå ôóíêöèè èç Cn

∞, çàäàííîãî ñ ïîãðåøíîñòüþ δ â ðàâíîìåðíîé
ìåòðèêå, íà èíòåðâàëàõ, áîëüøèõ, ÷åì ∆σ̂, íå âåäåò ê óìåíüøåíèþ
ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ. Òàêèì îáðàçîì, íàðó-
øåíèå ñîîòíîøåíèÿ

(8) δ2σ2n+1 ≤ π(2n+ 1)(2n− 2k − 1)

2(2n− k)

ïðèâîäèò ê òîìó, ÷òî ïîëó÷àåìàÿ èíôîðìàöèÿ î ïðåîáðàçîâàíèè
Ôóðüå îêàçûâàåòñÿ èçáûòî÷íîé. Ýòîò ôàêò íàì ïðåäñòàâëÿåòñÿ
âàæíûì äëÿ ïðèëîæåíèé, êîãäà íóæíî ñ÷èòàòüñÿ ñ òåì, ÷òî ïîëó-
÷åíèå äîïîëíèòåëüíîé èíôîðìàöèè òðåáóåò îïðåäåëåííûõ çàòðàò.
Èç ðàâåíñòâà (6) â ñèëó èíâàðèàíòíîñòè ïðîñòðàíñòâà Xn

∞ îòíî-
ñèòåëüíî ñäâèãà âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Ñëåäñòâèå 1. Ïóñòü k, n ∈ Z è 0 ≤ k < n. Òîãäà èìååò ìåñòî

òî÷íîå íåðàâåíñòâî

‖x(k)(·)‖L∞(R) ≤ K‖Fx(·)‖
2n−2k−1

2n+1

L∞(R) ‖x
(n)(·)‖

2k+2
2n+1

L2(R).

ãäå êîíñòàíòà K îïðåäåëåíà ðàâåíñòâîì (7).

Ïåðåéäåì òåïåðü ê çàäà÷å (1) äëÿ p = 1. Åñëè k > 0 è σ < ∞,
ïîëîæèì

Φ(ε) =
4π

σ2n−1

ε2(2n−k−1)

(∫ ε

1

(xk − 1)x−2n dx

)2

ε2n−2k−1

∫ ε

1

(xk − 1)2x−2n dx+ (2n− 2k − 1)−1

(çäåñü è äàëåå äëÿ êðàòêîñòè çàïèñè íå ïðèâîäÿòñÿ âûðàæåíèÿ
äëÿ èíòåãðàëîâ, êîòîðûå ìîãóò áûòü ÿâíî âû÷èñëåíû). Î÷åâèäíî,
÷òî ôóíêöèÿ Φ(·) íåïðåðûâíà íà (1,+∞). Íåòðóäíî óáåäèòüñÿ, ÷òî
Φ(ε) → 0 ïðè ε → 1 è Φ(ε) → +∞ ïðè ε → +∞. Òåì ñàìûì äëÿ
ëþáîãî δ > 0 óðàâíåíèå

(9) Φ(ε) = δ2

èìååò ðåøåíèå, ïðèíàäëåæàùåå èíòåðâàëó (1,+∞).
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Òåîðåìà 2. Ïóñòü δ > 0, k, n ∈ N, 0 < k < n, 0 < σ ≤ ∞.

Ïîëîæèì

a =


σ/εδ, 0 < σ <∞,(

2π(2n− 2k − 1)

δ2(2n− 1)(2n− k − 1)

) 1
2n−1

, σ =∞,

λ =


2

δ

(εδ
σ

)2n−k−1
∫ εδ

1

(xk − 1)x−2n dx, 0 < σ <∞,

kδ
2n−2k−1

2n−1

π(2n− 2k − 1)

(
2π(2n− 2k − 1)

(2n− 1)(2n− k − 1)

) k
2n−1

, σ =∞,

ãäå εδ � ðåøåíèå óðàâíåíèÿ (9). Òîãäà

E1(n, k, σ, δ) = λ+
δ

2π
ak,

à ìåòîä

(10) ϕ̂(y(·)) =
1

2π

∫
|t|<σ

µδ(t)y(t) dt,

ãäå

(11) µδ(t) =

{
(it)k, |t| ≤ a,

(ia)k sign tk, a < |t| < σ,

ÿâëÿåòñÿ îïòèìàëüíûì. Ïðè k = 0

E1(n, 0, σ, δ) =
δ

2π
+

1

σn−1/2
√
π(2n− 1)

è ìåòîä

(12) ϕ̂(y(·)) =
1

2π

∫
|t|<σ

y(t) dt

� îïòèìàëüíûé.

Èç òåîðåìû 2 ïðè σ =∞ âûòåêàåò

Ñëåäñòâèå 2. Ïóñòü k, n ∈ Z è 0 ≤ k < n. Òîãäà èìååò ìåñòî

òî÷íîå íåðàâåíñòâî

‖x(k)(·)‖L∞(R) ≤ K1‖Fx(·)‖
2n−2k−1

2n−1

L1(R) ‖x
(n)(·)‖

2k
2n−1

L2(R),

ãäå

K1 =
1

(2n− k − 1)
k

2n−1

(
2n− 1

2π(2n− 2k − 1)

) 2n−k−1
2n−1

.
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Ïåðåéäåì ê ñëó÷àþ p = 2. Åñëè σ <∞, òî ïîëîæèì

Ψ(h) =

2πσ2n−2k−1h4n−2k−1

∫ σh

0

x2k(1 + x2n)−2 dx

(σh)2n−2k−1

∫ σh

0

x2(n+k)(1 + x2n)−2 dx+ (2n− 2k − 1)−1

.

Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ Ψ(·) íåïðåðûâíà íà (0,+∞),
Ψ(h) → 0 ïðè h → 0 è Φ(h) → +∞ ïðè h → +∞. Òåì ñàìûì
äëÿ ëþáîãî δ > 0 óðàâíåíèå

(13) Ψ(h) = δ2

èìååò ðåøåíèå, ïðèíàäëåæàùåå èíòåðâàëó (0,+∞).

Òåîðåìà 3. Ïóñòü δ > 0, k, n ∈ Z, 0 ≤ k < n, 0 < σ ≤ ∞. Åñëè

0 < σ <∞, òî ÷åðåç hδ îáîçíà÷èì ðåøåíèå óðàâíåíèÿ (13), à åñëè
σ =∞, òî ïîëîæèì

hδ =

(
(2k + 1)δ2

2π(2n− 2k − 1)

) 1
2n

.

Òîãäà

E2(n, k, σ, δ) =
δ2 + 2πh2n

δ

2πδh
k+1/2
δ

(
2

∫ σhδ

0

x2k(1 + x2n)−2 dx

)1/2

,

à ìåòîä

ϕ̂(y(·)) =
1

2π

∫
|t|<σ

(it)k

1 + (hδt)2n
y(t) dt,

ÿâëÿåòñÿ îïòèìàëüíûì.

Ïðè σ =∞ ïîëó÷àåì

E2(n, k,∞, δ) = K2δ
2n−2k−1

2n ,

ãäå

K2 =

(
(2k + 1) sinπ

2k + 1

2n

)−1/2(
2k + 1

2π(2n− 2k − 1)

) 2n−2k−1
4n

.

Îòñþäà ñëåäóåò òî÷íîå íåðàâåíñòâî

‖x(k)(·)‖L∞(R) ≤ K2‖Fx(·)‖
2n−2k−1

2n

L2(R) ‖x
(n)(·)‖

2k+1
2n

L2(R).

Â ñèëó ðàâåíñòâà Ïàðñåâàëÿ

‖Fx(·)‖L2(R) =
√

2π‖x(·)‖L2(R)

îíî ìîæåò áûòü çàïèñàíî â âèäå

‖x(k)(·)‖L∞(R) ≤ (2π)
2n−2k−1

4n K2‖x(·)‖
2n−2k−1

2n

L2(R) ‖x
(n)(·)‖

2k+1
2n

L2(R).

Ýòî íåðàâåíñòâî áûëî äîêàçàíî Ë. Â. Òàéêîâûì [12].
Ïåðåéäåì òåïåðü ê çàäà÷å Ñòå÷êèíà î ïðèáëèæåíèè k-îé ïðîèç-

âîäíîé ôóíêöèè èç êëàññà Cn
p ïî èíôîðìàöèè î åå ïðåîáðàçîâàíèè
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Ôóðüå íà èíòåðâàëå ∆σ ñ ïîìîùüþ ëèíåéíûõ ôóíêöèîíàëîâ, íîð-
ìà êîòîðûõ íå ïðåâîñõîäèò ôèêñèðîâàííîãî ïîëîæèòåëüíîãî ÷èñëà
N .

Òåîðåìà 4. Ïóñòü n, k ∈ Z, 0 ≤ k < n, 0 < σ ≤ ∞, N > 0,

σ̂N =

(
πN(k + 1)(2n+ 1)

2n− k

) 1
k+1

è σN = min(σ, σ̂N). Òîãäà

(14) e∞(n, k, σ,N) =
σ
−n+k+1/2
N √

π

√
1

2n− 2k − 1
+
γ2(σ,N)

2n+ 1
,

ãäå

γ(σ,N) = max

{
0, (2n+ 1)

(
1

k + 1
− πN

σk+1
N

)}
,

è ôóíêöèîíàë

(15) 〈ŷ∗, Fx(·)〉 =
1

2π

∫
|t|<σN

(it)k

(
1− γ(σ,N)

(
|t|
σN

)2n−k
)
Fx(t) dt

ÿâëÿåòñÿ ýêñòðåìàëüíûì.

Èç òåîðåìû 4 âûòåêàåò, ÷òî ïðè ôèêñèðîâàííîì N äëÿ σ ≥ σ̂N

e∞(n, k, σ,N) =

√
2k + 2

2n− 2k − 1

(
2n− k

π(k + 1)(2n+ 1)

) 2n−k
2k+2

N−
2n−2k−1

2k+2 .

Ýòî îçíà÷àåò, ÷òî àíàëîãè÷íî çàäà÷å âîññòàíîâëåíèÿ â ðàññìàò-
ðèâàåìîé çàäà÷å Ñòå÷êèíà òàêæå íàáëþäàåòñÿ ýôôåêò �íàñûùå-
íèÿ çàêëþ÷àþùèéñÿ â òîì, ÷òî ïðè ôèêñèðîâàííîì N çíàíèå ïðå-
îáðàçîâàíèÿ Ôóðüå íà èíòåðâàëàõ, áîëüøèõ, ÷åì (−σ̂N , σ̂N), íå âå-
äåò ê óìåíüøåíèþ ïîãðåøíîñòè e∞(n, k, σ,N). Àíàëîãîì ñîîòíîøå-
íèÿ (8) çäåñü ÿâëÿåòñÿ íåðàâåíñòâî

σk+1

N
≤ π(k + 1)(2n+ 1)

2n− k
,

íàðóøåíèå êîòîðîãî âåäåò ê èçáûòî÷íîñòè ïîëó÷àåìîé èíôîðìà-
öèè î ïðåîáðàçîâàíèè Ôóðüå.

Òåîðåìà 5. Ïóñòü n, k ∈ N, 0 < k < n è N > 0. Òîãäà ïðè σ <∞

e1(n, k, σ,N) =
1√

πσn−k−1/2

×

√
2k2ε2n−2k−1

(2n− 2k − 1)(2n− k − 1)(2n− 1)
+

2ε−k

2n− k − 1
− ε−2k

2n− 1
,

ãäå

ε =
σ

(2πN0)1/k
, N0 = min

{
N,

σk

2π

}
,
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è ôóíêöèîíàë

(16) 〈ŷ∗, Fx(·)〉 =
1

2π

∫
|t|<(2πN0)1/k

(it)kFx(t) dt

+N0i
k

∫
(2πN0)1/k≤|t|<σ

sign tkFx(t) dt

ÿâëÿåòñÿ ýêñòðåìàëüíûì. Ïðè σ =∞

e1(n, k,∞, N) =

√
2k(2πN)−

2n−2k−1
2k√

π(2n− 1)(2n− k − 1)(2n− 2k − 1)
,

à ôóíêöèîíàë

〈ŷ∗, Fx(·)〉 =
1

2π

∫
|t|<(2πN)1/k

(it)kFx(t) dt

+N

∫
|t|≥(2πN)1/k

ik sign tkFx(t) dt

� ýêñòðåìàëüíûé. Åñëè k = 0, òî

e1(n, 0, σ,N) =


∞, 0 < N <

1

2π
,

1

σn−1/2
√
π(2n− 1)

, N ≥ 1

2π
, σ <∞,

0 N ≥ 1

2π
, σ =∞,

ïðè ýòîì ôóíêöèîíàë

〈ŷ∗, Fx(·)〉 =
1

2π

∫
|t|<σ

Fx(t) dt

ÿâëÿåòñÿ ýêñòðåìàëüíûì.

Ðàññìîòðèì òåïåðü çàäà÷ó Ñòå÷êèíà äëÿ ñëó÷àÿ, êîãäà p = 2.
Ïîëîæèì

Ω(h) =
1

2π2h2k+1

∫ σh

0

x2k(1 + x2n)−2 dx.

Ôóíêöèÿ Ω(h) íåïðåðûâíà ïðè h ∈ (0,+∞). Ïðè ýòîì

lim
h→0

Ω(h) =
σ2k+1

2π2(2k + 1)
,

à limh→∞Ω(h) = 0. Ïîýòîìó ïðè âñåõ

0 < N <
σk+1/2

π
√

2(2k + 1)

óðàâíåíèå

(17) Ω(h) = N2

èìååò ðåøåíèå.
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Òåîðåìà 6. Ïóñòü n, k ∈ Z, 0 ≤ k < n è N > 0. Òîãäà ïðè âñåõ

0 < σ <∞

e2(n, k, σ,N) =

(
ĥ2n−2k−1
N

π

∫ σĥN

0

x2(k+n)

(1 + x2n)2
dx+

σ−(2n−2k−1)

π(2n− 2k − 1)

)1/2

,

ãäå

ĥN =

{
hN , 0 < N < N̂,

0, N ≥ N̂ ,
N̂ =

σk+1/2

π
√

2(2k + 1)
,

à hN � ðåøåíèå óðàâíåíèÿ (17). Ïðè ýòîì ôóíêöèîíàë

(18) 〈ŷ∗, Fx(·)〉 =
1

2π

∫
|t|<σ

(it)k

1 + (ĥN t)2n
y(t) dt

ÿâëÿåòñÿ ýêñòðåìàëüíûì. Ïðè σ =∞

e2(n, k,∞, N) =

√
2k + 1(

4n2 sin π
2k + 1

2n

) n
2k+1

(
2n− 2k − 1

2πN2

) 2n−2k−1
2(2k+1)

,

à ôóíêöèîíàë (18), â êîòîðîì

ĥN =

 2n− 2k − 1

8πn2N2 sin π
2k + 1

2n


1

2k+1

,

� ýêñòðåìàëüíûé.

Îòìåòèì, ÷òî â ñëó÷àå σ = ∞ ðåçóëüòàò, ñôîðìóëèðîâàííûé â
ýòîé òåîðåìå, ìîæåò áûòü ïîëó÷åí èç ðàáîòû [12].

3. Äîêàçàòåëüñòâà

Â îñíîâå äîêàçàòåëüñòâ ñôîðìóëèðîâàííûõ òåîðåì ëåæàò ñîîá-
ðàæåíèÿ, ñâÿçàííûå ñ îáùèìè ïðèíöèïàìè òåîðèè ýêñòðåìàëüíûõ
çàäà÷. Ñóòü äåëà çàêëþ÷àåòñÿ â òîì, ÷òî ðàññìàòðèâàåìûå çäåñü
çàäà÷è ðåäóöèðóþòñÿ ê íåêîòîðûì âûïóêëûì çàäà÷àì, äëÿ êîòî-
ðûõ íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì òîãî, ÷òî äîïóñòèìàÿ
òî÷êà åñòü ðåøåíèå äàííîé çàäà÷è, ÿâëÿåòñÿ ðàâåíñòâî íóëþ ïðî-
èçâîäíîé (èëè ïðèíàäëåæíîñòü íóëÿ ñóáäèôôåðåíöèàëó) ôóíêöèè
Ëàãðàíæà â ýòîé òî÷êå. Òàêîå óñëîâèå ïðåäñòàâëÿåò èç ñåáÿ íåêî-
òîðîå òîæäåñòâî. Ñ äðóãîé ñòîðîíû, ñàìà çàäà÷à âîññòàíîâëåíèÿ
ÿâëÿåòñÿ äâîéñòâåííîé ê óêàçàííûì âûïóêëûì çàäà÷àì è ïîýòî-
ìó, ðåøèâ èõ (ò. å. ïîëó÷èâ íóæíîå òîæäåñòâî), ìû, âîîáùå ãî-
âîðÿ, ðåøàåì è äâîéñòâåííóþ çàäà÷ó (ïîäðîáíåå î òàêîì ïîäõîäå
ê ðåøåíèþ ðàçëè÷íûõ ýêñòðåìàëüíûõ çàäà÷ ñì. [13]�[15]. Ñëåäóþ-
ùàÿ òåîðåìà ïðåäñòàâëÿåò ñîáîé èòîãîâûé ðåçóëüòàò ïðèâåäåííûõ
ñîîáðàæåíèé.
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Òåîðåìà 7. Ïóñòü n, k ∈ Z, 0 ≤ k < n, 0 < σ ≤ ∞, δ > 0,
1 ≤ p ≤ ∞ è ïðè âñåõ x(·) ∈ Xn

p âûïîëíÿåòñÿ ðàâåíñòâî

(19) x(k)(0) = 〈ŷ∗, Fx(·)〉+ λ

∫
R
x(n)(t)x̂(n)(t) dt,

ãäå ŷ∗ � íåêîòîðûé ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë íà Lp(∆σ),
λ ∈ R+, à x̂(·) ∈ Xn

p è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì

(i) ‖Fx̂(·)‖Lp(∆σ) = δ,

(ii) ‖x̂(n)(·)‖L2(R) = 1,
(iii) 〈ŷ∗, F x̂(·)〉 = δ‖ŷ∗‖.

Òîãäà

(20) Ep(n, k, σ, δ) = λ+ δ‖ŷ∗‖,

à ŷ∗ � îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ. Êðîìå òîãî, â çàäà÷å

Ñòå÷êèíà äëÿ N = ‖ŷ∗‖

ep(n, k, σ,N) = λ,

à ŷ∗ � ýêñòðåìàëüíûé ôóíêöèîíàë.

Äîêàçàòåëüñòâî. Ó÷èòûâàÿ ðàâåíñòâî (19), èìååì

(21) Ep(n, k, σ, δ) ≤ sup
x(·)∈Cnp , y(·)∈Lp(∆σ)

‖Fx(·)−y(·)‖Lp(∆σ)≤δ

|x(k)(0)− 〈ŷ∗, y(·)〉|

≤ sup
x(·)∈Cnp

|x(k)(0)− 〈ŷ∗, Fx(·)〉|+ δ‖ŷ∗‖ = λ+ δ‖ŷ∗‖.

Ñ äðóãîé ñòîðîíû, â ñèëó (i) äëÿ ëþáîãî ìåòîäà âîññòàíîâëåíèÿ
ϕ(y(·)) èìååì

2|x̂(k)(0)| ≤ |x̂(k)(0)− ϕ(0)|+ | − x̂(k)(0)− ϕ(0)|
≤ 2 sup

x(·)∈Cnp , y(·)∈Lp(∆σ)

‖Fx(·)−y(·)‖Lp(∆σ)≤δ

|x(k)(0)− ϕ(y(·))|.

Îòñþäà ñëåäóåò, ÷òî Ep(n, k, σ, δ) ≥ |x̂(k)(0)|. Ó÷èòûâàÿ (19), (ii) è
(iii), ïîëó÷àåì

Ep(n, k, σ, δ) ≥ |x̂(k)(0)| =
∣∣〈ŷ∗, F x̂(·)〉+ λ‖x̂(n)(·)‖L2(R)

∣∣ = λ+ δ‖ŷ∗‖.

Èç ýòîãî íåðàâåíñòâà è (21) âûòåêàåò ðàâåíñòâî (20) è îïòèìàëü-
íîñòü ìåòîäà ŷ∗.
Ïåðåéäåì ê çàäà÷å Ñòå÷êèíà. Ïî äîêàçàííîìó â çàäà÷å îïòè-

ìàëüíîãî âîññòàíîâëåíèÿ ñðåäè îïòèìàëüíûõ ìåòîäîâ ñóùåñòâóåò
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ìåòîä, çàäàâàåìûé ëèíåéíûì íåïðåðûâíûì ôóíêöèîíàëîì, ïîýòî-
ìó

Ep(n, k, σ, δ) = inf
N>0

inf
‖y∗‖≤N

sup
x(·)∈Cnp , y(·)∈Lp(∆σ)

‖Fx(·)−y(·)‖Lp(∆σ)≤δ

|x(k)(0)− 〈y∗, y(·)〉|

≤ inf
‖y∗‖≤N

sup
x(·)∈Cnp

|x(k)(0)− 〈y∗, Fx(·)〉|+ δN = ep(n, k, σ,N) + δN.

Ñëåäîâàòåëüíî, ïðè âñåõ N > 0

(22) ep(n, k, σ,N) ≥ Ep(n, k, σ, δ)− δN.
Îòñþäà èç (20) äëÿ N = ‖ŷ∗‖ ïîëó÷àåì

ep(n, k, σ,N) ≥ λ.

Ñ äðóãîé ñòîðîíû, â ñèëó (19)

ep(n, k, σ,N) ≤ sup
x(·)∈Cnp

|x(k)(0)− 〈ŷ∗, Fx(·)〉| = λ.

�

Äîêàçàòåëüñòâî òåîðåìû 1. Äîêàæåì, ÷òî äëÿ âñåõ x(·) ∈ Xn
∞

èìååò ìåñòî ðàâåíñòâî

(23) x(k)(0) =
1

2π

∫
|t|<σ0

(it)k
(
1− δλ|t|2n−k

)
Fx(t) dt

+ λ

∫
R
x(n)(t)x̂(n)(t) dt,

ãäå ôóíêöèÿ x̂(·) ∈ Xn
∞ òàêîâà, ÷òî

Fx̂(t) =


(−i)kδ sign tk, |t| < σ0,

(−i)k

λt2n−k
, |t| ≥ σ0.

Â ñèëó òåîðåìû Ïëàíøåðåëÿ èìååì

(24)

∫
R
x(n)(t)x̂(n)(t) dt =

1

2π

∫
R
t2nFx(t)Fx̂(t) dt.

Ïîýòîìó

1

2π

∫
|t|<σ0

(it)k
(
1− δλ|t|2n−k

)
Fx(t) dt+ λ

∫
R
x(n)(t)x̂(n)(t) dt

=
1

2π

∫
|t|<σ0

(
(it)k

(
1− δλ|t|2n−k

)
+ λt2nikδ sign tk

)
Fx(t) dt

+
1

2π

∫
|t|≥σ0

(it)kFx(t) dt =
1

2π

∫
R
(it)kFx(t) dt = x(k)(0).

Ðàâåíñòâî ‖x̂(n)(·)‖L2(R) = 1 ëåãêî ïðîâåðÿåòñÿ. Äîêàæåì, ÷òî
‖Fx̂(·)‖L∞(∆σ) = δ. Ïðè σ0 ≥ σ ýòî íåïîñðåäñòâåííî âûòåêàåò èç
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îïðåäåëåíèÿ Fx̂(·). Ïóñòü σ0 < σ. Òîãäà σ0 = σ̂ è íåòðóäíî óáå-
äèòüñÿ, ÷òî (λσ̂2n−k)−1 = δ. Òåì ñàìûì |Fx̂(t)| ≤ δ ïðè |t| ≥ σ̂.
Ïðîâåðèì òåïåðü âûïîëíåíèå óñëîâèÿ (iii) òåîðåìû 7. Èìååì

(25) 〈ŷ∗, F x̂(·)〉 =
δ

2π

∫
|t|<σ0

|t|k
(
1− δλ|t|2n−k

)
dt.

Äîêàæåì, ÷òî 1− δλ|t|2n−k > 0 ïðè |t| < σ0. Â ñèëó îïðåäåëåíèÿ σ0

èìååì

δ2σ2n+1
0 2(2n− k) ≤ δ2σ̂2n+12(2n− k) = π(2n+ 1)(2n− 2k − 1).

Îòñþäà âûòåêàåò, ÷òî

δ2σ2n+1
0 (2n+ 1) ≤ (2n− 2k − 1)(π(2n+ 1)− δ2σ2n+1

0 )

= σ−2n+2k+1
0 (2n+ 1)λ−2,

ò.å. δλσ2n−k
0 ≤ 1. Òåì ñàìûì ïðè |t| < σ0 1−δλ|t|2n−k > 1−δλσ2n−k

0 ≥
0. Ñëåäîâàòåëüíî, ïðàâàÿ ÷àñòü (25) ðàâíà δ‖ŷ∗‖. Äëÿ çàâåðøåíèÿ
äîêàçàòåëüñòâà îñòàåòñÿ ïðèìåíèòü òåîðåìó 7. �

Äîêàçàòåëüñòâî òåîðåìû 2. Ðàññìîòðèì ñíà÷àëà ñëó÷àé 0 < k <
n. Äîêàæåì, ÷òî äëÿ âñåõ x(·) ∈ Xn

1 èìååò ìåñòî ðàâåíñòâî

(26) x(k)(0) =
1

2π

∫
R
µδ(t)Fx(t) dt+ λ

∫
R
x(n)(t)x̂(n)(t) dt,

ãäå ôóíêöèÿ x̂(·) ∈ Xn
1 òàêîâà, ÷òî

Fx̂(t) =


0, |t| ≤ a,

(−i)k |t|
k − ak

λt2n
sign tk, a < |t| < σ,

(it)k

λt2n
, |t| ≥ σ.

Äåéñòâèòåëüíî, ó÷èòûâàÿ (24), èìååì

1

2π

∫
|t|<σ

µδ(t)Fx(t) dt+λ

∫
R
x(n)(t)x̂(n)(t) dt =

1

2π

∫
|t|≤a

(it)kFx(t) dt

+
1

2π

∫
a<|t|<σ

(
(ia)k sign tk + ik(|t|k − ak) sign tk

)
Fx(t) dt

+
1

2π

∫
|t|≥σ

(it)kFx(t) dt =
1

2π

∫
R
(it)kFx(t) dt = x(k)(0).

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ìîæíî óáåäèòüñÿ â ñïðàâåäëè-
âîñòè ðàâåíñòâ

(27) ‖Fx̂(·)‖L1(∆σ) = δ, ‖x̂(n)(·)‖L2(R) = 1.

Îñòàåòñÿ ïðèìåíèòü òåîðåìó 7.
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Ïóñòü òåïåðü k = 0. Åñëè σ =∞, òî â ñèëó ðàâåíñòâà

x(0) =
1

2π

∫
R
Fx(t) dt,

ðàññìîòðåâ ëþáóþ ôóíêöèþ x̂(·), óäîâëåòâîðÿþùóþ óñëîâèÿì
‖Fx̂(·)‖L1(R) = δ, ‖x̂(n)(·)‖L2(R) = 1, è ïðèìåíèâ òåîðåìó 7, ïîëó-
÷àåì óòâåðæäåíèå òåîðåìû äëÿ k = 0 è σ =∞.
Ñëó÷àé k = 0, σ < ∞ òðåáóåò îòäåëüíîãî ðàññìîòðåíèÿ. Äëÿ

äîñòàòî÷íî ìàëûõ ε > 0 îïðåäåëèì ôóíêöèþ x̂ε(·) ∈ Xn
1 òàê, ÷òîáû

Fx̂ε(t) =


0, |t| ≤ ε,

c1

t2n
, ε < |t| < σ,

c2

t2n
, |t| ≥ σ.

Ïîëîæèâ

c1 =
(2n− 1)δ

2

(
1

ε2n−1
− 1

σ2n−1

)−1

,

c2 =
√

2n− 1σn−1/2

(
π − (2n− 1)δ2

4

(
1

ε2n−1
− 1

σ2n−1

)−1
)1/2

,

íåòðóäíî óáåäèòüñÿ, ÷òî äëÿ ôóíêöèè x̂ε(·) âûïîëíåíû óñëîâèÿ
(27). Àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî â äîêàçàòåëüñòâå òåî-
ðåìû 7, ìîæíî ïîêàçàòü, ÷òî

E1(n, 0, σ, δ) ≥ |x̂ε(0)| = 1

2π

∫
R
Fx̂ε(t) dt

=
1

2π

∫
|t|<σ

Fx̂ε(t) dt+
1

π

∫ ∞
σ

c2

t2n
dt =

δ

2π
+

c2

σ2n−1π(2n− 1)
.

Óñòðåìëÿÿ ε ê íóëþ, ïîëó÷àåì îöåíêó

E1(n, 0, σ, δ) ≥ δ

2π
+

1

σn−1/2
√
π(2n− 1)

.
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Ñ äðóãîé ñòîðîíû, äëÿ ìåòîäà, îïðåäåëåííîãî ðàâåíñòâîì (12), èìå-
åì

E1(n, 0, σ, δ) ≤ sup
x(·)∈Cn1 , y(·)∈L1(∆σ)
‖Fx(·)−y(·)‖L1(∆σ)≤δ

∣∣∣∣x(0)− 1

2π

∫
|t|<σ

y(t) dt

∣∣∣∣
≤ sup

x(·)∈Cn1

∣∣∣∣x(0)− 1

2π

∫
|t|<σ

Fx(t) dt

∣∣∣∣+
δ

2π

=
δ

2π
+ sup
x(·)∈Cn1

1

π

∫ ∞
σ

|Fx(t)| dt ≤ δ

2π
+

1

π

√∫ ∞
σ

t2n|Fx(t)|2 dt

√∫ ∞
σ

dt

t2n

≤ δ

2π
+

1

σn−1/2
√
π(2n− 1)

.

�

Äîêàçàòåëüñòâî òåîðåìû 3 ïðîâîäèòñÿ ïî òîé æå ñõåìå, ÷òî è
òåîðåì 1 è 2, èñïîëüçóÿ òîæäåñòâî

x(k)(0) =
1

2π

∫
|t|<σ

(it)k

1 + (hδt)2n
Fx(t) dt+ λ

∫
R
x(n)(t)x̂(n)(t) dt,

â êîòîðîì

λ =
h

2n−k−1/2
δ

δ

(
2

∫ σhδ

0

x2k(1 + x2n)−2 dx

)1/2

,

à ôóíêöèÿ x̂(·) ∈ Xn
2 òàêîâà, ÷òî

Fx̂(t) =


h2n
δ

δ

(it)k

1 + (hδt)2n
, |t| < σ,

(−i)k

λ
tk−2n, |t| ≥ σ.

Äîêàçàòåëüñòâî òåîðåìû 4. Îáîçíà÷èì ÷åðåç N(δ) íîðìó ëèíåé-
íîãî ôóíêöèîíàëà (4) (êàê ôóíêöèîíàëà íà L∞(∆σ)). Èìååì

N(δ) =
1

π

(
σk+1

0

k + 1
− δλ σ

2n+1
0

2n+ 1

)
,

ãäå

σ0 =


σ, 0 < δ ≤ δ0,(
π(2n+ 1)(2n− 2k − 1)

2δ2(2n− k)

) 1
2n+1

, δ > δ0,

δ0 = σ−n−1/2

√
π(2n+ 1)(2n− 2k − 1)

2(2n− k)
.
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Òåì ñàìûì, ó÷èòûâàÿ (5), ïðè 0 < δ ≤ δ0

N(δ) =
σk+1

π

 1

k + 1
−
δ

(
π

σ2n+1
− δ2

2n+ 1

)−1/2

(2n+ 1)
√

2n− 2k − 1

 .

Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè 0 < δ ≤ δ0 ôóíêöèÿ N(δ) ìîíîòîííî
óáûâàåò îò N2 äî N1, ãäå

N2 =
σk+1

π(k + 1)
, N1 =

σk+1(2n− k)

π(k + 1)(2n+ 1)
.

Ñëåäîâàòåëüíî, ïðè N1 ≤ N < N2 óðàâíåíèå N(δ) = N èìååò
åäèíñòâåííîå ðåøåíèå

δN = σ−n−1/2

√
π(2n+ 1)(2n− 2k − 1)

(2n+ 1)γ−2(σ,N) + 2n− 2k − 1
.

Ïðè ýòîì, ó÷èòûâàÿ, ÷òî ïðè N1 ≤ N < N2 σN = σ, èç òåîðåìû 7
âûòåêàåò, ÷òî ýêñòðåìàëüíûé ôóíêöèîíàë áóäåò èìåòü âèä (15).
Åñëè δ ≥ δ0, òî

N(δ) =

(
π(2n+ 1)(2n− 2k − 1)

2δ2(2n− k)

) k+1
2n+1 2n− k

π(k + 1)(2n+ 1)
.

Ïðè δ ≥ δ0 ôóíêöèÿ N(δ) ìîíîòîííî óáûâàåò îò N1 äî 0. Îòñþäà
ïðè âñåõ 0 < N ≤ N1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ
N(δ) = N , âûðàæàåìîå ðàâåíñòâîì

δN =
√
n− k − 1/2

(
2n− k

π(2n+ 1)

) 2n−k
2k+2

(
1

(k + 1)N

) 2n+1
2k+2

.

Ïðè 0 < N ≤ N1 σN = σ̂N è ýêñòðåìàëüíûé ôóíêöèîíàë èìååò
ñíîâà âèä (15). Âûðàæåíèå äëÿ e∞(n, k, σ,N) ïðè 0 < N < N2

ïîëó÷àåòñÿ â ñîîòâåòñòâèè ñ òåîðåìîé 7 ïîäñòàíîâêîé â (5) δ = δN .
Ïóñòü òåïåðü N ≥ N2. Òîãäà èç (22) ñëåäóåò, ÷òî ïðè âñåõ δ > 0

e∞(n, k, σ,N) ≥ E∞(n, k, σ, δ)− δN.

Óñòðåìëÿÿ δ ê íóëþ, ïîëó÷àåì

e∞(n, k, σ,N) ≥ 1

σn−k−1/2
√
π(2n− 2k − 1)

.

Íåïîñðåäñòâåííàÿ îöåíêà ôóíêöèîíàëà (15), êîòîðûé ïðè N ≥ N2

ïðèíèìàåò âèä

(28) 〈ŷ∗, Fx(·)〉 =
1

2π

∫
|t|<σ

(it)kFx(t) dt
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(íîðìà åãî ðàâíà N2), äàåò

(29) |x(k)(0)− 〈ŷ∗, Fx(·)〉 ≤ 1

2π

∫
|t|≥σ
|t|k|Fx(t)| dt

=
1

2π

∫
|t|≥σ
|t|n|Fx(t)||t|k−n dt

≤ 1

2π

√∫
|t|≥σ
|t|2n|Fx(t)|2 dt

√∫
|t|≥σ
|t|2k−2n dt

≤ 1

σn−k−1/2
√
π(2n− 2k − 1)

.

�

Äîêàçàòåëüñòâî òåîðåìû 5. Ïóñòü k > 0, 0 < σ <∞, ε ∈ (1,+∞),
à δ îïðåäåëåíî ðàâåíñòâîì (9). Îáîçíà÷èì ÷åðåç N(ε) íîðìó ëèíåé-
íîãî ôóíêöèîíàëà (10) (êàê ôóíêöèîíàëà íà L1(∆σ)). Èìååì

N(ε) =
σk

2πεk
.

Ïîýòîìó ïðè 0 < N < σk/(2π), ó÷èòûâàÿ òîæäåñòâî (26), óòâåð-
æäåíèå òåîðåìû íåïîñðåäñòâåííî ñëåäóåò èç òåîðåìû 7. Åñëè N ≥
σk/(2π), òî èç (22) ñëåäóåò, ÷òî ïðè âñåõ δ > 0

e1(n, k, σ,N) ≥ E1(n, k, σ, δ)− δN.
Óñòðåìëÿÿ ε ê åäèíèöå (ïðè ýòîì δ → 0), ïîëó÷àåì

e1(n, k, σ,N) ≥ 1

σn−k−1/2
√
π(2n− 2k − 1)

.

Ïðè N ≥ σk/(2π) ôóíêöèîíàë (16) ïðèíèìàåò âèä (28). Ó÷èòûâàÿ
îöåíêó (29), èìååì

e1(n, k, σ,N) ≤ 1

σn−k−1/2
√
π(2n− 2k − 1)

.

Ïðè k > 0 è σ =∞ íîðìà ëèíåéíîãî ôóíêöèîíàëà (10) ðàâíà

N(δ) =
1

2π

(
2π(2n− 2k − 1)

δ2(2n− 1)(2n− k − 1)

) k
2n−1

.

Ïîýòîìó ïðè âñåõ N > 0 íàéäåòñÿ δN , äëÿ êîòîðîãî N(δN) = N , è
ñ ó÷åòîì òîæäåñòâà (26) óòâåðæäåíèå òåîðåìû âûòåêàåò èç òåîðå-
ìû 7.
Ïóñòü òåïåðü k = 0. Òîãäà ïðè âñåõ δ > 0

e1(n, 0, σ,N) ≥ E1(n, 0, σ, δ)−δN =

(
1

2π
−N

)
δ+

1

σn−1/2
√
π(2n− 1)

.

Óñòðåìëÿÿ δ ê áåñêîíå÷íîñòè, ïîëó÷àåì

e1(n, 0, σ,N) =∞.
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Åñëè N ≥ 1/(2π), òî óñòðåìëÿÿ δ ê íóëþ èç òîãî æå íåðàâåíñòâà
áóäåì èìåòü

e1(n, 0, σ,N) ≥ 1

σn−1/2
√
π(2n− 1)

.

Îáðàòíîå íåðàâåíñòâî ñëåäóåò èç (29) ïðè k = 0. �

Äîêàçàòåëüñòâî òåîðåìû 6 ïðîâîäèòñÿ ïî òîé æå ñõåìå, êîòîðàÿ
èñïîëüçîâàëàñü â äîêàçàòåëüñòâàõ òåîðåì 4 è 5.
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