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ÃËÀÂÀ 3

Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà
(ïðîäîëæåíèå)

� 15. Íåîäíîðîäíûå óðàâíåíèÿ

Ïðîöåññ êîëåáàíèÿ ñòðóíû, íà êîòîðóþ äåéñòâóåò âíåøíÿÿ ñè-
ëà, îïèñûâàåòñÿ íåîäíîðîäíûì óðàâíåíèåì

utt = a2uxx + f(x, t). (15.1)

Ðàññìîòðèì ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå íà÷àëü-
íûì óñëîâèÿì {

u(x, 0) = ϕ(x),

ut(x, 0) = ψ(x),
(15.2)

è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì (ñëó÷àé çàêðåïëåííûõ êîíöîâ){
u(0, t) = 0,

u(l, t) = 0.
(15.3)

Ïóñòü ôóíêöèÿ w(x, t) ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî óðàâíå-
íèÿ

wtt = a2wxx

ñ íà÷àëüíûìè óñëîâèÿìè{
w(x, 0) = ϕ(x),

wt(x, 0) = ψ(x),

è îäíîðîäíûìè ãðàíè÷íûìè çíà÷åíèÿìè{
w(0, t) = 0,

w(l, t) = 0.

Ðåøåíèå òàêîé çàäà÷è áûëî ïîëó÷åíî â � 13.
Åñëè íàéòè ôóíêöèþ v(x, t), óäîâëåòâîðÿþùóþ íåîäíîðîäíîìó

óðàâíåíèþ

vtt = a2vxx + f(x, t) (15.4)

ñ íà÷àëüíûìè óñëîâèÿìè{
v(x, 0) = 0,

vt(x, 0) = 0,
(15.5)
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è ãðàíè÷íûìè çíà÷åíèÿì {
v(0, t) = 0,

v(l, t) = 0,
(15.6)

òî ôóíêöèÿ u(x, t) = w(x, t)+v(x, t) áóäåò ÿâëÿòüñÿ ðåìåííîì çàäà-
÷è (15.1�15.3). Òàêèì îáðàçîì, çàäà÷à ñâåëàñü ê íàõîæäåíèþ ôóíê-
öèè v(x, t).

Áóäåì èñêàòü ôóíêöèþ v(x, t) â âèäå ðÿäà Ôóðüå ïî x

v(x, t) =
∞∑
n=1

fn(t) sin
πn

l
x, (15.7)

ðàññìàòðèâàÿ t êàê ïàðàìåòð. Ïðåäñòàâèì ôóíêöèþ f(x, t) òàêæå
â âèäå ðÿäà Ôóðüå

f(x, t) =
∞∑
n=1

fn(t) sin
πn

l
x, fn(t) =

2

l

∫ l

0

f(x, t) sin
πn

l
x dx.

Ïîäñòàâèâ ôóíêöèþ v(x, t) â âèäå (15.7) â óðàâíåíèå (15.4), áóäåì
èìåòü

∞∑
n=1

{
v′′n(t) + a2

(πn
l

)2

vn(t)− fn(t)

}
sin

πn

l
x = 0

(ìû çäåñü íå îñòàíàâëèâàåìñÿ íà óñëîâèÿõ, ïðè êîòîðûõ çàêîííî
ïî÷ëåííîå äèôôåðåíöèðîâàíèå).

Âñå êîýôôèöèåíòû ïîëó÷åííîãî ðÿäà Ôóðüå äîëæíû ðàâíÿòüñÿ
íóëþ. Òåì ñàìûì äëÿ îïðåäåëåíèÿ vn(t) ïîëó÷åíû îáûêíîâåííûå
äèôôåðåíöèàëüíûå óðàâíåíèÿ

v′′n(t) + a2
(πn
l

)2

vn(t) = fn(t). (15.8)

Íà÷àëüíûå óñëîâèÿ (15.5) äàþò

∞∑
n=1

vn(0) sin
πn

l
x = 0;

∞∑
n=1

v′n(0) sin
πn

l
x = 0.

Îòñþäà ïîëó÷àåì íà÷àëüíûå óñëîâèÿ äëÿ ðåøåíèÿ (15.8)

vn(0) = v′n(0) = 0, (15.9)

êîòîðûå îäíîçíà÷íî îïðåäåëÿþò ðåøåíèå ýòîãî óðàâíåíèÿ.
Óðàâíåíèå (15.8) ñ íà÷àëüíûìè óñëîâèÿìè (15.9) ìîæåò áûòü

ðåøåíî, íàïðèìåð, îïåðàöèîííûì ìåòîäîì. Ïåðåõîäÿ ïðè ïðåîáðà-
çîâàíèè Ëàïëàñà ê èçîáðàæåíèÿì, èìååì

vn(t) + Vn(p), fn(t) + Fn(p),

v′n(t) + pVn(p), v′′n(t) + p2Vn(p).
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Óðàâíåíèå (15.8) ïîñëå ïðåîáðàçîâàíèÿ Ëàïëàñà çàïèøåòñÿ â âèäå

p2Vn(p) + a2
(πn
l

)2

Vn(p) = Fn(p).

Îòñþäà

Vn(p) =
Fn(p)

p2 + a2
(πn
l

)2 =
l

πan
Fn(p)

πan

l

p2 + a2
(πn
l

)2 .

Ïðèìåíÿÿ òåîðåìó î ñâåðòêå, ïîëó÷àåì

vn(t) =
l

πan
fn(t) ∗ sin

πn

l
at =

l

πan

∫ t

0

fn(τ) sin
πn

l
a(t− τ) dτ.

Òàêèì îáðàçîì, ó÷èòûâàÿ âèä ðåøåíèÿ w(x, t), îêîí÷àòåëüíî
áóäåì èìåòü

u(x, t) =
∞∑
n=1

(
ϕn cos

πn

l
at+

l

πan
ψn sin

πn

l
at

)
sin

πn

l
x

+
∞∑
n=1

l

πan

∫ t

0

fn(τ) sin
πn

l
a(t− τ) dτ sin

πn

l
x; (15.10)

çäåñü ϕn è ψn � êîýôôèöèåíòû Ôóðüå äëÿ ôóíêöèé ϕ(x) è ψ(x).
Ïðèìåð 15.1. Íàéòè ðåøåíèå óðàâíåíèÿ

utt = a2uxx + t sin
2π

l
x, (15.11)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì{
u(x, 0) = αx(l − x),

ut(x, 0) = 0,
(15.12)

è ãðàíè÷íûì óñëîâèÿì {
u(0, t) = 0,

u(l, t) = 0.
(15.13)

Ðåøåíèå ýòîé çàäà÷è, êàê áûëî ïîêàçàíî âûøå, ïðåäñòàâëÿåòñÿ â
âèäå

u(x, t) = w(x, t) + v(x, t),

ãäå w(x, t) � ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

utt = a2uxx

ñ òåìè æå íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè (15.12), (15.13),
a v(x, t) � ðåøåíèå óðàâíåíèÿ (15.11) ñ íóëåâûìè íà÷àëüíûìè è
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ãðàíè÷íûìè óñëîâèÿìè. Ðåøåíèå w(x, t) áûëî ïîëó÷åíî â ïðèìå-

ðå 13.1 Äëÿ íàõîæäåíèÿ ðåøåíèÿ v(x, t) íàäî ôóíêöèþ t sin
2π

l
x

ðàçëîæèòü â ðÿä Ôóðüå ïî x íà îòðåçêå [0, l] ïî ñèíóñàì

t sin
2π

l
x =

∞∑
n=1

fn(t) sin
πn

l
x.

Î÷åâèäíî, ÷òî

fn(t) =

{
0, n 6= 2,

t, n = 2.

Òàêèì îáðàçîì, óðàâíåíèÿ (15.8) ñ íà÷àëüíûìè óñëîâèÿìè (15.9)
ïðè n 6= 2 äàþò vn(t) ≡ 0. Ïðè n = 2 èìååì óðàâíåíèå

v′′2(t) + a2

(
2π

l

)2

v2(t) = t (15.14)

ñ íà÷àëüíûìè óñëîâèÿìè v2(0) = v′2(0) = 0.
Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

v′′2(t) + a2

(
2π

l

)2

v2(t) = 0

èìååò âèä

v2(t) = C1 cos
2π

l
at+ C2 sin

2π

l
at.

×àñòíîå ðåøåíèå óðàâíåíèÿ (15.14) áóäåì èñêàòü â âèäå

v∗2(t) = At+B.

Ïîñëå ïîäñòàíîâêè v∗2(t) â óðàâíåíèå (15.14) ïîëó÷èì

a2

(
2π

l

)2

(At+B) = t.

Îòñþäà A =
l2

a2(2π)2
, B = 0, à îáùåå ðåøåíèå óðàâíåíèÿ (15.14)

èìååò âèä

v2(t) = C1 cos
2π

l
at+ C2 sin

2π

l
at+

l2

a2(2π)2
t.

Èç óñëîâèé v2(0) = v′2(0) = 0 ïîëó÷àåì C1 = 0,

C2
2π

l
a+

l2

a2(2π)2
= 0.

Èòàê,

v2(t) = −
(

l

2πa

)3

sin
2π

l
at+

(
l

2πa

)2

t.

Òåì ñàìûì èç (15.7) áóäåì èìåòü

v(x, t) = v2(t) sin
2π

l
x.
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Îêîí÷àòåëüíî ïîëó÷àåì

u(x, t) = w(x, t) + v(x, t) =
8αl2

π3

∞∑
k=0

cos
π(2k + 1)

l
at sin

π(2k + 1)

l
x

(2k + 1)3

+

[
−
(

l

2πa

)3

sin
2π

l
at+

(
l

2πa

)2

t

]
sin

2π

l
x.

Çàìåòèì, ÷òî ïðè íàõîæäåíèÿ v2(t) ìîæíî áûëî áû âîñïîëüçîâàòü-
ñÿ îïåðàöèîííûì ìåòîäîì, î êîòîðîì óæå ãîâîðèëîñü, èëè æå íåïî-
ñðåäñòâåííî ïðèìåíèòü ôîðìóëó (15.10).

� 16. Îáùàÿ ïåðâàÿ êðàåâàÿ çàäà÷à

Ðàññìîòðèì îáùóþ ïåðâóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ êî-
ëåáàíèé ñòðóíû: íàéòè ðåøåíèå óðàâíåíèÿ

utt = a2uxx + f(x, t), (16.1)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì{
u(x, 0) = ϕ(x),

ut(x, 0) = ψ(x),

è ãðàíè÷íûì óñëîâèÿì {
u(0, t) = µ1(t),

u(l, t) = µ2(t).

Ïîëîæèì

U(x, t) = µ1(t) +
x

l
[µ2(t)− µ1(t)]

è ðàññìîòðèì ôóíêöèþ v(x, t), îïðåäåëåííóþ ðàâåíñòâîì

u(x, t) = U(x, t) + v(x, t).

Åñëè ôóíêöèÿ u(x, t) óäîâëåòâîðÿåò óðàâíåíèþ (16.1), òî ôóíêöèÿ
v(x, t) áóäåò óäîâëåòâîðÿòü óðàâíåíèþ

vtt = a2vxx + f(x, t)− (Utt − a2Uxx).

Òàêèì îáðàçîì, ôóíêöèÿ v(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

vtt = a2vxx + f(x, t),

ãäå

f(x, t) = f(x, t)− µ′′1(t)− x

l
[µ′′2(t)− µ′′1(t)],

óäîâëåòâîðÿþùèì íà÷àëüíûì óñëîâèÿì

v(x, 0) = u(x, 0)− U(x, 0) = ϕ(x)− µ1(0)− x

l
[µ2(0)− µ1(0)],

vt(x, 0) = ut(x, 0)− Ut(x, 0) = ψ(x)− µ′1(0)− x

l
[µ′2(0)− µ′1(0)],
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è ãðàíè÷íûì óñëîâèÿì{
v(0, t) = u(0, t)− U(0, t) = 0,

v(l, t) = u(l, t)− U(l, t) = 0.

Òåì ñàìûì ìû ñâåëè çàäà÷ó ê ðåøåíèþ íåîäíîðîäíîãî óðàâíåíèÿ
ñ óæå îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè. Ðåøåíèå òàêèõ çàäà÷
áûëî ðàññìîòðåíî â � 15.

� 17. Ìåòîä Ôóðüå ðåøåíèÿ äâóìåðíîãî âîëíîâîãî

óðàâíåíèÿ äëÿ ïðÿìîóãîëüíîé ìåìáðàíû

Ïðîöåññ êîëåáàíèé ìåìáðàíû ìîæåò áûòü îïèñàí óðàâíåíèåì

utt = a2(uxx + uyy) + f(x, y, t)

(ñì. � 9). Åñëè ìåìáðàíà çàíèìàåò íåêîòîðóþ îãðàíè÷åííóþ îá-
ëàñòü D â ïëîñêîñòè (x, y), òî äëÿ îïðåäåëåíèÿ çàêîíà åå äâèæåíèÿ
íåîáõîäèìî çàäàòü íà÷àëüíûå óñëîâèÿ{

u|t=0 = ϕ(x, y),

ut|t=0 = ψ(x, y),
(17.1)

à òàêæå ãðàíè÷íûå óñëîâèÿ

u|(x,y)∈Γ = α(x, y, t);

çäåñü êðèâàÿ Γ � ãðàíèöà îáëàñòè D. Ãðàíè÷íûå óñëîâèÿ ìîãóò
áûòü è äðóãèõ òèïîâ.

Ðåøåíèå êðàåâûõ çàäà÷ íà ïëîñêîñòè ïðåäñòàâëÿåòñÿ áîëåå
òðóäíûì, ÷åì â ñëó÷àå ïðÿìîé. Ìû ðàññìîòðèì ðåøåíèå ýòèõ çàäà÷
â äâóõ ÷àñòíûõ ñëó÷àÿõ, êîãäà ìåìáðàíà ÿâëÿåòñÿ ïðÿìîóãîëüíîé
èëè êðóãëîé.

Ðàññìîòðèì ðåøåíèå îäíîðîäíîãî äâóìåðíîãî âîëíîâîãî óðàâ-
íåíèÿ äëÿ ïðÿìîóãîëüíèêà ñî ñòîðîíàìè l, m

utt = a2(uxx + uyy) (17.2)

ñ íà÷àëüíûìè óñëîâèÿìè (17.1) è ãðàíè÷íûìè óñëîâèÿìè

u|x=0 = u|x=l = u|y=0 = u|y=m = 0. (17.3)

Äëÿ ðåøåíèÿ ýòîé çàäà÷è ïðèìåíèì ìåòîä Ôóðüå (ìåòîä ðàçäå-
ëåíèÿ ïåðåìåííûõ). Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (17.2) â âèäå

u(x, y, t) = X(x)Y (y)T (t).

Ïîëó÷èì ñëåäóþùåå óðàâíåíèå

X(x)Y (y)T ′′(t) = a2[X ′′(x)Y (y)T (t) +X(x)Y ′′(y)T (t)].

Ðàçäåëèâ îáå ÷àñòè íà a2X(x)Y (y)T (t), áóäåì èìåòü

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
+
Y ′′(y)

Y (y)
.
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Ôèêñèðóÿ ïåðåìåííûå t è y, ïîëó÷àåì, ÷òî âûðàæåíèå
X ′′(x)

X(x)
ñîõðà-

íÿåò ïîñòîÿííîå çíà÷åíèå. Îáîçíà÷èì åãî äëÿ óäîáñòâà ÷åðåç −λ.
Òàêèì îáðàçîì, äëÿ X(x) èìååì îáûêíîâåííîå äèôôåðåíöèàëüíîå
óðàâíåíèå

X ′′(x) + λX(x) = 0. (17.4)

Àíàëîãè÷íî ïîëó÷àåì

Y ′′(y) + µY (y) = 0, (17.5)

T ′′(t) + a2ωT (t) = 0, (17.6)

ãäå ω = λ+ µ.
Èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ (17.3), ê óðàâíåíèÿì (17.4), (17.5)

ïðèñîåäèíÿþòñÿ óñëîâèÿ

X(0) = X(l) = 0,

Y (0) = Y (m) = 0.

Ïîäîáíûå êðàåâûå çàäà÷è ïîäðîáíî áûëè ðàññìîòðåíû â � 13. Çäåñü
ïîëó÷àåì ñëåäóþùèå ðåøåíèÿ

Xn(x) = sin
πn

l
x,

Yk(y) = sin
πk

m
y,

ïðè λ = λn =
(πn
l

)2

, µ = µk =

(
πk

m

)2

.

Òàêèì îáðàçîì, èìååì

ω = ω2
n,k = λn + µk =

(πn
l

)2

+

(
πk

m

)2

,

à îáùåå ðåøåíèå óðàâíåíèÿ (17.6) èìååò âèä

Tn,k(t) = An,k cosωn,kat+Bn,k sinωn,kat.

Ðàññìîòðèì ôóíêöèþ

u(x, y, t) =
∞∑

n,k=1

(An,k cosωn,kat+Bn,k sinωn,kat) sin
πn

l
x sin

πk

m
y.

(17.7)
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Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (17.2) ñ ãðàíè÷íû-
ìè óñëîâèÿìè (17.2) (ìû íå îñòàíàâëèâàåòñÿ íà óñëîâèÿõ âîçìîæ-
íîñòè ïî÷ëåííîãî äèôôåðåíöèðîâàíèÿ ðÿäà (17.7)). Äëÿ óäîâëå-
òâîðåíèÿ óñëîâèé (17.1) ïîëó÷èì ðàâåíñòâà

∞∑
n,k=1

An,k sin
πn

l
x sin

πk

m
y = ϕ(x, y),

∞∑
n,k=1

ωn,kBn,k sin
πn

l
x sin

πk

m
y = ψ(x, y).

(17.8)

Ðàçëîæèì ôóíêöèè ϕ(x, y) è ψ(x, y) â äâîéíîé ðÿä Ôóðüå, ò.å.
â ðÿäû âèäà

ϕ(x, y) =
∞∑

n,k=1

ϕn,k sin
πn

l
x sin

πk

m
y,

ψ(x, y) =
∞∑

n,k=1

ψn,k sin
πn

l
x sin

πk

m
y,

ãäå êîýôôèöèåíòû Ôóðüå ϕn,k è ψn,k âû÷èñëÿþòñÿ ïî ôîðìóëàì

ϕn,k =
4

lm

∫∫
D

ϕ(x, y) sin
πn

l
x sin

πk

m
y dxdy,

ψn,k =
4

lm

∫∫
D

ψ(x, y) sin
πn

l
x sin

πk

m
y dxdy;

çäåñü îáëàñòü D çàäàåòñÿ óñëîâèÿìè 0 ≤ x ≤ l, 0 ≤ y ≤ m.
Îòñþäà ñëåäóåò, ÷òî óñëîâèÿ (17.8) áóäóò óäîâëåòâîðÿòüñÿ, åñëè

ïîëîæèòü â (17.7) An,k = ϕn,k, Bn,k = ψn,k.

� 18. Ôóíêöèè Áåññåëÿ

Ïðè ðåøåíèè çàäà÷è î êðóãëîé ìåìáðàíå (êàê è â äðóãèõ âàæ-
íûõ ñëó÷àÿõ) âîçíèêàåò íåîáõîäèìîñòü ðåøàòü äèôôåðåíöèàëüíîå
óðàâíåíèå âèäà

x2y′′ + xy′ + (x2 − p2)y = 0, (18.1)

ãäå p � íåêîòîðûé ïàðàìåòð. Óðàâíåíèå (18.1) íàçûâàåòñÿ óðàâíå-
íèåì Áåññåëÿ p-ãî ïîðÿäêà èëè óðàâíåíèåì öèëèíäðè÷åñêèõ ôóíê-
öèé p-ãî ïîðÿäêà.

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (18.1) â âèäå ðÿäà

y(x) = xσ
∞∑
k=0

akx
k,

ãäå σ � íåêîòîðûé âåùåñòâåííûé ïàðàìåòð. Ïîäñòàâëÿÿ y(x), y′(x)
è y′′(x) â (18.1) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè xσ, xσ+1, . . . íóëþ,

8



ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ a0, a1, . . .

a0(σ2 − p2) = 0,

a1[(σ + 1)2 − p2] = 0,

a2[(σ + 2)2 − p2] + a0 = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

ak[(σ + k)2 − p2] + ak−2 = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

(18.2)

Ìîæíî ñ÷èòàòü, ÷òî a0 6= 0 (èíà÷å ìîæíî ïðîñòî èçìåíèòü σ), ïî-
ýòîìó σ = ±p. Ðàññìîòðèì ñíà÷àëà ñëó÷àé σ = p. Èç óðàâíåíèé
(18.2) ïîëó÷àåì, ÷òî âñå íå÷åòíûå êîýôôèöèåíòû ðàâíû íóëþ, à
äëÿ ÷åòíûõ ñïðàâåäëèâî ðàâåíñòâî

a2m =
(−1)ma0

22mm!(p+ 1)(p+ 2) . . . (p+m)
. (18.3)

Äàëåå íàì óäîáíî áóäåò èñïîëüçîâàòü ãàììà-ôóíêöèþ

Γ(s) =

∫ ∞
0

e−xxs−1 dx.

Ëåãêî óáåäèòüñÿ, ÷òî Γ(1) = 1. Îäíî èç îñíîâíûõ ñâîéñòâ ãàììà-
ôóíêöèè:

Γ(s+ 1) = sΓ(s).

Îòñþäà ñëåäóåò, ÷òî ïðè öåëûõ n

Γ(n+ 1) = nΓ(n) = n(n− 1)Γ(n− 1) = . . . = n!.

Òåì ñàìûì ãàììà-ôóíêöèÿ ðàñïðîñòðàíÿåò ïîíÿòèå ôàêòîðèàëà
íà íåöåëûå çíà÷åíèÿ àðãóìåíòà. Ñ ïîìîùüþ ðàâåíñòâà

Γ(s) =
Γ(s+ 1)

s
ãàììà-ôóíêöèÿ ìîæåò áûòü ðàñïðîñòðàíåíà è íà îòðèöàòåëüíûå
íåöåëûå çíà÷åíèÿ s.

Ïîëîæèâ (äëÿ óäîáñòâà çàïèñè ïîñëåäóþùèõ ôîðìóë)

a0 =
1

2pΓ(p+ 1)
,

èç ôîðìóëû (18.3) ïîëó÷èì

a2m = (−1)m
1

22m+pΓ(m+ 1)Γ(p+m+ 1)
.

Ïîýòîìó ðÿä

Jp(x) =
∞∑
k=0

(−1)k

Γ(k + 1)Γ(k + p+ 1)

(x
2

)2k+p

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (18.1). Ôóíêöèÿ Jp(x) íàçûâàåòñÿ
ôóíêöèåé Áåññåëÿ (èëè öèëèíäðè÷åñêîé) ïåðâîãî ðîäà p-ãî ïîðÿäêà.
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Ðÿä

J−p(x) =
∞∑
k=0

(−1)k

Γ(k + 1)Γ(k − p+ 1)

(x
2

)2k−p
(18.4)

ñîîòâåòñòâóþùèé σ = −p, åñëè p � íåöåëîå, ÿâëÿåòñÿ âòîðûì ðå-
øåíèåì óðàâíåíèÿ (18.1), ïðè÷åì ëèíåéíî íåçàâèñèìûì îò Jp(x).

Òåì ñàìûì, åñëè p � íåöåëîå, òî îáùåå ðåøåíèå óðàâíåíèÿ
(18.1) èìååò âèä

y(x) = C1Jp(x) + C2J−p(x).

Çàìåòèì, ÷òî ôóíêöèÿ J−p(x) íåîãðàíè÷åíà â îêðåñòíîñòè íóëÿ
(ò.å. lim

x→0
J−p(x) = ∞), ïîýòîìó îáùèé âèä îãðàíè÷åííûõ ðåøåíèé

óðàâíåíèÿ (18.1) áóäåò òàêîâ:

y(x) = C1Jp(x).

Ïðè öåëûõ p = n ôóíêöèÿ J−n(x) ìîæåò áûòü îïðåäåëåíà ðà-
âåíñòâîì (18.4), åñëè ñ÷èòàòü, ÷òî ñóììèðîâàíèå íà÷èíàåòñÿ ñî çíà-
÷åíèÿ k = n (èáî Γ(k − n + 1) = ∞ äëÿ k ≤ n − 1). Â ýòîì ñëó÷àå
ëåãêî ïîêàçàòü, ÷òî J−n(x) = (−1)nJn(x), ò.å. ýòè ôóíêöèè ÿâëÿþò-
ñÿ ëèíåéíî çàâèñèìûìè.

Ïîëîæèì ïðè íåöåëîì p

Np(x) =
Jp(x) cosπp− J−p(x)

sin πp
.

Ôóíêöèÿ Np(x) íîñèò íàçâàíèå ôóíêöèè Íåéìàíà èëè ôóíêöèè
Áåññåëÿ âòîðîãî ðîäà 2-ãî ïîðÿäêà. Ïðè öåëûõ p = n ôóíêöèÿ Íåé-
ìàíà îïðåäåëÿåòñÿ ïðåäåëüíûì ïåðåõîäîì:

Nn(x) = lim
p→n

Np(x).

Ôóíêöèÿ Íåéìàíà ÿâëÿåòñÿ ëèíåéíî íåçàâèñèìîé ñ ôóíêöèåé Áåñ-
ñåëÿ ïåðâîãî ðîäà Jn(x), ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ
(18.1) ïðè öåëûõ p = n èìååò âèä

y(x) = C1Jn(x) + C2Nn(x). (18.5)

ÔóíêöèÿNn(x) íåîãðàíè÷åíà â îêðåñòíîñòè íóëÿ è äëÿ íàõîæäåíèÿ
îãðàíè÷åííûõ ðåøåíèé â (18.5) ñëåäóåò ïîëîæèòü C2 = 0.

Âûïèøåì â êà÷åñòâå ïðèìåðà ðÿäû äëÿ ôóíêöèé Áåññåëÿ ïåð-
âîãî ðîäà íóëåâîãî è ïåðâîãî ïîðÿäêîâ

J0(x) = 1−
(x

2

)2

+
1

(2!)2

(x
2

)4

− 1

(3!)2

(x
2

)6

+ . . . ,

J1(x) =
x

2
− 1

2!

(x
2

)3

+
1

2!3!

(x
2

)5

− . . . .

Ôóíêöèÿ Áåññåëÿ ÷àñòî âñòðå÷àþòñÿ â ïðèëîæåíèÿõ è äëÿ íèõ èìå-
þòñÿ ïîäðîáíûå òàáëèöû.

Îòìåòèì ñëåäóþùèå ñâîéñòâà ôóíêöèé Áåññåëÿ:
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1. Óðàâíåíèå
Jn(µ) = 0

èìååò áåñêîíå÷íîå ìíîæåñòâî ïîëîæèòåëüíûõ êîðíåé

0 < µ
(n)
1 < µ

(n)
2 < . . . < µ(n)

m < . . . .

Äëÿ ÷èñåë µ
(n)
m ñîñòàâëåíû òàáëèöû. Ïðè áîëüøèõ m êîðíè ìîãóò

áûòü ïðèáëèæåííî âû÷èñëåíû ïî ôîðìóëå

µ(n)
m ≈

π

4
(2n− 1 + 4m)− 4n2 − 1

π(2n− 1 + 4m)
.

2. Ôóíêöèè Jn

(
µ

(n)
m

r0

r

)
îðòîãîíàëüíû ñ âåñîì r íà îòðåçêå [0, r0],

ò.å. ïðè m1 6= m2∫ r0

0

rJn

(
µ

(n)
m1

r0

r

)
Jn

(
µ

(n)
m2

r0

r

)
dr = 0.

3. Íîðìû ýòèõ ôóíêöèé ðàâíû

‖Jn‖2
m =

∫ r0

0

rJ2
n

(
µ

(n)
m

r0

r

)
dr =

r2
0

2

[
J ′n(µ(n)

m )
]2
. (18.6)

4. Èìåþò ìåñòî ðåêóððåíòíûå ôîðìóëû
nJn(x)

x
− J ′n(x) = Jn+1(x),

nJn(x)

x
+ J ′n(x) = Jn−1(x).

(18.7)

Êðîìå òîãî, èç ðàâåíñòâ (18.7) âûòåêàþò ñîîòíîøåíèÿ[
J ′n(µ(n)

m )
]2

=
[
Jn−1(µ(n)

m )
]2

=
[
Jn+1(µ(n)

m )
]2
,

Jn+1(x) = −Jn−1(x) +
2nJn(x)

x
.

Èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò, ÷òî, çíàÿ çíà÷åíèÿ ôóíêöèé J0(x)
è J1(x), ìîæíî ïîëó÷èòü çíà÷åíèÿ Jn(x) ïðè ëþáîì n.

5. Âñÿêàÿ íåïðåðûâíàÿ â èíòåðâàëå (0, r0) ôóíêöèÿ f(r), èìå-
þùàÿ êóñî÷íî-íåïðåðûâíûå ïåðâóþ è âòîðóþ ïðîèçâîäíûå, îãðà-
íè÷åííàÿ â îêðåñòíîñòè òî÷êè r = 0 è îáðàùàþùàÿñÿ â íóëü ïðè
r = r0 ìîæåò áûòü ðàçëîæåíà â ðàâíîìåðíî ñõîäÿùèéñÿ ðÿä

f(r) =
∞∑
m=1

fmJn

(
µ

(n)
m

r0

r

)
, (18.8)

ãäå

fm =

∫ r0

0

rf(r)Jn

(
µ

(n)
m

r0

r

)
dr

‖Jn‖2
m

.
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� 19. Êîëåáàíèÿ êðóãëîé ìåìáðàíû

Ïðè èçó÷åíèè ñâîáîäíûõ êîëåáàíèé êðóãëîé ìåìáðàíû â óðàâ-
íåíèè (17.2) ïîëåçíî ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì{

x = r cosϕ,

y = r sinϕ.

Â ñèëó òîãî, ÷òî {
r =

√
x2 + y2,

ϕ = arctg
y

x
,

èìååì

rx =
x√

x2 + y2
= cosϕ, ry =

y√
x2 + y2

= sinϕ,

ϕx = − y

x2 + y2
= −sinϕ

r
, ϕy =

x

x2 + y2
=

cosϕ

r
.

Îòñþäà

rxx =
sin2 ϕ

r
, ryy =

cos2 ϕ

r
,

ϕxx =
sin 2ϕ

r2
, ϕyy = −sin 2ϕ

r2
.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â (6.2), (6.3), ïîëó÷èì (ðîëü ïåðåìåí-
íûõ ξ, η çäåñü èãðàþò ïåðåìåííûå r, ϕ)

uxx = urr cos2 ϕ− urϕ
sin 2ϕ

r
+ uϕϕ

sin2 ϕ

r2
+ ur

sin2 ϕ

r
+ uϕ

sin 2ϕ

r2
,

uyy = urr sin2 ϕ+ urϕ
sin 2ϕ

r
+ uϕϕ

cos2 ϕ

r2
+ ur

cos2 ϕ

r
− uϕ

sin 2ϕ

r2
.

Òàêèì îáðàçîì, äâóìåðíûé îïåðàòîð Ëàïëàñà â ïîëÿðíûõ êî-
îðäèíàòàõ èìååò âèä

∆u = uxx + uyy = urr +
1

r2
uϕϕ +

1

r
ur.

Òåì ñàìûì óðàâíåíèå (17.2) â ïîëÿðíûõ êîîðäèíàòàõ áóäåò èìåòü
ñëåäóþùèé âèä

utt = a2

(
urr +

1

r2
uϕϕ +

1

r
ur

)
. (19.1)

Íà÷àëüíûå óñëîâèÿ (17.1) ïðè ïåðåõîäå ê ïîëÿðíûì êîîðäèíàòàì
çàïèøóòñÿ ñëåäóþùèì îáðàçîì{

u(r, ϕ, 0) = Φ(r, ϕ),

ut(r, ϕ, 0) = Ψ(r, ϕ).
(19.2)
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Ïóñòü ìåìáðàíà ïðåäñòàâëÿåò ñîáîé êðóã ðàäèóñà r0 è êðàÿ ìåì-
áðàíû çàêðåïëåíû. Ýòî îçíà÷àåò, ÷òî ìû èìååì ãðàíè÷íûå óñëîâèÿ

u(r0, ϕ, t) = 0. (19.3)

Äëÿ ðåøåíèÿ çàäà÷è (19.1�19.3) âîñïîëüçóåìñÿ ìåòîäîì Ôóðüå,
ò.å. áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (19.1), óäîâëåòâîðÿþùåå ãðà-
íè÷íîìó óñëîâèþ (19.3), â âèäå ïðîèçâåäåíèÿ

u(r, ϕ, t) = R(r)Θ(ϕ)T (t).

Ïîäñòàâèâ ýòî âûðàæåíèå â óðàâíåíèå (19.1) è ïîäåëèâ íà
a2R(r)Θ(ϕ)T (t), áóäåì èìåòü (ñì. � 17)

T ′′(t)

T (t)
=
R′′(r)

R(r)
+

1

r

R′(r)

R(r)
+

1

r2

Θ′′(ϕ)

Θ(ϕ)
= −λ.

Îòñþäà âûòåêàþò ñëåäóþùèå óðàâíåíèÿ

T ′′(t) + λa2T (t) = 0, (19.4)

r2R
′′(r)

R(r)
+ r

R′(r)

R(r)
+ λr2 = −Θ′′(ϕ)

Θ(ϕ)
= µ.

Èç ïîñëåäíåãî ðàâåíñòâà â ñâîþ î÷åðåäü âûòåêàþò óðàâíåíèÿ

Θ′′(ϕ) + µΘ(ϕ) = 0, (19.5)

r2R′′(r) + rR′(r) + (λr2 − µ)R(r) = 0. (19.6)

Áóäåì ñ÷èòàòü, ÷òî λ > 0, òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (19.4)

T (t) = C1 cos a
√
λt+ C2 sin a

√
λt. (19.7)

Â ñèëó ïåðèîäè÷íîñòè ôóíêöèè Θ(ϕ) íåòðèâèàëüíûå ðåøåíèÿ
óðàâíåíèÿ (19.5) ñóùåñòâóþò ëèøü ïðè µ = n2 è èìåþò âèä

Θn(ϕ) = D1n cosnϕ+D2n sinnϕ. (19.8)

Çàéìåìñÿ ðåøåíèåì óðàâíåíèÿ (19.6). Ãðàíè÷íîå óñëîâèå (19.3)
äàåò óñëîâèå

R(r0) = 0. (19.9)

Êðîìå òîãî, èç ôèçè÷åñêîãî ñìûñëà çàäà÷è âåëè÷èíà R(0) äîëæíà
áûòü îãðàíè÷åíà, ò.å.

|R(0)| <∞. (19.10)

Ââåäåì íîâóþ ïåðåìåííóþ x =
√
λr è îáîçíà÷èì

y(x) = R(r) = R

(
x√
λ

)
.

Òîãäà

y′(x) =
1√
λ
R′
(
x√
λ

)
, y′′(x) =

1

λ
R′′
(
x√
λ

)
,

è óðàâíåíèå (19.6) ïðåîáðàçóåòñÿ ê âèäó

x2y′′(x) + xy′(x) + (x2 − n2)y(x) = 0.
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Ïîñëåäíåå óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì Áåññåëÿ è â ñèëó òðå-
áîâàíèÿ (19.10) åãî ðåøåíèå ñ òî÷íîñòüþ äî ìíîæèòåëÿ, êîòîðûé
ìîæíî ïîëîæèòü ðàâíûì åäèíèöå, ñîâïàäàåò ñ ôóíêöèåé Áåññåëÿ
ïåðâîãî ðîäà n-ãî ïîðÿäêà Jn(x).

Óñëîâèå (19.9) äàåò Jn(
√
λr0) = 0. Îòñþäà

λ = λn,m =

(
µ

(n)
m

r0

)2

,

ãäå µ
(n)
m � íóëè ôóíêöèè Áåññåëÿ Jn(x). Èòàê, íàéäåíû ðåøåíèÿ

óðàâíåíèÿ (19.6)

Rn,m(r) = Jn

(
µ

(n)
m

r0

r

)
. (19.11)

Ïðèíÿâ âî âíèìàíèå ïîëó÷åííûå ÷àñòíûå ðåøåíèÿ (19.7), (19.8)
è (19.11), áóäåì èñêàòü, ðåøåíèå çàäà÷è (19.1�19.3) â âèäå

u(r, ϕ, t) =
∞∑
n=0
m=1

(
α(1)
n,m cos

aµ
(n)
m

r0

t+ α(2)
n,m sin

aµ
(n)
m

r0

t

)
cosnϕ

× Jn

(
µ

(n)
m

r0

r

)
+
∞∑
n=0
m=1

(
β(1)
n,m cos

aµ
(n)
m

r0

t+ β(2)
n,m sin

aµ
(n)
m

r0

t

)
sinnϕ

× Jn

(
µ

(n)
m

r0

r

)
.

Äëÿ óäîâëåòâîðåíèÿ íà÷àëüíûõ óñëîâèé (19.2) íåîáõîäèìî âûïîë-
íåíèå ðàâåíñòâ

∞∑
n=0
m=1

(
α(1)
n,m cosnϕ+ β(1)

n,m sinnϕ
)
Jn

(
µ

(n)
m

r0

r

)
= Φ(r, ϕ),

a

r0

∞∑
n=0
m=1

µ(n)
m

(
α(2)
n,m cosnϕ+ β(2)

n,m sinnϕ
)
Jn

(
µ

(n)
m

r0

r

)
= Ψ(r, ϕ).

(19.12)
Ðàçëîæèì ôóíêöèþ Φ(r, ϕ) â ðÿä Ôóðüå íà îòðåçêå [−π, π] ïðè

ôèêñèðîâàííîì r

Φ(r, ϕ) =
c0(r)

2
+
∞∑
n=1

(cn(r) cosnϕ+ dn(r) sinnϕ) ,

cn(r) =
1

π

∫ π

−π
Φ(r, ϕ) cosnϕdϕ,

dn(r) =
1

π

∫ π

−π
Φ(r, ϕ) sinnϕdϕ.
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Ðàçëàãàÿ â ðÿä (18.8) êàæäóþ èç ôóíêöèé cn(r), dn(r) è ñðàâíèâàÿ
ïîëó÷åííîå ðàçëîæåíèå ôóíêöèè Φ(r, ϕ) ñ ðàçëîæåíèåì (19.12), íà-
õîäèì êîýôôèöèåíòû

α(1)
n,m =

∫ π

−π

∫ r0

0

Φ(r, ϕ)Jn

(
µ

(n)
m

r0

r

)
cosnϕ rdrdϕ

πεn‖Jn‖2
m

, (19.13)

β(1)
n,m =

∫ π

−π

∫ r0

0

Φ(r, ϕ)Jn

(
µ

(n)
m

r0

r

)
sinnϕ rdrdϕ

πεn‖Jn‖2
m

. (19.14)

Ñîâåðøåííî àíàëîãè÷íî ïîëó÷àåì

α(2)
n,m =

r0

∫ π

−π

∫ r0

0

Ψ(r, ϕ)Jn

(
µ

(n)
m

r0

r

)
cosnϕ rdrdϕ

πaµ
(n)
m εn‖Jn‖2

m

,

β(2)
n,m =

r0

∫ π

−π

∫ r0

0

Ψ(r, ϕ)Jn

(
µ

(n)
m

r0

r

)
sinnϕ rdrdϕ

πaµ
(n)
m εn‖Jn‖2

m

;

çäåñü εn =

{
2, n = 0,

1, n 6= 0,
à ‖Jn‖2

m îïðåäåëåíà ðàâåíñòâîì (18.6).

Äëÿ ñëó÷àÿ ðàäèàëüíûõ êîëåáàíèé (ò.å. â ñëó÷àå, êîãäà íà÷àëü-
íûå óñëîâèÿ è, ñîîòâåòñòâåííî, ðåøåíèå íå çàâèñèò îò óãëà ϕ, à
çàâèñèò ëèøü îò r) çàäà÷à çíà÷èòåëüíî óïðîùàåòñÿ. Â ýòîì ñëó÷àå
ðåøåíèå ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(r, t) =
∞∑
m=1

(
αm cos

aµ
(0)
m

r0

t+ βm sin
aµ

(0)
m

r0

t

)
J0

(
µ

(0)
m

r0

r

)
,

ãäå

αm =

∫ r0

0

Φ(r)J0

(
µ

(0)
m

r0

r

)
r dr

r2
0

2
J2

1 (µ
(0)
m )

,

βm =

∫ r0

0

Ψ(r)J0

(
µ

(0)
m

r0

r

)
r dr

aµ
(0)
m r2

0

2
J2

1 (µ
(0)
m )

.
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