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Ïóñòü Bn � åäèíè÷íûé øàð ïðîñòðàíñòâà Cn: Bn =

{
z =

(z1, . . . , zn) ∈ Cn : |z|2 =
n∑

k=1

|zk|2 < 1

}
. Öåëüþ íàñòîÿùåé ðàáîòû

ÿâëÿåòñÿ âû÷èñëåíèå òî÷íûõ çíà÷åíèé ãåëüôàíäîâñêèõ è ëèíåé-
íûõ N -ïîïåðå÷íèêîâ åäèíè÷íîãî øàðà ãèëüáåðòîâà ïðîñòðàíñòâà
H2, êîòîðûé îáîçíà÷èì BH2, â ìåòðèêå L∞,r, îïðåäåëÿåìîé ðàâåí-
ñòâîì ‖f‖∞,r = sup

|z|=r

|f(z)|. Ðÿä òî÷íûõ çíà÷åíèé N -ïîïåðå÷íèêîâ

êëàññîâ Õàðäè Hp â èíòåãðàëüíûõ q-ìåòðèêàõ ìîæíî íàéòè â ðà-
áîòàõ [1�4], îäíàêî âñå îíè îòíîñÿòñÿ ê ñëó÷àþ p ≥ q è n = 1, êðîìå
[5], ãäå n ≥ 1, a p = q.
Äëÿ ïîäìíîæåñòâà A íîðìèðîâàííîãî ïðîñòðàíñòâà X îáîçíà-

÷èì ÷åðåç dN(A,X) è λN(A,X) ãåëüôàíäîâñêèé è ëèíåéíûé N -
ïîïåðå÷íèêè ìíîæåñòâà A ñîîòâåòñòâåííî. Èìååò ìåñòî î÷åâèäíîå
ñîîòíîøåíèå (ñì. [1]):

(1) dN(A,X) ≤ λN(A,X).

Ïîëîæèì Nk =
k−1∑
l=0

(
n+ l − 1

n− 1

)
, N0 = 0. ×èñëî Nk ðàâíî ðàçìåð-

íîñòè ïðîñòðàíñòâà ïîëèíîìîâ îò n ïåðåìåííûõ ñòåïåíè k − 1.

Òåîðåìà. Ïðè âñåõ k ≥ 0 èìåþò ìåñòî ðàâåíñòâà

dNk(BH2(Bn), L∞,r) = λNk
(BH2(Bn), L∞,r)

=

√√√√ 1

(1− r2)n
−

k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l.

Äîêàçàòåëüñòâî òåîðåìû îïèðàåòñÿ íà ñëåäóþùèå ëåììû.

Ëåììà 1. Ïóñòü f ∈ BH2(Bn), w ∈ Bn è f =
∞∑
s=0

Fs � îäíîðîäíîå

ðàçëîæåíèå f . Òîãäà∣∣∣∣f(w)− m∑
s=0

Fs(w)

∣∣∣∣ ≤
√√√√(1− |w|2)−n −

m∑
l=0

(
n+ l − 1

n− 1

)
|w|2l.
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Äîêàçàòåëüñòâî ýòîé ëåììû îñíîâàíî íà ñëåäóþùåì ïðåäñòàâëå-
íèè:

f(w)−
m∑
s=0

Fs(w) =

∫
S2n−1

Km(w, z)f(z) dσn(z),

ãäå

Km(w, z) = (1− 〈w, z〉)−n −
∑
|p|≤m

(n+ |p| − 1)!

(n− 1)!p!
wpzp.

σn � åäèíè÷íàÿ ïîëîæèòåëüíàÿ ìåðà íà ñôåðå S2n−1, èíâàðèàíòíàÿ
îòíîñèòåëüíî îðòîãîíàëüíîé ãðóïïû O(2n).

Ëåììà 2. Ïóñòü m ∈ N, Nk ≤ m < Nk+1, f1, . . . , fs � îðòîíîðìè-

ðîâàííàÿ ñèñòåìà â H2(Bn) è 0 < r < 1. Òîãäà

∫
S2n−1

m∑
l=1

|fl(rz)|2 dσn(z) ≤
k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l + (m−Nk)r

2k.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî äëÿ ôóíêöèè f ∈ H2(Bn), îäíîðîä-

íîå ðàçëîæåíèå êîòîðîé èìååò âèä f =
∞∑
l=s

Fl, ñïðàâåäëèâî íåðà-

âåíñòâî

(2)

∫
S2n−1

|f(rz)|2 dσn(z) ≤ r2s‖f‖22.

Ïóñòü U � óíèòàðíîå ïðåîáðàçîâàíèå Cm, çàäàâàåìîå ìàòðèöåé

‖ukl‖mk,l=1. Ïîëîæèì gs =
m∑
l=1

uslfl. Ñèñòåìà {g1, . . . , gm} ÿâëÿåòñÿ

îðòîíîðìèðîâàííîé â H2(Bn), è â ñèëó óíèòàðíîñòè U äëÿ ëþáîãî

w ∈ Bn

m∑
l=1

|gl(w)|2 =
m∑
l=1

|fl(w)|2. Ñëåäîâàòåëüíî,

∫
S2n−1

m∑
l=1

|fl(rz)|2 dσn(z) =
∫
S2n−1

m∑
l=1

|gl(rz)|2 dσn(z).

Ëåãêî ïðîâåðèòü, ÷òî ïðåîáðàçîâàíèå U ìîæíî ïîäîáðàòü òàê, ÷òî
äëÿ Nq < l ≤ Nq+1 (q ≤ k, l ≤ m) â îäíîðîäíîì ðàçëîæåíèè gl îò-
ñóòñòâóþò ïîëèíîìû äî ïîðÿäêà q−1 âêëþ÷èòåëüíî. Òåïåðü óòâåð-
æäåíèå ëåììû ñëåäóåò èç (2). �
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Äîêàçàòåëüñòâî òåîðåìû. Âñëåäñòâèå (1) äîñòàòî÷íî äîêàçàòü,
÷òî

λNk
(BH2(Bn), L∞,r) ≤

√√√√(1− r2)−n −
k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l,

dNk(BH2(Bn), L∞,r) ≥

√√√√(1− r2)−n −
k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l.

Îöåíêà ñâåðõó äëÿ λNk
(BH2(Bn), L∞,r) íåïîñðåäñòâåííî ñëåäóåò èç

ëåììû 1. Äëÿ äîêàçàòåëüñòâà íèæíåé îöåíêè ðàññìîòðèì LNk �
ïîäïðîñòðàíñòâî H2(Bn) êîðàçìåðíîñòè Nk. Ïóñòü f1, . . . , fNk

� îð-
òîíîðìèðîâàííûé áàçèñ â îðòîãîíàëüíîì äîïîëíåíèè (LNk)⊥. Çà-
ìåòèì, ÷òî äëÿ ëþáîãî w ∈ Bn ôóíêöèÿ hw(z) = (1 − 〈z, w〉)−n −
Nk∑
l=1

fl(w)fl(z) ïðèíàäëåæèò L
Nk è, ñëåäîâàòåëüíî,

sup
g∈BH2(Bn)∩LNk

‖g‖∞,r ≥ sup
|w|=r

‖hw‖∞,r

‖hw‖2
≥ sup
|w|=r

|hw(w)|
‖hw‖2

= sup
|w|=r

√√√√(1− r2)−n −
Nk∑
l=1

|fl(w)|2

=

√√√√(1− r2)−n − inf
|w|=r

Nk∑
l=1

|fl(w)|2.

Â ñèëó ëåììû 2 èìååì

inf
|w|=r

Nk∑
l=1

|fl(w)|2 ≤
∫
S2n−1

Nk∑
l=1

|fl(rw)|2 dσn(w) ≤
k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l.

Òàêèì îáðàçîì, äëÿ ëþáîãî ïîäïðîñòðàíñòâà LNk

sup
g∈BH2(Bn)∩LNk

‖g‖∞,r ≥

√√√√(1− r2)−n −
k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l.

Òåîðåìà äîêàçàíà. �

Òàê êàê ïðè n = 1 Nk = k, òî èìååò ìåñòî

Ñëåäñòâèå. Ïðè n = 1 äëÿ ëþáîãî k ≥ 0 ñïðàâåäëèâû ðàâåíñòâà

dk(BH2, Linfty,r) = λk(BH2, Linfty,r) =
rk√
1− r2

.
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