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1. Îñíîâíûå îïðåäåëåíèÿ è ïîñòàíîâêà çàäà÷è

Ïóñòü X è Y � ëèíåéíûå ïðîñòðàíñòâà. Ðàññìîòðèì çàäà÷ó
îïòèìàëüíîãî âîññòàíîâëåíèÿ çíà÷åíèé ëèíåéíîãî ôóíêöèîíàëà
L : X → C íà íåêîòîðîì ìíîæåñòâå W ⊂ X ïî çíà÷åíèÿì íà ýòîì
ìíîæåñòâå ëèíåéíîãî îïåðàòîðà I : X → Y , íàçûâàåìîãî èíôîðìà-
öèîííûì îïåðàòîðîì. Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëå-

íèÿ íàçîâåì âåëè÷èíó

(1) e(L, I,W ) := inf
T

sup
f∈W
|Lf − T (If)|,

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì îòîáðàæåíèÿì T : Y →
C. Îòîáðàæåíèå T0, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü â (1),
áóäåì íàçûâàòü îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ ôóíêöè-
îíàëà L. Ýëåìåíò f0 ∈ W , äëÿ êîòîðîãî

|Lf − T0(If)| = e(L, I,W ),

íàçîâåì ýêñòðåìàëüíûì ýëåìåíòîì. Ïîäðîáíûå ñâåäåíèÿ î ðàç-
ëè÷íûõ ïîñòàíîâêàõ çàäà÷ âîññòàíîâëåíèÿ ìîæíî íàéòè â îáçîð-
íûõ ñòàòüÿõ [1], [2] è ìîíîãðàôèÿõ [3], [4].
Åñëè W � âûïóêëîå è óðàâíîâåøåííîå (ò.å. x ∈ W ⇒ λx ∈

W ∀|λ| = 1) ìíîæåñòâî, òî èìååò ìåñòî ðàâåíñòâî

(2) e(L, I,W ) = sup
f∈W
If=0

|Lf |.

Ðàâåíñòâî (2) ïðè ðàçëè÷íûõ îãðàíè÷åíèÿõ äîêàçûâàëîñü ìíîãèìè
àâòîðàìè. Ñîîòâåòñòâóþùèå ññûëêè ìîæíî íàéòè â ðàáîòå [5], ãäå
ïîëó÷åí íàèáîëåå îáùèé ðåçóëüòàò â ýòîì íàïðàâëåíèè.
Ïóñòü B � åäèíè÷íûé øàð â Cn è S � åãî ãðàíèöà:

B :=

{
z = (z1, . . . , zn) ∈ Cn : |z|2 :=

n∑
k=1

|zk|2 < 1

}
,

S := { z ∈ Cn : |z| = 1 } .
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Ïðîñòðàíñòâîì Õàðäè Hp(B) (Hp) íàçûâàåòñÿ ìíîæåñòâî ãîëî-
ìîðôíûõ â B ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ

‖f‖Hp := sup
0<r<1

(∫
S

|f(rz)|p dσ(z)

)1/p

<∞, 1 ≤ p <∞,

‖f‖H∞ := sup
z∈B
|f(z)| <∞, p =∞,

ãäå σ � âåðîÿòíîñòíàÿ áîðåëåâñêàÿ ìåðà, èíâàðèàíòíàÿ îòíîñè-
òåëüíî âðàùåíèé. Äëÿ ôóíêöèé èç Hp ñóùåñòâóþò ïî÷òè âñþäó
ãðàíè÷íûå çíà÷åíèÿ, ïðèíàäëåæàùèå Lp(S, σ) (ñì. [6, ñòð. 95]). Òåì
ñàìûì ïðîñòðàíñòâî Hp ìîæíî ðàññìàòðèâàòü êàê ëèíåéíîå ïîä-
ïðîñòðàíñòâî Lp(S, σ).
Ïðîñòðàíñòâîì Áåðãìàíà Ap(B) (Ap) íàçûâàåòñÿ ìíîæåñòâî ãî-

ëîìîðôíûõ â B ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ

‖f‖Ap :=

(∫
B

|f(z)|p dν(z)

)1/p

<∞, 1 ≤ p <∞,

ãäå ν � ìåðà Ëåáåãà â Cn = R2n, íîðìèðîâàííàÿ òàê, ÷òî ν(B) = 1.
Ïðè p = ∞ A∞ = H∞. Åñëè âîçíèêàåò íåîáõîäèìîñòü îòìåòèòü
ðàçìåðíîñòü, áóäåì ïèñàòü Bn, Sn, σn èëè νn.
Äëÿ ëèíåéíîãî íîðìèðîâàííîãî ïðîñòðàíñòâà X ÷åðåç BX áóäåì

îáîçíà÷àòü çàìêíóòûé åäèíè÷íûé øàð:

BX := {x ∈ X : ‖x‖ ≤ 1 },

Ïóñòü α � ìóëüòèèíäåêñ, ò.å. óïîðÿäî÷åííûé íàáîð íåîòðèöàòåëü-
íûõ öåëûõ ÷èñåë αj, 1 ≤ j ≤ n: α = (α1, . . . , αn). Ïîëîæèì

Dj :=
∂

∂zj
, Dα := Dα1

1 . . . Dαn
n , |α| := α1 + . . .+ αn.

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ
çíà÷åíèÿ ôóíêöèè f ∈ BHp èëè BAp â òî÷êå a ∈ B ïî çíà÷åíèÿì
ñëåäîâ ôóíêöèé Dαf , |α| = 0, . . . , r − 1, íà íåêîòîðîì ìíîæåñòâå
A ⊂ B. Òåì ñàìûì èçó÷àåòñÿ çàäà÷à âîññòàíîâëåíèÿ ëèíåéíîãî
ôóíêöèîíàëà Lf = f(a) ïî çíà÷åíèÿì èíôîðìàöèîííîãî îïåðàòîðà

If = IrAf :=
{
Dαf|A

}r−1

|α|=0
.

Âåëè÷èíó ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ áóäåì îáî-
çíà÷àòü â ýòîì ñëó÷àå ÷åðåç e (a, IrA, BXp), ãäå Xp = Hp èëè Ap.
Èññëåäîâàíèå çàäà÷ îïòèìàëüíîãî âîññòàíîâëåíèÿ ãîëîìîðôíûõ

ôóíêöèé ìíîãèõ ïåðåìåííûõ áûëî íà÷àòî â ðàáîòå [7], ãäå èçó÷àëñÿ
ñëó÷àé r = 0.
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2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü Ω � ïîäìíîæåñòâî Cn, µ � íåîòðèöàòåëüíàÿ ìåðà íà Ω è
Xp � êàêîå-ëèáî ïîäïðîñòðàíñòâî Lp(Ω, µ). Ðàññìîòðèì çàäà÷ó (1)
äëÿ X = Xp è W = BXp.

Òåîðåìà 1. Ïóñòü g ∈ Xp, g 6= 0 è Ig = 0. Ïðåäïîëîæèì, ÷òî

äëÿ íåêîòîðîãî ëèíåéíîãî îïåðàòîðà T0 : Y → C ïðè âñåõ f ∈ Xp

âûïîëíåíî ðàâåíñòâî

Lf − T0(If) =


α

∫
Ω

g(z)|g(z)|p−2f(z) dµ(z), 1 ≤ p <∞,∫
Ω

g(z)|ϕ(z)|f(z) dµ(z), p =∞,

ãäå α ∈ C, ϕ ∈ L1(Ω, µ) è åñëè p = 1, òî |g(z)| = 1 ïî÷òè âñþäó íà

Ω. Òîãäà T0 � îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ, g0 := g/‖g‖p
� ýêñòðåìàëüíàÿ ôóíêöèÿ è

(3) E(L, I, BXp) = |Lg0| =

{
|α|‖g‖p−1

p , 1 ≤ p <∞,
‖ϕ‖1, p =∞.

Äîêàçàòåëüñòâî. Ïðè 1 ≤ p <∞ ïî íåðàâåíñòâó Ãåëüäåðà èìååì

E(L, I, BXp) ≤ sup
f∈BXp

|Lf − T0(If)| ≤ |α|‖g‖p−1
p .

Ïðè p =∞ àíàëîãè÷íàÿ îöåíêà äàåò

E(L, I, BXp) ≤ ‖ϕ‖1.

Äëÿ ëþáîãî ìåòîäà T ñïðàâåäëèâî íåðàâåíñòâî

|Lg0 − T (0)|+ |L(−g0)− T (0)| ≥ 2|Lg0|.

Îòñþäà, ó÷èòûâàÿ (2), ïîëó÷àåì

E(L, I, BXp) ≥ |Lg0| =

{
|α|‖g‖p−1

p , 1 ≤ p <∞,
‖ϕ‖1, p =∞.

Òåîðåìà äîêàçàíà. �

Òåîðåìà 1 â òîé èëè èíîé ñòåïåíè îáùíîñòè äîêàçûâàëàñü â ðà-
áîòàõ [8]�[10]. Íåñìîòðÿ íà ñâîþ ïðîñòîòó îíà ÿâëÿåòñÿ äîâîëüíî
ýôôåêòèâíûì ñïîñîáîì ïîñòðîåíèÿ îïòèìàëüíûõ ìåòîäîâ âîññòà-
íîâëåíèÿ.
Äîêàæåì ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé, êàñàþùèõñÿ âåñî-

âûõ âîñïðîèçâîäÿùèõ ÿäåð äëÿ ïðîñòðàíñòâ Hp.
Ïóñòü u ∈ C, |u| < 1 è ρ ≥ 1. Ïîëîæèì

(4) Φn(ρ, u) :=
∞∑
k=0

Γ(n+ k + ρ/2)

Γ(k + ρ/2 + 1)
uk.
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Äëÿ z = (z1, . . . , zn) ∈ Cn è 1 ≤ k ≤ n ïîëîæèì

z′k := (z1, . . . , zn−k, 0, . . . , 0), z′′k := z − z′k,

〈z, w〉 :=
n∑
k=1

zkwk, z, w ∈ Cn, sk(z, w) :=
〈z, w′′k〉

1− 〈z, w′k〉
,

Krk(z, w) :=
〈z, w′′k〉rΦn(rp, sk(z, w))

(n− 1)!(1− 〈z, w′k〉)n+rp/2
.

Îòìåòèì, ÷òî sk(z, w) = sk(w, z) è Krk(z, w) = Krk(w, z).

Ïðåäëîæåíèå 1. Ïðè âñåõ 1 ≤ p <∞ äëÿ ëþáîé ôóíêöèè f ∈ Hp

è âñåõ z ∈ B ñïðàâåäëèâî ðàâåíñòâî

(5) f(z)−
r−1∑
j=0

1

j!

(
Dj
nf
)

(z′1)zjn =

∫
S

Kr1(z, w)f(w)|wn|r(p−2) dσ(w).

Äîêàçàòåëüñòâî. Ïîñêîëüêó ïîëèíîìû ïëîòíû â Hp, òî äîñòà-
òî÷íî äîêàçàòü, ÷òî ðàâåíñòâî (5) âûïîëíåíî äëÿ ôóíêöèé âèäà
f(z) = g(z′)zmn , m = 0, 1, . . . , ãäå g(z′) � ïîëèíîì, çàâèñÿùèé îò
ïåðåìåííûõ z1, . . . , zn−1 (z

′ := (z1, . . . , zn−1)). Èíòåãðàë â (5) ìîæíî
ñâåñòè ê èíòåãðàëó ïî Bn−1 (ñì. [6, ñòð. 24])∫

S

Kr1(z, w)g(w′)wmn |wn|r(p−2) dσ(w)

=
1

(n− 1)!

∫
Bn−1

(1− |w′|2)r(p−2)/2g(w′) dνn−1(w′)

(1− 〈z′, w′〉)n+rp/2

× 1

2π

∫ π

−π
zrnw

r
nw

m
n e

i(m−r)θ
∞∑
k=0

Γ(n+ k + rp/2)

Γ(k + rp/2 + 1)

zknw
k
ne
−ikθ

(1− 〈z′, w′〉)k
dθ

=

0, m < r,

zmn

∫
Bn−1

Ks(z
′, w′)g(w′) dνn−1(w′), m ≥ r,

ãäå

Ks(z
′, w′) :=

Γ(n+ s)

Γ(n)Γ(s+ 1)

(1− |w′|2)s

(1− 〈z′, w′〉)n+s
, s := m+ r(p− 2)/2.

Èçâåñòíî, ÷òî ïðè âñåõ s > −1 ÿäðî Ks(z
′, w′) ÿâëÿåòñÿ âîñïðîèç-

âîäÿùèì äëÿ ôóíêöèé èç H∞(Bn−1) [6, ñòð. 129], à ñëåäîâàòåëüíî,
è äëÿ ïîëèíîìà g. Òàêèì îáðàçîì,∫

S

Kr1(z, w)g(w′)wmn |wn|r(p−2) dσ(w) =

{
0, m < r,

g(z′)zmn , m ≥ r.

Ëåãêî óáåäèòüñÿ, ÷òî ëåâàÿ ÷àñòü (5) ðàâíà òîìó æå âûðàæåíèþ.
Ïðåäëîæåíèå äîêàçàíî. �
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Äëÿ a ∈ Cn ÷åðåç Paz îáîçíà÷èì îðòîãîíàëüíóþ ïðîåêöèþ z ∈ Cn

íà ïîäïðîñòðàíñòâî, ïîðîæäåííîå âåêòîðîì a:

Paz :=


〈z, a〉
〈a, a〉

a, a 6= 0,

0, a = 0.

Ïðåäëîæåíèå 2. Ïðè âñåõ 1 ≤ p <∞ äëÿ ëþáîé ôóíêöèè f ∈ Hp

è âñåõ z ∈ B ñïðàâåäëèâî ðàâåíñòâî

f(z)−
r−1∑
j=0

1

j!
djf∣∣z′k =

∫
S

Krk(z, w)f(w)|Pz′′kw|
r(p−2) dσ(w),

â êîòîðîì dz = z′′k .

Äîêàçàòåëüñòâî. Ïðè z′′k = 0 óòâåðæäåíèå òåîðåìû î÷åâèäíî. Áó-
äåì ñ÷èòàòü, ÷òî z′′k 6= 0. Èç ïðåäëîæåíèÿ 1 ñëåäóåò, ÷òî ïðè âñåõ
g ∈ Hp è v ∈ B èìååò ìåñòî ðàâåíñòâî

(6) g(v)−
r−1∑
j=0

1

j!
djg∣∣v′1 =

∫
S

Kr1(v, y)g(y)|yn|r(p−2) dσ(y),

ãäå dv = v′′1 . Ïóñòü U � íåêîòîðàÿ óíèòàðíàÿ ìàòðèöà ïîðÿäêà
n è f ∈ Hp. Ïîëîæèì g(v) = f(U−1v). Òîãäà g ∈ Hp. Ïðèìåíÿÿ
ðàâåíñòâî (6), ïîëó÷àåì

(7) f(U−1v)−
r−1∑
j=0

1

j!
djf∣∣U−1v′1

=

∫
S

Kr1(v, y)f(U−1y)|yn|r(p−2) dσ(y),

ãäå dz = U−1v′′1 . Ïðè çàäàííîì z ∈ B òàêîì, ÷òî z′′k 6= 0, ðàññìîòðèì
ìàòðèöó U , èìåþùóþ âèä

(8) U =



1
. . .

1

0

0 C


,

ãäå C � óíèòàðíàÿ ìàòðèöà ïîðÿäêà k, ïåðåâîäÿùàÿ âåêòîð
(zn−k+1, . . . , zn) â âåêòîð (0, . . . , 0, |z′′k |). Ïîëîæèâ v = Uz, y = Uw
â (7) è âîñïîëüçîâàâøèñü èíâàðèàíòíîñòüþ ìåðû σ îòíîñèòåëüíî
óíèòàðíûõ ïðåîáðàçîâàíèé, áóäåì èìåòü äëÿ dz = z′′k

f(z)−
r−1∑
j=0

1

j!
djf∣∣z′k =

∫
S

Kr1(Uz, Uw)f(w)|(Uw)n|r(p−2) dσ(w).
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Èìååì

〈(Uz)′1, (Uw)′1〉 = 〈z′k, (Uw)′1〉 = 〈z′k, Uw〉 = 〈Uz′k, Uw〉 = 〈z′k, w〉
= 〈z′k, w′k〉,

|z′′k |(Uw)n = (Uz)n(Uw)n = 〈Uz, Uw〉 − 〈(Uz)′1, (Uw)′1〉
= 〈z, w〉 − 〈z′k, w′k〉 = 〈z′′k , w′′k〉.

Îòñþäà

s1(Uz, Uw) = sk(z, w), Kr1(Uz, Uw) = Krk(z, w),

|(Uw)n| =
|〈z′′k , w′′k〉|
|z′′k |

= |Pz′′kw|.

Ïðåäëîæåíèå äîêàçàíî. �

3. Îïòèìàëüíîå âîññòàíîâëåíèå â ïðîñòðàíñòâàõ Õàðäè

Íåòðóäíî óáåäèòüñÿ (íàïðèìåð, ïî èíäóêöèè), ÷òî äëÿ ôóíêöèè
Φn(ρ, u), îïðåäåëåííîé ðàâåíñòâîì (4), ñïðàâåäëèâî ñîîòíîøåíèå

(9) Φn(ρ, u) =
Γ(n+ ρ/2)

Γ(ρ/2)
(1− u)−nQn(ρ, u),

ãäå

Qn(ρ, u) =
n−1∑
k=0

(−1)k

k + ρ/2

(
n− 1

k

)
uk.

Ïîëîæèì

λn(ρ) := min{ |u| : Qn(ρ, u) = 0 }.
Â ðàáîòå [7] áûëî äîêàçàíî, ÷òî ïðè âñåõ 1 ≤ p <∞ äëÿ 1 ≤ n ≤ 5
λn(p) > 1, à ïðè ëþáîì n ≥ 6 ñóùåñòâóþò p ≥ 1, äëÿ êîòîðûõ
λn(p) < 1. Îáîçíà÷èì ÷åðåç

∆nk(p) :=

{
z ∈ B :

|z′′k |2

λ2
n(p)

+ |z′k|2 < 1

}
, ∆nk(∞) := B.

Î÷åâèäíî, ÷òî ïðè λn(p) ≥ 1 ∆nk(p) = B. Â ÷àñòíîñòè, ïðè âñåõ
1 ≤ p ≤ ∞ è 1 ≤ n ≤ 5 ∆nk(p) = B.

Òåîðåìà 2. Ïóñòü 1 ≤ p ≤ ∞ è A = Ak := { z ∈ B : zn−k+1 = . . . =
zn = 0 }, 1 ≤ k ≤ n. Äëÿ âñåõ a ∈ ∆nk(rp) ìåòîä

f(a) ≈


χ(2−p)/p(a)

r−1∑
j=0

1

j!
dj
(
χ(p−2)/p(z)f(z)

)∣∣z=a′k , 1 ≤ p <∞,

(1− |a|2)
r−1∑
j=0

1

j!
dj
(

f(z)

1− 〈z, a〉

)∣∣z=a′k , p =∞,
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ãäå dz = a′′k, à

χ(z) :=
Φn(rp, sk(z, a))

(n− 1)!(1− 〈z, a′k〉)n+rp/2
,

ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå BHp

ïî èíôîðìàöèè IrAk . Äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâ-

ëåíèÿ èìååò ìåñòî ðàâåíñòâî

e(a, IrAk , BHp) =


χ1/p(a)|a′′k|r, 1 ≤ p <∞,(

|a′′k|√
1− |a′k|2

)r
, p =∞.

Ïðè a ∈ ∆nk(rp) \ Ak ýêñòðåìàëüíàÿ ôóíêöèÿ èìååò âèä

g0(z) =


χ−1/p(a)|a′′k|−rχ2/p(z)〈z, a′′k〉r, 1 ≤ p <∞,(√

1− |a′k|2
|a′′k|

〈z, a′′k〉
1− 〈z, a′k〉

)r
, p =∞.

Äîêàçàòåëüñòâî. Äëÿ a ∈ Ak óòâåðæäåíèå òåîðåìû ëåãêî ïðîâå-
ðÿåòñÿ. Áóäåì ñ÷èòàòü, ÷òî |a′′k| 6= 0. Ïóñòü 1 ≤ p <∞. Ïîñêîëüêó

(10) sup
z∈B
|sk(z, w)| = |a′′k|√

1− |a′k|2
,

òî ïðè a ∈ ∆nk(rp) ïîëèíîì Qn(rp, sk(z, a)) íå îáðàùàåòñÿ â íóëü
ïðè w ∈ B. Òåì ñàìûì èç ðàâåíñòâà (9) ñëåäóåò, ÷òî χ � îáðàòèìàÿ
ôóíêöèÿ èç H∞, à ñëåäîâàòåëüíî, χs(z) ∈ H∞ äëÿ ëþáîãî s ∈ R.
Ïîëîæèì

g(z) := χ2/p(z)〈z, a′′k〉r, γ := χ(2−p)/p(a)|a′′k|r(p−2).

Èìååì

g(z)|g(z)|p−2 = χ(z)χ(p−2)/p(z)〈a′′k, z〉r|〈a′′k, z〉|r(p−2)

= Krk(a, z)χ
(p−2)/p(z)|〈a′′k, z〉|r(p−2).

Ñëåäîâàòåëüíî, ó÷èòûâàÿ ïðåäëîæåíèå 2 è òî, ÷òî χ(p−2)/pf ∈ Hp,
ïîëó÷àåì äëÿ ëþáîé ôóíêöèè f ∈ Hp

(11) γ

∫
S

g(z)|g(z)|p−2f(z) dσ(z)

= χ(2−p)/p(a)

∫
S

Krk(a, z)χ
(p−2)/p(z)f(z)|Pa′′kz|

r(p−2) dσ(z)

= f(a)− χ(2−p)/p(a)
r−1∑
j=0

1

j!
dj
(
χ(p−2)/p(z)f(z)

)∣∣z=a′k ,
ãäå dz = a′′k. Î÷åâèäíî, ÷òî ïðè âñåõ w ∈ Ak (Dαg)(w) = 0,
|α| = 0, . . . , r−1. Òàêèì îáðàçîì, óñëîâèÿ òåîðåìû 1 ïðè 1 ≤ p <∞
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âûïîëíåíû. Îñòàåòñÿ ëèøü íàéòè ‖g‖Hp . Ïîëîæèâ â (11) f=g, ïî-
ëó÷èì

γ‖g‖pHp = g(a).

Îòñþäà

‖g‖Hp = χ1/p(a)|a′′k|r.

Ðàññìîòðèì òåïåðü ñëó÷àé p =∞, êîòîðûé ñâåäåì ê îäíîìåðíîé
çàäà÷å âîññòàíîâëåíèÿ. Ïóñòü f ∈ H∞ è b ∈ B. Ïîëîæèì ϕ(u) :=

f(b1, . . . , bn−1,
√

1− |b′1|2u). Î÷åâèäíî ϕ ∈ BH∞(B1). Èç ðàáîòû [8]
(ñì. òàêæå [11], ãäå ðåøåíà áîëåå îáùàÿ çàäà÷à âîññòàíîâëåíèÿ â
îäíîìåðíîì ñëó÷àå) ïîëó÷àåì ïðè âñåõ |ξ| < 1∣∣∣∣ϕ(ξ)−

r−1∑
j=0

cjϕ
(j)(0)

∣∣∣∣ ≤ |ξ|r,
ãäå

cj =
ξr(1− |ξ|2)

j!(r − j − 1)!

[
1

(1− ξu)(ξ − u)

](r−j−1)∣∣u=0

.

Èìååì

r−1∑
j=0

cjϕ
(j)(0) =

ξr(1− |ξ|2)

(r − 1)!

[
ϕ(u)

(1− ξu)(ξ − u)

](r−1)∣∣u=0

= (1− |ξ|2)
r−1∑
j=0

ξj

j!

(
ϕ(u)

1− ξu

)(j)∣∣u=0

.

Ñäåëàâ çàìåíó v =
√

1− |b′1|2u, äëÿ ξ = bn(1− |b′1|2)−1/2 ïîëó÷àåì

r−1∑
j=0

cjϕ
(j)(0) = (1− |b|2)

r−1∑
j=0

bjn
j!
Dj
n

(
f(z)

1− 〈z, b〉

)∣∣z=b′1
= (1− |b|2)

r−1∑
j=0

1

j!
dj
(

f(z)

1− 〈z, b〉

)∣∣z=b′1 ,
ãäå dz = b′′n. Òàêèì îáðàçîì, äëÿ âñåõ b ∈ B èìååì∣∣∣∣f(b)− (1− |b|2)

r−1∑
j=0

1

j!
dj
(

f(z)

1− 〈z, b〉

)∣∣z=b′1
∣∣∣∣ ≤

(
|b′′k|√

1− |b′k|2

)r
.

Ïðåäïîëîæèì, ÷òî a ∈ B \ Ak. Ðàññìîòðèì ìàòðèöó U âèäà (8), â
êîòîðîé C � óíèòàðíàÿ ìàòðèöà ïîðÿäêà k, ïåðåâîäÿùàÿ âåêòîð
(an−k+1, . . . , an) â âåêòîð (0, . . . , 0, |a′′k|). Òîãäà, ïîëîæèâ b = Ua, äëÿ
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ôóíêöèè f(U−1z) áóäåì èìåòü∣∣∣∣f(a)− (1− |Ua|2)
r−1∑
j=0

1

j!
dj
(

f(U−1z)

1− 〈z, Ua〉

)∣∣z=(Ua)′1

∣∣∣∣
=

∣∣∣∣f(a)− (1− |a|2)
r−1∑
j=0

1

j!
dj
(

f(w)

1− 〈w, a〉

)∣∣w=a′k

∣∣∣∣ ≤
(

|a′′k|√
1− |a′k|2

)r
,

ãäå dz = a′′k. Òåì ñàìûì

e(a, IrAk , BH∞) =

(
|a′′k|√

1− |a′k|2

)r
.

Ñ äðóãîé ñòîðîíû, â ñèëó (10) ôóíêöèÿ

g0(z) =

(√
1− |a′k|2
|a′′k|

〈z, a′′k〉
1− 〈z, a′k〉

)r
ïðèíàäëåæèò êëàññó BH∞ è ïðè âñåõ w ∈ Ak (Dαg0)(w) = 0,
|α| = 0, . . . , r − 1. Ñëåäîâàòåëüíî, èç ðàâåíñòâà (2) âûòåêàåò, ÷òî

e(a, IrAk , BH∞) = sup
f∈BH∞
IrAk

f=0

|f(a)| ≥ |g0(a)| =

(
|a′′k|√

1− |a′k|2

)r
.

Òåîðåìà äîêàçàíà. �

Ïîñêîëüêó âåëè÷èíà e(a, IrAk , BHp) ñîâïàäàåò ñ ðåøåíèåì ýêñòðå-
ìàëüíîé çàäà÷è

sup
f∈BHp
IrAk

f=0

|f(a)|

(ñì. (2)), òî ïðè k = n è An = {0} ìû ïîëó÷àåì ñëåäóþùåå îáîá-
ùåíèå ëåììû Øâàðöà.

Ñëåäñòâèå 1. Ïðè âñåõ 1 ≤ p < ∞ äëÿ a ∈ B òàêèõ, ÷òî |a| <
λn(rp), èìååò ìåñòî ðàâåíñòâî

(12) sup
f∈BHp

(Dαf)(0)=0, |α|≤r−1

|f(a)|

=
|a|r

(1− |a|2)n/p

[
Γ(n+ rp/2)

Γ(n)Γ(rp/2)

n−1∑
k=0

(−1)k

k + rp/2

(
n− 1

k

)
|a|2k

]1/p

.

Ñëó÷àé p =∞ áåçóñëîâíî òàêæå âûòåêàåò èç òåîðåìû 2, íî ìàëî
èíòåðåñåí, òàê êàê íå îòëè÷àåòñÿ îò îäíîìåðíîãî ñëó÷àÿ (ïðàâàÿ
÷àñòü â (12) ðàâíà |a|r).
Îòìåòèì, ÷òî ðåøåíèå ïîñòàâëåííîé çàäà÷è âîññòàíîâëåíèÿ ïî-

ëó÷åíî ïðè n ≥ 6 ëèøü â îáëàñòè ∆nk(rp) (êàê áûëî îòìå÷åíî, ïðè
1 ≤ n ≤ 5 ∆nk(rp) = B äëÿ âñåõ 1 ≤ p ≤ ∞). Äëÿ âåëè÷èíû
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λn(p), âõîäÿùåé â îïðåäåëåíèå îáëàñòè ∆nk(rp), â ðàáîòå [7] áûëà
ïîëó÷åíà îöåíêà

λn(p) ≥ p+ 2

p+ 2n
.

Òåì ñàìûì ìîæíî óêàçàòü îáëàñòü ïðîñòîãî âèäà

(13)

(
rp+ 2n

rp+ 2

)2

|a′′k|2 + |a′k|2 < 1,

êîòîðàÿ ëåæèò â ∆nk(rp). Êðîìå òîãî, èç (13) âèäíî, ÷òî äëÿ ëþáîé
òî÷êè a ∈ B ìîæíî âîñïîëüçîâàòüñÿ îïòèìàëüíûì ìåòîäîì âîñ-
ñòàíîâëåíèÿ, ïîëó÷åííûì â òåîðåìå 2, åñëè âûáðàòü r äîñòàòî÷íî
áîëüøèì.
Îñòàíîâèìñÿ íåñêîëüêî ïîäðîáíåå íà ñëó÷àå p = 2. Ïðè äîêàçà-

òåëüñòâå òåîðåìû 2 óñëîâèå a ∈ ∆nk(rp) èñïîëüçîâàëîñü äëÿ îáðà-
òèìîñòè χ, ÷òî,â ñâîþ î÷åðåäü, íåîáõîäèìî áûëî äëÿ òîãî, ÷òîáû
ôóíêöèè χ2/p è χ(p−2)/p ïðèíàäëåæàëè ïðîñòðàíñòâó H∞. Ïðè p = 2
ïîñëåäíåå óñëîâèå âûïîëíåíî ïðè âñåõ a ∈ B. Îäíàêî â ýòîì ñëó÷àå
ëåãêî ïîëó÷èòü îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ íåïîñðåäñòâåí-
íî. Îñòàíîâèìñÿ íà çàäà÷å îïòèìàëüíîãî âîññòàíîâëåíèÿ çíà÷åíèÿ
f ∈ BH2 â òî÷êå a ïî çíà÷åíèÿì èíôîðìàöèîííîãî îïåðàòîðà

Irmf :=
{

(Dαf)(0)
}r−1

|α|=0
∪
{

(Dαjf)(0)
}m
j=1
,

ãäå |αj| = r, j = 1, . . . ,m. Äëÿ ìóëüòèèíäåêñà α = (α1, . . . , αn)
ïîëîæèì

α! := α1! . . . αn!, aα := aα1
1 . . . aαnn , a ∈ Cn.

Ïðåäëîæåíèå 3. Ïðè âñåõ a ∈ B ìåòîä

(14) f(a) ≈
∑
|α|≤r−1

1

α!
(Dαf)(0)aα +

m∑
j=1

1

αj!
(Dαjf)(0)aα

j

ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå BH2

ïî èíôîðìàöèè Irm. Äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâ-

ëåíèÿ èìååò ìåñòî ðàâåíñòâî

(15) e(a, Irm, BH2)

=

(
1

(1− |a|2)n
−

r−1∑
j=0

(n+ j − 1)!

(n− 1)!j!
|a|2j −

m∑
j=1

(n+ r − 1)!

(n− 1)!αj!
|a2αj |

)1/2

.
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Äîêàçàòåëüñòâî. Ïîëîæèì

krm(z, a) := (1− 〈z, a〉)−n −
r−1∑
|α|=0

(n+ |α| − 1)!

(n− 1)!α!
zαaα

−
m∑
j=1

(n+ r − 1)!

(n− 1)!αj!
zα

j

aα
j

.

Ïðè ëþáîì a ∈ B krm ∈ H2. Â ñèëó âîñïðîèçâîäÿùåãî ñâîéñòâà
ÿäðà Êîøè, åãî ðàçëîæåíèÿ

(16) (1− 〈z, a〉)−n =
∞∑
|α|=0

(n+ |α| − 1)!

(n− 1)!α!
zαaα

è îðòîãîíàëüíîñòè ìîíîìîâ∫
S

zαzβ dσ(z) =

0, α 6= β,
(n− 1)!α!

(n+ |α| − 1)!
, α = β

(ñì. [6, ñòð. 25], [12, ñòð. 557]), ïîëó÷àåì

(17)

∫
S

krm(z, a)f(z) dσ(z) = f(a)−
∑
|α|≤r−1

1

α!
(Dαf)(0)aα

−
m∑
j=1

1

αj!
(Dαjf)(0)aα

j

.

Èç ðàçëîæåíèÿ (16) âèäíî, ÷òî äëÿ g(z) := krm(z, a) âûïîëíåíû
ðàâåíñòâà

Dαg∣∣z=0
= 0, |α| = 1, . . . , r − 1, α = αj, j = 1, . . . ,m.

Òàêèì îáðàçîì, ôóíêöèÿ g(z) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1
ïðè p = 2. Ñëåäîâàòåëüíî, ðàññìàòðèâàåìûé ìåòîä âîññòàíîâëåíèÿ
îïòèìàëåí, à

e(a, Irm, BH2) = g(a)‖g‖−1
H2
.

Ïîäñòàâëÿÿ â (17) f = g, ïîëó÷àåì

g(a) = ‖g‖2
H2
.

Òåì ñàìûì

e(a, Irm, BH2) =
√
g(a).

Äëÿ òîãî ÷òîáû ïîëó÷èòü ôîðìóëó (15), îñòàåòñÿ çàìåòèòü, ÷òî∑
|α|=j

j!

α!
|a2α| = |a|2j.

Ïðåäëîæåíèå äîêàçàíî. �
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Ñëåäóÿ Ðóäèíó [6, ñòð. 41] áóäåì íàçûâàòü àôôèííûì ïîäìíî-
æåñòâîì B ïåðåñå÷åíèå ïðîèçâîëüíîãî àôôèííîãî ïîäìíîæåñòâà
èç Cn ñ øàðîì B. Ðàññìîòðèì â êà÷åñòâå ìíîæåñòâà A ïðîèçâîëü-
íîå àôôèííîå ïîäìíîæåñòâî B. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî
ñ÷èòàòü, ÷òî A èìååò âèä

(18) A = { z ∈ B : zn−k+1 = cn−k+1, . . . , zn = cn },

ãäå c = (0, . . . , 0, cn−k+1, . . . , cn) ∈ B, 1 ≤ k ≤ n, òàê êàê ëþáîå
àôôèííîå ïîäìíîæåñòâî B ñ ïîìîùüþ óíèòàðíîãî ïðåîáðàçîâàíèÿ
ìîæåò áûòü ïåðåâåäåíî â ìíîæåñòâî âèäà (18).
Ïîëîæèì

ϕc(z) :=
c− Pcz −

√
1− |c|2(z − Pcz)

1− 〈z, c〉
.

Îòîáðàæåíèå ϕc ÿâëÿåòñÿ àâòîìîðôèçìîì øàðà ([6, ñòð. 34]). Ïî-
ëîæèì

∆nk(p, c) := ϕc(∆nk(p)).

Òåîðåìà 3. Ïóñòü 1 ≤ p ≤ ∞ è A îïðåäåëåíî ðàâåíñòâîì (18).
Òîãäà äëÿ âñåõ a ∈ ∆nk(rp, c) ìåòîä

f(a) ≈



(
1− |c|2

1− 〈a, c〉

)2n/p

χ
(2−p)/p
c (ac)

×
r−1∑
j=0

1

j!
dj

[
χ

(p−2)/p
c (z)f(ϕc(z))

(1− 〈z, c〉)2n/p

]
∣∣z=(ac)′k

, 1 ≤ p <∞,

(1− |ac|2)
r−1∑
j=0

1

j!
dj
[

f(ϕc(z))

(1− 〈z, ac〉)

]∣∣z=(ac)′k

, p =∞,

ãäå ac = ϕc(a), dz = (ac)
′′
k, à

χc(z) :=
Φn(rp, sk(z, ac))

(n− 1)!(1− 〈z, (ac)′k〉)n+rp/2
,

ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå BHp

ïî èíôîðìàöèè IrA. Äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëå-

íèÿ èìååò ìåñòî ðàâåíñòâî

e(a, IrA, BHp) =


(1− |c|2)n/p

|1− 〈a, c〉|2n/p
χ1/p(ac)|(ac)′′k|r, 1 ≤ p <∞,(

|(ac)′′k|√
1− |(ac)′k|2

)r
, p =∞.
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Ïðè a ∈ ∆nk(rp, c) \ A ýêñòðåìàëüíàÿ ôóíêöèÿ èìååò âèä

g0(z) =


(1− |c|2)n/p

(1− 〈a, c〉)2n/p

χ
2/p
c (ϕc(z))〈ϕc(z), (ac)

′′
k〉r

χ
1/p
c (ac)|(ac)′′k|r

, 1 ≤ p <∞,(√
1− |(ac)′k|2
|(ac)′′k|

〈ϕc(z), (ac)
′′
k〉

1− 〈ϕc(z), (ac)′k〉

)r
, p =∞.

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî îòìåòèì ðÿä ñâîéñòâ àâòîìîðôèç-
ìà ϕc, êîòîðûå íàì ïîòðåáóþòñÿ (ñì. [6, ñòð. 34, 161]). Èìåþò ìåñòî
ñëåäóþùèå ðàâåíñòâà

ϕc(ϕc(z)) = z, z ∈ B,(19)

1− 〈ϕc(z), ϕc(w)〉 =
(1− |c|2)(1− 〈z, w〉)

(1− 〈z, c〉)(1− 〈c, w〉)
, z, w ∈ B.(20)

Îïåðàòîð

(Tf)(z) :=
(1− |c|2)n/p

(1− 〈z, c〉)2n/p
f(ϕc(z))

ÿâëÿåòñÿ èçîìåòðèåé ïðîñòðàíñòâà Hp, ò.å. ïðè âñåõ f ∈ Hp

‖Tf‖Hp = ‖f‖Hp .
Ïóñòü 1 ≤ p <∞. Â ñèëó (19) èìååì

ac = ϕc(a) ∈ ϕc(∆nk(rp, c)) = ∆nk(rp).

Ðàññìîòðèì ïðîèçâîëüíóþ ôóíêöèþ f ∈ BHp. Òîãäà g := Tf ∈
BHp. Èç òåîðåìû 2 ïîëó÷àåì
(21)∣∣∣g(ac)−χ(2−p)/p

c (ac)
r−1∑
j=0

1

j!
dj
(
χ(p−2)/p
c (z)g(z)

)∣∣z=(ac)′k

∣∣∣ ≤ e(ac, I
r
Ak
, BHp)

(çäåñü è äàëåå dz = (ac)
′′
k). Èç (19) è (20)

g(ac) =
(1− |c|2)n/p

(1− 〈ac, c〉)2n/p
f(a) =

(1− |c|2)n/p

(1− 〈ϕc(a), ϕc(0)〉)2n/p
f(a)

=
(1− 〈a, c〉)2n/p

(1− |c|2)n/p
f(a).

Òàêèì îáðàçîì, óìíîæàÿ îáå ÷àñòè íåðàâåíñòâà (21) íà

(1− |c|2)n/p

|1− 〈a, c〉|2n/p
,
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áóäåì èìåòü∣∣∣∣f(a)−
(

1− |c|2

1− 〈a, c〉

)2n/p

χ(2−p)/p
c (ac)

×
r−1∑
j=0

1

j!
dj

[
χ

(p−2)/p
c (z)f(ϕc(z))

(1− 〈z, c〉)2n/p

]
∣∣z=(ac)′k

∣∣∣∣
≤ (1− |c|2)n/p

|1− 〈a, c〉|2n/p
e(ac, I

r
Ak
, BHp).

Íåòðóäíî óáåäèòüñÿ, ÷òî ϕc(A) = Ak, à ñëåäîâàòåëüíî, ϕc(Ak) = A.
Â ñèëó ïðîèçâîëüíîñòè ôóíêöèè f ïîëó÷àåì

e(a, IrA, BHp) ≤
(1− |c|2)n/p

|1− 〈a, c〉|2n/p
e(ac, I

r
Ak
, BHp).

Ðàññìîòðèì ôóíêöèþ

f0(z) = χ−1/p
c (ac)|(ac)′′k|−rχ2/p

c (z)〈z, (ac)′′k〉r,

ÿâëÿþùóþñÿ ýêñòðåìàëüíîé â çàäà÷å îá îïòèìàëüíîì âîññòàíîâ-
ëåíèè â òî÷êå ac ïî èíôîðìàöèè IrAk . Ïîëîæèì g0 := Tf0. Òîãäà
g0 ∈ BHp, I

r
Ag0 = 0, è, ñëåäîâàòåëüíî,

e(a, IrA, BHp) ≥ |g0(a)| = (1− |c|2)n/p

|1− 〈a, c〉|2n/p
e(ac, I

r
Ak
, BHp).

Ïðè p =∞ äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî òîé æå ñõåìå. Òåîðåìà
äîêàçàíà. �

4. Îïòèìàëüíîå âîññòàíîâëåíèå â ïðîñòðàíñòâàõ
Áåðãìàíà

Ðàññìîòðèì òåïåðü àíàëîãè÷íóþ çàäà÷ó âîññòàíîâëåíèÿ â ïðî-
ñòðàíñòâàõ Áåðãìàíà, à èìåííî, çàäà÷ó îïòèìàëüíîãî âîññòàíîâ-
ëåíèÿ çíà÷åíèÿ ôóíêöèè f ∈ BAp, 1 ≤ p < ∞, â òî÷êå a ∈ B
ïî èíôîðìàöèè IrA, ãäå A îïðåäåëåíî ðàâåíñòâîì (18) äëÿ c =
(0, . . . , 0, cn−k+1, . . . , cn) ∈ B, 1 ≤ k ≤ n. Ìû îãðàíè÷èâàåìñÿ ñëó÷à-
åì 1 ≤ p <∞, òàê êàê A∞ = H∞.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

∆̃nk(p) :=

{
z ∈ B :

|z′′k |2

λ2
n+1(p)

+ |z′k|2 < 1

}
,

∆̃nk(p, c) := ϕc(∆̃nk(p)).
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Òåîðåìà 4. Ïóñòü 1 ≤ p <∞. Òîãäà ïðè âñåõ a ∈ ∆̃nk(rp, c) ìåòîä

f(a) ≈
(

1− |c|2

1− 〈a, c〉

)2(n+1)/p

χ̃(2−p)/p
c (ac)

×
r−1∑
j=0

1

j!
dj

[
χ̃

(p−2)/p
c (z)f(ϕc(z))

(1− 〈z, c〉)2(n+1)/p

]
∣∣z=(ac)′k

,

ãäå ac = ϕc(a), dz = (ac)
′′
k, à

χ̃c(z) :=
Φn+1(rp, sk(z, ac))

n!(1− 〈z, (ac)′k〉)n+1+rp/2
,

ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå BAp
ïî èíôîðìàöèè IrA. Äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëå-

íèÿ èìååò ìåñòî ðàâåíñòâî

e(a, IrA, BAp) =
(1− |c|2)(n+1)/p

|1− 〈a, c〉|2(n+1)/p
χ̃1/p
c (ac)|(ac)′′k|r.

Ïðè a ∈ ∆̃nk(rp, c) \ A ýêñòðåìàëüíàÿ ôóíêöèÿ èìååò âèä

(22) g0(z) =
(1− |c|2)(n+1)/p

(1− 〈z, c〉)2(n+1)/p

χ̃
2/p
c (ϕc(z))〈ϕc(z), (ac)

′′
k〉r

χ̃
1/p
c (ac)|(ac)′′k|r

.

Äîêàçàòåëüñòâî. Îïðåäåëèì îïåðàòîð ïðîäîëæåíèÿ E ðàâåíñòâîì

(Eg)(z0, z) := g(z),

ãäå z ∈ Bn, à (z0, z) ∈ Bn+1. Èçâåñòíî ([6, ñòð. 135]), ÷òî E � ëè-
íåéíàÿ èçîìåòðèÿ ïðîñòðàíñòâà Ap(Bn) â Hp(Bn+1), ò.å. ïðè âñåõ
g ∈ Ap(Bn) Eg ∈ Hp(Bn+1) è ‖g‖Ap(Bn) = ‖Eg‖Hp(Bn+1). ×åðåç
e : Cn → Cn+1 áóäåì îáîçíà÷àòü ïðîäîëæåíèå, îïðåäåëåííîå ðà-
âåíñòâîì ez := (0, z). Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâ-
ëåíèÿ çíà÷åíèÿ ôóíêöèè èç BHp(Bn+1) â òî÷êå ea ïî èíôîðìàöèè
IreA. Èç ëåãêî ïðîâåðÿåìûõ ñîîòíîøåíèé

e(ϕc(z)) = ϕec(ez), e(∆̃nk(p)) ⊂ ∆̃n+1,k(p)

è òîãî, ÷òî a ∈ ∆̃nk(rp, c), èìååì

ea ∈ e(∆̃nk(rp, c)) = e
(
ϕc(∆̃nk(rp))

)
= ϕec

(
e(∆̃nk(rp))

)
⊂ ϕec(∆n+1,k(rp)) = ∆n+1,k(rp, ec).

Ïóñòü g � ïðîèçâîëüíàÿ ôóíêöèÿ èç BAp(Bn). Òîãäà Eg ∈
BHp(Bn+1). Ïðèìåíÿÿ òåîðåìó 3, ïîëó÷àåì

|(Eg)(ea)− T0I
r
eAEg| ≤ e(ea, IreA, BHp(Bn+1)),

ãäå ÷åðåç T0 îáîçíà÷åí äëÿ êðàòêîñòè ñîîòâåòñòâóþùèé ìåòîä âîñ-
ñòàíîâëåíèÿ. Â ñèëó òîãî, ÷òî äëÿ ëþáîãî ìóëüòèèíäåêñà α =
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(α0, . . . , αn), ëþáîé ôóíêöèè f ∈ Ap(Bn) è z ∈ Bn

Dα(Ef)∣∣ez = Dαf∣∣z,
ïîñëåäíåå íåðàâåíñòâî ìîæíî çàïèñàòü â âèäå∣∣∣∣f(a)−

(
1− |c|2

1− 〈a, c〉

)2(n+1)/p

χ̃(2−p)/p
c (ac)

×
r−1∑
j=0

1

j!
dj

[
χ̃

(p−2)/p
c (z)f(ϕc(z))

(1− 〈z, c〉)2(n+1)/p

]
∣∣z=(ac)′k

∣∣∣∣
≤ (1− |c|2)(n+1)/p

|1− 〈a, c〉|2(n+1)/p
χ̃1/p
c (ac)|(ac)′′k|r,

ãäå dz = (ac)
′′
k. Òàêèì îáðàçîì,

e(a, IrA, BAp) ≤
(1− |c|2)(n+1)/p

|1− 〈a, c〉|2(n+1)/p
χ̃1/p(ac)|(ac)′′k|r.

Ñ äðóãîé ñòîðîíû, ôóíêöèÿ Eg0 äëÿ g0, îïðåäåëåííîé ðàâåí-
ñòâîì (22), ñîâïàäàåò ñ ýêñòðåìàëüíîé ôóíêöèåé â çàäà÷å îïòè-
ìàëüíîãî âîññòàíîâëåíèÿ â òî÷êå ea íà êëàññå BHp(Bn+1) ïî èí-
ôîðìàöèè IreA. Ñëåäîâàòåëüíî, ‖g0‖Ap(Bn) = ‖Eg0‖Hp(Bn+1) = 1. Êðî-
ìå òîãî, IrAg0 = 0. Òåì ñàìûì

e(a, IrA, BAp) ≥ |g0(a)| = (1− |c|2)(n+1)/p

|1− 〈a, c〉|2(n+1)/p
χ̃1/p(ac)|(ac)′′k|r.

Òåîðåìà äîêàçàíà. �

Àíàëîãè÷íî ñëåäñòâèþ 1 ïîëó÷àåì ñëåäóþùåå îáîáùåíèå ëåììû
Øâàðöà äëÿ ïðîñòðàíñòâ Áåðãìàíà.

Ñëåäñòâèå 2. Ïðè âñåõ 1 ≤ p < ∞ äëÿ a ∈ B òàêèõ, ÷òî |a| <
λn+1(rp), èìååò ìåñòî ðàâåíñòâî

sup
f∈BAp

(Dαf)(0)=0, |α|≤r−1

|f(a)|

=
|a|r

(1− |a|2)(n+1)/p

[
Γ(n+ 1 + rp/2)

Γ(n+ 1)Γ(rp/2)

n∑
k=0

(−1)k

k + rp/2

(
n

k

)
|a|2k

]1/p

.

Ïðèâåäåì òàêæå àíàëîã ïðåäëîæåíèÿ 3.

Ïðåäëîæåíèå 4. Ïðè âñåõ a ∈ B ìåòîä (14) ÿâëÿåòñÿ îïòè-

ìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå BA2 ïî èíôîðìàöèè
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Irm. Äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ èìååò ìå-

ñòî ðàâåíñòâî

e(a, Irm, BA2)

=

(
1

(1− |a|2)n+1
−

r−1∑
j=0

(n+ j)!

n!j!
|a|2j −

m∑
j=1

(n+ r)!

n!αj!
|a2αj |

)1/2

.

Ïðè n = 1, ïîëüçóÿñü ëåãêî ïðîâåðÿåìûìè ðàâåíñòâàìè

r−1∑
j=0

1

j!
g(j)(0)uj =

ur

(r − 1)!

(
g(z)

u− z

)(r−1)∣∣z=0

,

F (r−1)(0) = (−1)r−1(1− |c|2)

[
(1− ct)r−2F

(
c− t
1− ct

)](r−1)∣∣t=c ,
ñïðàâåäëèâûìè äëÿ ëþáûõ ôóíêöèé g è F , ãîëîìîðôíûõ â îêðåñò-
íîñòè íóëÿ, èç òåîðåìû 4 ìîæíî ïîëó÷èòü

Ñëåäñòâèå 3. Ïóñòü 1 ≤ p < ∞, Irc f := {f(c), . . . , f (r−1)(c)}, c ∈
B1. Ïðè âñåõ a ∈ B1 ìåòîä

f(a) ≈ (a− c)r(1− |a|2)2−4/p

(1− ca)r+1ω(p−2)/p(a)

1

(r − 1)!

×
[

(1− ct)r+1ω(p−2)/p(t)f(t)

(t− a)(1− at)2−4/p

](r−1)∣∣t=c ,
ãäå

ω(t) := 1 +
rp

2

(
1− c− a

1− ca
c− t
1− ct

)
,

ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íà êëàññå

BAp(B1) ïî èíôîðìàöèè Irc . Äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîñ-

ñòàíîâëåíèÿ èìååò ìåñòî ðàâåíñòâî

e(a, Irc , BAp(B1)) =
∣∣∣ c− a
1− ca

∣∣∣r ω1/p(a)

(1− |a|2)2/p
.

Óòâåðæäåíèå ñëåäñòâèÿ 3 äðóãèì ñïîñîáîì (îñòàâàÿñü â ðàìêàõ
îäíîìåðíîãî ñëó÷àÿ) áûëî äîêàçàíî â ðàáîòå [8].
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