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Abstract: This article is concerned with the recovery of the operators given noisy information in the
case that their norms are defined by integrals over infinite intervals. We study the conditions under
which the dual extremal problem (often nonconvex) can be solved using the minimality condition for
the Lagrange function.
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Introduction
Take a linear space X, normed linear spaces Yp,Y1,...,Y,,, and linear operators I; : X — Y for
J=0,1,...,m. Fix an integer k£ with 0 < k£ < m and real numbers §; > 0 for j = 1,...,m. Consider the
optimal recovery problem for the operator Iy : X — Y{ on the set
W={zeX:|Lz|y, <d;, j=1,...,k} (1)
from the values of Ij,1,...,I, known with some error; for k = 0 we put W = X. Assume that for
each x € W we know a vector ¥ = (Yr41,--->Ym) € Yry1 X --- X Yp, such that [[I;z — y;|ly, < d; for
j=k+1,...,m. Given y, we seek the element of Yy closest in the metric of this space to Iyx.

Let us proceed to a more precise statement of the problem. Each method that for a given vector y
indicates an approximation to the element Ipz amounts to a mapping from Y31 X --- X Y,, into Y. We
consider all possible methods or, in other words, all possible mappings ¢ : Yi11 X --- x Y, — Yp. For
each mapping ¢ of this sort define its recovery error as

e(1,6,¢) = sup oz — ()0,
zeW, y€Yp 1 X XY
||ijl7—yj||yj <dj, j=k+1,...m

where I = (Ip, Iy ...,In) and § = (d1,...,0m). We have to find the error of optimal recovery defined as
E(I7 5) = inf 6(I7 57 90)7 (2)

@Y1 X XY —Yp
as well as the methods, if they exist, on which this infimum is attained; these methods are called optimal.
Actually, instead the operator Iy itself, which is given, we recover its values at the elements of W
from noisy information about them. However, this problem is traditionally called the recovery problem
for the operator I.
In the simplest case, when Iy, Ix11,..., I, are linear functionals, while W, in contrast to (1), is
an arbitrary set in X and 041 = -+ = §,, = 0, this problem was posed by Smolyak [1]. He proved that

The authors were supported by the Ministry for Education and Science of Russia (Grants 02.203.21.0008 and
1.962.2017) and the Russian Foundation for Basic Research (Grants 17-51-52022 and 17-01-00649). Lemma 2
and Theorem 2 were obtained by the first author with the support of the Russian Science Foundation (Grant
17-11-01168).

Moscow. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 59, No. 1, pp. 77-77, January—February, 2018;
DOI:10.17377/smzh.2018.59.101. Original article submitted March 12, 2017.

0037-4466/18/5901-0001 (c) 2018 Springer Science4Business Media, Inc. 1



for every centrally symmetric convex set W there exists a linear optimal recovery method. Many articles
generalize this statement; see [2-8], as well as the references therein.

In [9], a general result pertaining to the existence of a linear optimal method in the case that m = 2,
while Yy, Y7, and Y5 are Hilbert spaces, was justified, and first concrete results on the recovery of linear
operators were obtained. This topic was further advanced in [10-12].

Basing on the second-order necessary conditions for extremum for abnormal problems, [13, 14] devel-
oped a method, whose use in this article enables us to obtain a series of results on the optimal recovery
of linear operators.

1. The Dual Problem and Lagrangian Minimality Condition

Refer as the dual problem to (2) to the extremal problem
[Hoz|y, = max, |[Lzlly, <d;, j=1,...,m, z€X. (3)

The objective value of this problem yields a lower bound for FE(I,§) due to the following well-known
proposition; see [10, Lemma 1] for instance.

Lemma 1. We have
E(1,0) > sup Loz |lv, -
zeX
Assume that Yy, Y7,...,Y,, are Hilbert spaces with inner products (-, '>yj for j =0,1,...,m. Then
it is convenient to pass to the squared objective value of (3) and consider the problem
HonH%/O — makx, HI]xH% < 5]2, j=1...,m, zelX. (4)
Problem (4) is equivalent to the following:
QO(:B)—>min7 q](:B) §5]2’ jzla"'ama QS‘GX, (5)
where the quadratic forms g; are defined as
qo(z) = —(loz, Iow)y,, qj(w) = (Ljz, [jw)y;, j=1,...,m. (6)
We are interested in the question in which cases in the quadratic problem (5) the Lagrangian mini-

mality condition is satisfied, understood in the following strong sense.
Given real functions f; : X — R for j = 0,1,...,m, say that in the extremal problem

fo(x) = min, f;(z) <0, j=1,...,m, (7)
the Lagrangian minimality condition is satisfied whenever there exist Lagrange multipliers ¥ > 0 for

j=1,...,m for which

inf L(z, \) = inf fo(z).
zeX cex
fi(2)<0, j=1,...m

Here L is the Lagrange function defined as
L(z,X) = folz) + Y N fi(x), A=A, Am).
j=1

The Lagrangian minimality condition need not always hold. We study (5), which is a particular
case of the general problem (7), but even in it the condition can be violated. Problem (5) yields the
corresponding example for m = 3, X = R?, 2 = (z1,22) € R?, 0; =1, and

Qo(z) = — (27 +73), @)= (21+212)%, =)= (21— 222)*, gs(x) = 9aT.

Consider (5) with the quadratic forms g; of a more general form than those considered above. Namely,

assume that g; are of the form

QJ(*T): (Q]$7‘7:>7 .]:077m7 (8)
where Q; : X — X™ are prescribed linear operators.
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Proposition 1. Suppose that the objective value of (5) is finite and the Lagrangian minimality
condition holds, i.e., there exist A > 0 for j = 1,...,m, such that
inf L(z,\) = inf ql(z), A=\, ..., \™), 9)
zeX zeX

where the Lagrange function L is defined as

L(z,)) = qo(z ZAJ gi(x) - 63).

Then .
inf qo(z) z—ZAJE? ——manM52 p=(ut, ..., 1", (10)
cX :
where A consists of those Lagrange multipliers j for which p/ > 0 for j = 1,...,m and the quadratic
form qo + plqi + - -+ + p™qy, is nonnegative definite. Moreover, we have
inf qo(x) = inf qo(x). (11)
:%eX zeX
qj(l')géj, Jj=1,...m Z )\]q](:E <E )\]52

PROOF. Since the objective value of (5) is finite, it follows that
m .
z)+ Y Ngj(z) >0 (12)
j=1

for all x € X. Consequently,

m

1nf L(z,)\) Z 35?-.
Take ¢ € A and an admissible z € X in (5). Then
go(z) > L(z, ) Z/Mz

Taking the lower bound over all admissible elements, we obtain

—Z)\jég = inf qo(z) > —Zujég.
j=1 j=1

zeX
qj(2)<67, j=1,..,m

This implies the second equality in (10).
Let us establish (11). Suppose that z € X and

i Mgj(z) < i >\j5]2».
j=1

Then (12) yields



Consequently,

m
inf qo(x) > = N57.
zeX st
> Ngj(@)< Y A 62
j=1 =
On the other hand,
m
inf qo(z) < inf qwl(z)=—> V&2 O
m rzeX m 332€X JZI
Y Mg ()<Y N8 g;(®)<62, j=1,...m
j:1 j:l

On assuming that X is a Hilbert space, we present a condition that ensures the fulfillment of the above
minimality conditions for the Lagrange function for the quadratic problem (5), in which the quadratic
forms g¢; are of the form (8), where @; : X — X are prescribed symmetric linear operators. Observe
that the quadratic forms g; are continuous because the symmetric operators @); are continuous by the
Hellinger—Toeplitz Theorem.

Put

K:{X:(AO,...,)\’”):VZO, j=0,...,m, Z)@zl}.
7=0

Recall that the index of a quadratic form, denoted by ind, is the maximal dimension of the linear
subspace on which this form is negative definite. This index can also take the infinite value.

Following [14], say that a system of quadratic forms ¢; for j = 0,1,...,m, satisfies condition <
whenever for all A € A the quadratic form defined by the relation

Ngo(x) + -+ + XN"q(x), =€ X,
is either nonnegative definite or has index greater than m.

Theorem 1. If X is a Hilbert space, the infimum in (5) is finite, and condition </ holds, then the
Lagrangian minimality condition is fulfilled for this problem.

Proor. We will follow [14]. Put

D:{a:eX:qj(:p)géf-, jzl,...,m}, K:Iiglf)qo(x).

The nonempty set D is closed since g; is continuous. Hence, D, equipped with the metric induced from
the complete space X, is itself a complete metric space. Therefore, we can apply to (5) the smooth
variational principle of Ioffe and Tikhomirov, Theorem 1 of [15]; see also Theorem 2.6.5 in [16]. Take
some € > 0. Use Theorem 1 of [15], taking

2

A= %a ap = \3/52—(714-1)’ IBn = 2—(3n+2)’ Soa:,a(g) =1- ‘g;x

Take some w € D with go(w) < Kk + e. By the same theorem there exist a nonnegative sequence {6, }
and a sequence {z,} C D, depending on &, converging to some point z, € D, such that

6)n < 2—n7 ‘xn - 'w‘ < \3/57 QO(:rn) < q0(w)7 (13)
for all n, while the function

foe(@) = qo(@) + V2 _ Onlan —

n=1



on D reaches its minimum at z,. Observe that, furthermore, in terms of Theorem 1 of [15] we take
0, = V202,
To the problem with inequalities

foe(xz) = min, g¢;(z) — 5]2 <0, j=1,...,m,

at z, apply the second-order necessary conditions of Theorem 2.1 of [17]. By this theorem, there exist
Lagrange multipliers A\, = ()\2, . ,)\2”) € A satisfying Lagrange’s equation

0%, <
*9 )‘E =Y 14
= (20 A) = 0 (14
the complementary slackness conditions
)xg(qj(as*) — 5?) =0, 7=1,...,m, (15)
and the second-order conditions
(L
ind 57 (s Ae) | <m. (16)
Here .
Ze(x,3) = X foe() + Y N(g(z) - 6).
j=1

By construction, we can express fo. as a converging series of quadratic forms. Moreover, both this
series and the series of derivatives converge uniformly on every bounded set, while ¢; are quadratic forms.
This yields

<f(l),5(33)a$> :2f076($)7 <(];(-17),33> :2%(:17)7 J=0,...,m.

Therefore, multiplying (14) by x, and accounting for the complementary nonstiffness conditions (15), we

obtain
m

o0
A (qo(as*) + \3/52 0|y —3:*|2> = —ZA@&?. (17)
n=1 j=1
Passing in the second inequality in (13) to the limit as n — oo, we find |z, — w| < /e, which by (13)
and the triangle inequality yields |z, — z.| < 24/ for all n. Passing in the third inequality in (13) to
the limit as n — oo, we obtain go(z«) < go(w) < k + €, whence |go(z«) — k| < € because z, € D and so
qo(xx) > k. From the resulting inequalities with Ag < 1 we deduce that

< 5e. (18)

AL (QO(IB*) + %Z On|xn — 9:*|2) —2\%
n=1

Let us take g = (ut,...,u™) with arbitrary p; > 0 for 5 = 1,...,m and show that for . = (A2, u)
we have

inf %, fie) < Ak + Be. (19)
S

Indeed, since z, € D, it follows that u’ (qj(a:*) —5]2-) < 0for j =1,...,m, and consequently, .Z.(zx, fic) <
A fo,e(z«). Therefore, the obvious inequality fo.(z) > go(x), valid for all z € X, yields

i 0.) < i h.) < 0.) < \0 )
rlgigo(ajyﬂs) > ggg‘(gs(xaﬂs) > gs(x*aﬂs) > )‘st,s(eT*)

Hence, (18) implies (19).

Assume henceforth that e ! takes only positive integer values. Extracting from the bounded sequence
{)¢} of (m+1)-dimensional vectors a subsequence, assume that A. — X for some vector A = (A\%,...,A™).
It is obvious that A € A.



Let us study the family of quadratic forms 86‘25 (z,\). As noted above, we can express the function

fo,e as a converging series of quadratic forms, while ¢; are quadratic forms. Therefore, the quadratic
form 8;;2;5 (x, ) is independent of z and depends only on A and . However, if a sequence of quadratic
forms whose indices are bounded above by some number m converges uniformly on the unit ball to
some quadratic form then its index satisfies the same bound. This claim follows straightforwardly from

Theorem 2.3 of [17]. Therefore, by (16) the index of the quadratic form

0?4 <
83320 (2,X) = X0 + - + A"

is at most m. Consequently, by condition 7 this quadratic form is nonnegative definite.
By (17) and (18), we have |[A2x + Py )\J52| < 5e. Passing here to the limit as ¢ — 0, we infer that

Nk ==Y " Mg?. (20)
=1

However, then A\° > 0 because all M are nonnegative and not simultaneously vanishing, while all 0; are
positive by assumption. Taking into account the positive homogeneity of the resulting relations w1th
respect to A and d1v1d1ng them by A\°, without loss of generality we assume that A\’ = 1. The quadratic
form qo + AMq1 + -+ + A"q,, is nonnegative definite, while the minimum of each nonnegative definite
quadratic form equals zero. Therefore,

m

L 62
;Iél)r(l (z,\) = ;)\ o3,

whence by (20) we obtain (9). O

Let us present the sufficient conditions that ensure the fulfillment of condition .

Lemma 2. Take a dense linear subspace X of X. Suppose that for every h € X with h # 0 there
exists a linear operator B = By, : X — X such that for all 7=0,1,...,m we have

(1) ¢j(B*h) < gj(h) fork=1,...,m

(2) (Q;B* h, B*2h) =0 for 0 < ky < ky < m.

Then the quadratic forms q;(z) for j = 0,1,...,m satisfy condition <7.

PROOF. Suppose that there exist A/ > 0 for j = 0,1,...,m, for which the quadratic form
¢ =g+ A q+ -+ X"

is not nonnegative definite. Then there exists h € X with ¢(h) < 0. Since X is dense in X, we may

assume that h € X. Let us show that the index of q is greater than m. Consider the system of vectors
xj = B'h for j =0,1,...,m. Verify that for all & = (ag,a1,...,am) # 0 the vector

m
xr = E AT}
k=0

satisfies gq(x) < 0. Properties 1 and 2 yield

) = <Qj Zakﬂﬂk,zakl‘k> = Za%<Qj$ka$k>
k=0

= 0}(Q;B*h, B*h) <> ajg;(h) = ¢;(h) Y of.
k=0 k=0

k=0



Hence,

m m m m
0(0) = > Vasa) = Y- ot (Yo W) =) 3o <o
§=0 k=0 j=0 k=0
and so ¢ # 0. Therefore, xg,x1,..., 2, are linearly independent, while ¢ is negative definite on their

linear span of dimension m + 1. Thus, the index of this form exceeds m. [

REMARK. As By, it is often convenient to take Bj, = A™" where A : X > Xisa prescribed linear
operator, while n(h) for each h takes positive integer values.

For instance, take as X the Hilbert space of pairs of vector functions w(t) = (£(¢),u(t)) for ¢t € R,
where u(+) is a Lebesgue measurable m-dimensional function u(-) : R — R™ whose the squared absolute
value is summable on R (denote the set of these functions by L5*(R)), while the absolutely continuous n-
dimensional function &(+) is a solution of the equation

€ = D€ + Bu(t); (21)

furthermore, £(-) € LY(R). Here D and E are given real matrices of appropriate sizes. Define the
quadratic forms g; as

gj(w(-)) = /((Gjﬁ(t),i(t» +2(Q;€(1), u(®)) + (Rju(t), u(t))) dt, (22)

R

where G, QQj, and R; are given matrices of appropriate sizes.

It is known, see [18], that the subspace X consisting of compactly-supported vector functions w(-) € X
is dense in X. As the operator A, take the time-shift by 1; i.e., Aw(t) = w(¢t — 1). By Lemma 2 and
the remark following it, in this example condition ./ holds. The same arguments remain valid if in (22)
the integration, instead of the axis R, goes over the positive ray R* or the negative ray R™, while the
trajectory £(-) obeys the additional condition £(0) = 0. Furthermore, in the first case in the definition of
the space X we have to assume additionally that u(t) = 0 and £(t) = 0 for all ¢ < 0, while in the second
case that u(t) = 0 and £(¢) = 0 for all ¢ > 0, while taking as A the time-shift operator Aw(t) = w(t +1).

Proceed to a more general construction. Consider the measure space (T, X, 1), where T' is a nonempty
set, 3 is a o-algebra of subsets of T', called measurable, and u is a nonnegative countably additive o-finite
set function. The latter means that in T there exists a sequence T,, € ¥ of measurable subsets such that
p(T,) < oo for all n and Y, T5, =T

Take a Hilbert space Y and consider the Lo(T, p,Y’) space consisting of measurable mappings f :
T — Y the square of whose absolute value |f|?> = (f, f) is summable on 7. The inner product on it is
defined in the usual way. It is known [19] that Lo(T, i, Y') is itself a Hilbert space.

In the family of measurable sets select a subfamily Y C Y, assuming that u(e) < oo for all e € f],
and that this subfamily is closed under finite unions; i.e., e1,es € v implies e; U ey € 3.

On Lyo(T, u,Y) consider the quadratic forms

G(f) = / (Cif (), F(O) dp, §=0,....m. (23)

T

Here C; : Y — Y are prescribed symmetric linear operators.

Theorem 2. Given a closed linear space X C Lo(T, u,Y'), take a dense linear subspace X of X and
assume that there exists a measurable mapping ¢ : T — T (i.e., the set ¢~ (e) is measurable for every
measurable e € ¥) satisfying the conditions:

(1) p is invariant under ¢ on ¥ in the sense that ¢~ (e) € & and pu(e) = u(e 1 (e)) for every e € ;

(2) for every measurable e € % there exists a positive integer n = n(e) such that p(e N p=9"(e)) =0
for each j = 1,...,m (here ¢ % is the sth iteration of the inverse mapping ¢~ 1);



(3) the linear operator of composition f — f oy = f(p) keep X invariant to the subspace and the
support of every f € X liesin X, i.e., {t € T : f(t) # 0} € X.

Then the Lagrangian minimality condition holds for (5) in which the quadratic forms q; are defined
n (23).

Observe that, by the first two assumptions on the measure p, if it is nonzero then u(7") = oco.

Proor. Take h(-) € X and construct the corresponding linear operator By, satisfying the conditions
of Lemma 2. B
Denote by eg = {t € T : h(t) # 0} the support of h. Then ey € ¥ by condition 3. In view of

condition 2, there exists a positive integer n = n(eg) such that p(egN@’(eg)) = 0 for j = 1,...,m, where
p=¢ " ~

Introduce the sets e; = @’ (eg) for 7 = 1,...,m. Then condition 1 yields ej € Y. Moreover,
p(ej Neg) = 0 for each j = 1,...,m, as well as p(ej) = K, where Kk = p(eg) < oo because p is also

invariant under ¢™
Let us show that
ﬂ(eklﬂekQ):O Vki,ky:0<ki <ky<m. (24)

For k1 = 0 these equalities are noted above. Assume that k; > 1 and verify that then

/’L(ekl U ek2) = /’L(ekl—l U ek2—1)' (25)
Indeed, since the image of the union of two sets equals the union of their images,

Plew, Uer,) = Pler,) U P(er,) = ex—1 U g1
== /’L(ekl U ek2) = N(Sb(ekl U ek2)) = N(ekl—l U ek2—1)7

which proves (25).

From (25), decreasing the positive integer ki to zero, we infer that p(ex, Ueg,) = p(eg U e;) for
J = ko — k1. However, u(eg Ne;j) = 0 and so p(er, Ueg,) = 2k. Moreover, u(eg,) + p(exr,) = 2k; since
e, N ex,) = pile,) + ilen,) — i(er, U er,) we obtain (24).

By condition 3, define the linear operator of composition A4 : X — X as (Af)(t) =
and the operator By : X — X as Bj, = A", where n = n(eg). By construction, (BFR)(t)
for almost all ¢ ¢ e. By (24), for all k; < k» and almost all ¢ € T this yields (C (Bk h) (1),
The argument directly implies the validity of condition 2 of Lemma 2.

Let us verify condition 1 of Lemma 2. To this end, it suffices to show that

/ (Ch(t), h(t)) dp = / (™ (1)), ("™ ())) dp (26)

T T

flp ())fortET
= h(" (1)) =0
), (BR*h)(£)) = 0.

for all j and k. Indeed, let us verify that every set T C T of finite measure satisfies

[ noydn = [ (e @) me ©)) dn (1)
T T
Fix some € > 0. Take a simple function h. such that [(C;h(t), h(t)) — < he(t), he(t))] < e for almost all
t € T. Assume that h. takes countably many values y,; for s =1,2,.. Then
/(ths(t), he(@®) du =3 (Crymyalu(T), Ty ={t €T helt) = ys}.
~ s=1

T

Consider the simple function h.(¢™). For each s we have

n({t € T: hs(‘Pnk(t)) =Ys}) = N(So(_nk)(TS)) = w(T5).



This implies that

/ (Cyhe(t), he(8)) du = / (Che (6™ (£)), he (0" (1)) dp,

T T
which forces (27) because € > 0 is arbitrary. The validity of (26) follows because (27) holds for every
set T of finite measure. Thus, condition 1 of Lemma 2 also holds (and moreover, as an equality).

By Lemma 2, the quadratic forms g¢;(z) for x € X and j = 0,1,...,m defined in (23) satisfy
condition 7. Thus, the validity of Theorem 2 follows from Theorem 1. [

Let us present several natural examples in which the main assumptions of Theorem 2 are fulfilled.
To start with, take T = R?, the d-dimensional space with Lebesgue measure y. Then we can take as )
the family of bounded Lebesgue measurable sets. Take as the mapping ¢ the translation by an arbitrary
fixed nonzero vector £ € R?, i.e., o(t) =t +t for t € R,

Now take T = Z%, where Z% is the set of integer d-dimensional vectors z, while u is a discrete
measure such that p(z) = 1 for all z € Z?. Take as S the family of bounded subsets of Z¢, while as ¢
the translation by a nonzero integer vector z, i.e., ¢(z) = z + 2 for z € Z¢.

Let us present one more example. Take the cylinder T = T} x Th, where T} is either R? or Z¢,
while the measure p; defined on 717 is accordingly either the Lebesgue measure or the discrete measure
described above. Take as T a measurable subset of R? or Z¢ with the corresponding measure ps. Define
the measure p on T as the product measure, i.e., u = p1 ® po. In this case, as above, take as 3 the
family of measurable bounded subsets (this is always the natural choice for 3 whenever T is equipped
with a metric). As ¢ we have to take the translation along the space Ti, i.e., p(t) = t + (¢1,0) for
t = (t1,t2) € T, where t; is an arbitrary nonzero element of T7. Observe that in all cases the subspace X
consists of compactly supported functions.

2. Recovery Problems on Assuming the Lagrange Minimality Condition

It turns out that when the Lagrangian minimality condition is fulfilled for (5), together with an ad-
ditional solvability condition, we can explicitly express the error E(I,d) of optimal recovery in terms of
the corresponding Lagrange multipliers, as well as find an optimal recovery method.

In the direct product of Y = Yit1 X -+ X Y, define the norm in the usual fashion as

m 1/2
ol = (2 wlk,)

Jj=k+1
Theorem 3. Assume that in (5), where q; for j = 0,1,...,m are defined by (6), the Lagrangian

minimality condition holds with Lagrange multipliers X for j = 1,...,m. Suppose that there exist dense
linear subspaces }z CY,forj=k+1,...,m, and a continuous linear operator A : Yy 1 x---x Y, =Yy
such that for all y = (Yg41,---+Ym) € ?kﬂ X oo X ?m there exists a solution x, € X to the equation

m m

Y NELz= Y Iy (28)

j=1 j=k+1

and Ay = Ipz,. Then the error of optimal recovery equals
m 1/2
E(I,0) = (Z AJ’&?) ,
j=1
while the method p(y) = AAy, where Ay = (\tlypiq,..., \yy), is optimal.
PrROOF. Lemma 1 and Proposition 1 yield the lower bound

E(,6) > (Em: AJ’&?) 1/2. (29)

j=1



To obtain an upper bound, consider the linear space £ = Y7 X --- X Y;, with the inner semiproduct

m

(y17 y2)E = Z >\J (y]la y?)y]v
=1

where y! = (y%, .. ,y}n) and 2 = (y%, e ,y,%l) Put Iz = (Liz,...,Ipx)and Jo = (0, ..., 0, Yty - - Ym)-
If zp, € X is a solution to (28) then (Izpy, Iz)g = (Jo,lz)E for all x € X. This yields
1Tz = Goll% = T2 — Teny + Tzay — Goll% = [Tz — Taay & + [ Tzay — Goll-
Thus,
~ ~ ~ k . m .
[z = Tzay|% < 1z = GolE = Y Nzl + > MLz -y}, (30)
j=1 j=k+1

for all z € X.

Suppose that z € W and y = (Yg41,-.-,Ym) € Yis1 X --- X Yy, satisfy [|[[jz — y;|| < §; for j =
kE+1,...,m. Then for every ¢ > 0 there exists § = (Jxr1,---,Um) € }N/;Hl X -+ X Yy, such that
ly; — 9jlly; <efor j=k+1,...,m. Therefore,

1Lz = Gilly; < Mgz —yilly; +llys = Gslly; <65 +e, G=k+1,....,m.
Put z = x — z53. Then (30) implies that
m . m o~
SN2l < >N, (31)
j=1 j=1
where .
5. — 0 for 1 <j <k,
7l dj+e fork+1<j<m.
We estimate the error of the method ¢(y) = AAy as

oz — AAylly, < [[fox — AAG[ly, + [[AAG = y)llvo < [Hoz — Tozagllv, + [[AA[(m — k)e.

It is not difficult to verify that for all a,b > 0 we have

2
a
Sup ”IOZH%/O = ﬁ Sup ”IO','EH%/Q
zeX zeX

m . m .

> Mzl <a? > M LzlF, <
; J - J
j=1 j=1

Using (31) and Proposition 1, we obtain

2 2 2
[ lox — Tozaglly, = I[ozlly, < sup 1ozl
zeX

m . m .~
DRYULEAD PPS
j=1 i=1

> M2 m

=1 .~
= ‘ sup HI()ZH%/O = Z)\Jég.

Z )\J5]2 z€X j=1

j=1

m . m .
SRYUTE D DPLL
=1 j=1
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Since € > 0 is arbitrary,

mo 1/2
Itow — byl < (S22 (32)
j=1
It follows from (29) and (32) that
mo 1/2
E(I,6) = (Z w]?) :
j=1

and the method ¢(y) = AAy is optimal. O

Let us make several remarks. Equation (28) arises from the necessity to solve the extremal problem

k m
ZAJHI]-:EH% + Z N ||z — y]H%/J — min, z € X.
J=1 j=k+1

It appears in the approach to constructing an optimal recovery method that was proposed in [9]. However,
in some cases this equation has a solution only for some y; € Y}, where j = k+1,...,m. This situation
comes up, for instance, in recovering solutions to the heat equation at a fixed time from noisy solutions
to this equation at times [12]. In connection with this, we have to consider solving (28) on the direct
product of dense subsets of Y for j =k +1,...,m.

Return now to the general construction of Theorem 2. Assume that T, i, Y, and X satisfy the con-
ditions of the theorem. Consider problem (2), where X is the same as in Theorem 2, while Yy, Y7,...,Y,,
are Hilbert spaces. Put Cy = —Ijlp and C;j = I7I; for j = 1,...,m. Theorem 2 ensures the fulfillment

of the Lagrangian minimality condition with certain Lagrange multipliers A > 0 for j = 1,...,m, which
in particular implies that the quadratic form generated by C' = AC +- - - +A™C,, is nonnegative definite.

Assume in addition that C is strictly positive, i.e., there exists ¢ > 0 such that (Cz,z) > ¢|x|? for
all x € Y. Then C is continuously invertible. Therefore, Theorem 3 yields

E(I,6) = (Em: AJ’&?) 1/2,

j=1
and the method
e(y) = Io(N'Cr+ -+ X"Cr) N s + -+ A L ym)
is optimal.
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