THE HARDY-LITTLEWOOD-POLYA INEQUALITY
FOR ANALYTIC FUNCTIONS FROM
HARDY-SOBOLEV SPACES

K. YU. OSIPENKO

ABSTRACT. In the paper for a function of complex variable ana-
lytic in a strip the extremum of the Lo(R)-norm of the k-th de-
rivative is found under the restriction on the Lo(R)-norm of the
function and the norm of its n-th derivative in the Hardy—Sobolev
space metric. The problem which is closely connected with this one
of optimal recovery of the k-th derivative of a function from the
Hardy—Sobolev class by the trace of this function on the real axis
given inaccurately is also studied. An optimal method of recovery
is obtained.

1. STATEMENT OF THE PROBLEMS

In the book [1] Hardy, Littlewood, and Pélya proved that for all
integers 0 < k < r the exact inequality

1-k r L
(1) 1e® Moy < e le” Ol

holds for all functions z(-) € Lo(R) for which the (r — 1)-st derivative
is locally absolute continuous on R and 2 (-) € Ly(R). The inequal-
ities of the form (1) are called Landau—Kolmogorov type inequalities:
Landau [2] was the first who obtained several exact results in similar
inequalities and Kolmogorov [3| in 1939 obtained one of the most re-
markable result in this problems (he found the exact constant in the
inequality similar to (1) when all the norms are taken in the space
Lo (R)). More detailed information about Landau—Kolmogorov types
inequalities for real functions may be found in [4] and [5].

It should be stressed that already in Kolmogorov’s paper [3] an in-
terest in inequalities of such type for analytic functions was shown.
An analogue of the Kolmogorov inequality for functions analytic in
the strip Sz = {# € C : |Imz| < [} was obtained in [6]. In this
paper an analogue of the Hardy-Littlewood—-Pélya inequality for func-
tion analytic in the strip Sp is obtained and a series of optimal recovery
problems closely connected with this inequality is also considered. In-
equalities for derivatives for functions analytic in the strip Sz are also
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interested since the passage to the limit when § — 0 gives exact in-
equalities for the real case.

Now we proceed to the accurate statement of the problem. The
Hardy space Hg is the set of functions f(-) that are analytic in the
strip S for which

1/2
1Ol = (s 5 [Afes i+ 15— i) ar) - <o
0<n<pg < JR
We denote by Hg’ﬁ (the Hardy—Sobolev space) the set of functions an-
alytic in the strip S for which f)(-) € Hj.
By the exact Hardy-Littlewood—Pélya inequality for functions from
H3” we mean the problem of finding the value

(2) sup [FARIOTF
FOEHYPNLa(R)
1A, <m
2

1F Ol g @) <72

for all 71,72 > 0. We shall consider a more general problem (about
optimal recovery of the k-th derivative of f(-) € H5” in the Ly(R)-
metric by inaccurate values of function f(-) on R) solving which we
obtain the value (2).

Denote by H5® the set of functions f(-) € My’ for which
| f (T)(-)HHQ < 1. Consider the problem of optimal recovery of the k-th

derivative of f(-) € Hy” N Ly(R) by its trace on R given with an error
in the Ly(R)-metric, that is, we assume that instead of the trace of f(-)
on R we know a function y(-) € La(R) such that

1FC) =yl o) <0

The task is to recover f*)(-) on R by y(-) in the best way.
Any maps ¢: La(R) — Lo(R) are admitted as recovery methods. For
a given recovery method ¢ the quantity

ex(HY’, 8, 0) = sup 1F® ) = o) ()l o
F()EHSPNL(R), y(-)EL2(R)

£ =yOlly w) <6
is called the error of the method. The quantity

Ek(H;’B’ o) = @ Lzﬂg)liLQ(R) 6k(H576’ % ¢)
is called the error of optimal recovery, and a method delivering the
lower bound is called an optimal recovery method.

Consider one more extremal problem: the problem of estimation of
Ly(R)-norm of f(-) € HY on the line Imz = p, =3 < p < 3, by
its Lo(R)-norms of boundary values on the lines Imz = £4 (it is the
well-known fact that functions from H5 have boundary values almost
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everywhere on the lines Im z = £ which are functions from Ly(R)).
Thus we mean the extremal problem

(3) NfC+ip)llo@ — max, | f(- —iB)|l.@) < 61,
(- +i8)|| Loy < o

When norms are taken in the spaces Lo, (R) and functions are analytic
and bounded in a strip the result of such kind is known as Theorem on
three lines (see, for example, |7]). The corresponding result for a disk
is the Hadamar theorem on three disks [8].

We associate with the problem (3) the problem of optimal recovery
of f(+) € H§ on the line Im 2z = p by its approximate boundary values
on the lines Imz = £#. More precisely, we assume that for every

f(-) € Hj we know yi(-),y2(-) € Lo(R) such that

17 G =i0) = (o) < 01, N C+18) = 920) | o) < 02

The task is to recover the function f(- + ip) by y1(-), ya().

Any operators ¢: Ly(R) X Ly(R) — Lo(R) are admitted as recovery
methods. For a given method ¢ its error is defined by the following
equality

ep(H3, 01,05, 0) = sup 1F (- +ip) — @(y1, 42) ()| oo -
F(EHS, y1()ya()EL2(R)
1fC+i8)=y1 (Dl Ly (r) <01
1f(=i8)—y2 ()l L,y (r) <02

The quantity

E,(H5,01,8,) = inf ep(Hy, 01,0, 0)

@ LQ (R) X L2 (R)—>L2 (R)

is called the error of optimal recovery.

2. MAIN RESULTS
Let r € N and 8 be a positive real number. The function ¢"y/cosh 25t

is monotonically increase for t € R, from 0 to +00. Therefore for any
x € R, there exists the unique solution of the equation

t"\/cosh 20t = x,

which belongs to the interval [0, +00). Denote it by p,.5(z).
Theorem 1. Let r,k € N and k < r. For all vy, > 0 the equality

Y1
swp POl = o (—)
FOEHYPNLa(R) V2
1O, <

2

1F Ly @) <72

holds.
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In other words, Theorem 1 states that for all functions from the space
Hg’ﬁ which are not equivalent to zero the exact inequality

I ()IIHﬁ)

(k) (.
1FE Ollzamy < IOl ammts <Hf( Mo
holds.

Theorem 2. Let r,k € N, k < r, and 6 > 0. Then for the error of
optimal recovery of the k-th derivative the equality

Ey(H3",6) = 6pks(67")
holds, and the method
Po(y)(-) = (K5 ¥ 9) (),

where
(4) Kii(x)

k62t?" cosh 23t -
1 1wt
(Zt) < + r—k-+ ﬁﬂrﬁ(é_l) tanh(Qﬁlurﬁ(é_l))) ‘ dt’

15 an optimal recovery method.

27r

Theorem 3. For all —(3 < p < 3 and 61,92 > 0 the equalities

B+p

24
0

B=p
B

E,(H3.61,0) = sup  [[f(-+ip)l|rae) = 6,
F)ems
I1f(=iB) Ly r) <1
Il (+iB) Ly (r) <2

hold, and the method

oy, o) () = 05(8 — p)(KE5, * y1) (@ — i(B — p))
+ 638+ p) (K55, * y) (@ + (8 + p)),

where

1 eimt
5 K8 (2) = — / dt
®) ) = o BB e+ B e
18 optimal.

In particular, it follows by Theorem 3 that for —3 < p < [ for all
f(-) € HS the exact inequality

ptB
1FC+ip)leaw < (If(: —Zﬁ)IIL2(R (- +i8)| ey
holds.
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3. PROOFS

To prove Theorems 1 and 2 we need one general result about optimal
recovery of linear operators based on the method which was developed
in [9], [10]. We proceed to the statement of some general problem of
optimal recovery.

Let X be a linear space, Y7, ...,Y), linear spaces with the semi-inner
products (-, -)y;, j = 1,...,p, and the corresponding semi-norms ||-||y,,
J=1....0,Ys = Loo(Ay), A, C R, s =p+1,....m, [;: X =Y,
7 =1,...,m, linear operators, and Z a normed linear space. Consider
the problem of optimal recovery of the operator 7': X — Z on the set

by values of operators [j,1,..., I, given with an error (for [ = 0 we
take W = X). We assume that for any x € W we know the vector
Y= (Ys1s - Ypr Ypt1(*)s - -, Ym(+)) € Yigq x ... x Y}, such that || [;z —
Yilly, < 05,3 =1+ 1,...,p, and |Lz(t) — ys(t)| < 04(t) for almost
all t € Ag, s = p+1,...,m (throughout what follows for functions
from L (As) we will not note each time that inequalities hold almost
everywhere on Ay).

Any operators ¢: Y41 X ... X Y,, — Z are admitted as recovery
methods of the operator T'. For a given method ¢ the quantity
e(T, W, 1,6,¢) = sup 1Tz — o(y)ll2

z€W, y€Yj41X..XYm
I jz—yjlly; <65, j=l+1,...p
[sz(t)—ys ()| <ds(t), s=p+1,...m

is called the error of recovery (here I = (I41,...,1,), § =
(01415 -+ 0py Opt1(+)s - ., 0m(+))). The quantity
E(T,W,I,6) = inf e(T,W,1,0,p)

@ )/l+1 X..XYm—2Z

is called the error of optimal recovery, and a method delivering the
lower bound is called optimal.

The formulated problem is closely connected with the extremal prob-
lem

6) Ta|z — max, |Lzly, <67, j=1,....p, |La(t)]* <),
s=p+1,....m
Denote by L(z, \) the Lagrange function for this extremal problem

L(x,\) = —||Tz||Z—|—Z)\ 11; IHYJ + Z / )| Lz (t))? dt,

s=p+1

where A = (A, ..., A0, Ap1(4), - An(4)), A; > 0, j = 1,...,p, and
As(+) are measurable nonnegative functions on Ay, s=p+1,...,m
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Theorem 4. Suppose that there exist measurable nonnegative functions
)\(),S—p—l—l ,m, on A and)\ >0,j=1,...,p, such that for
A
(a

= (A1, Ap,&m() - Am()
) L(z,A)>0 VreX.

Furthermore, suppose that there exists a sequence {x,} of admissible
elements in (6) such that the following conditions hold:

(b) lim L(z,, ) =0,

n—oo

() Jum, (ZX (I3, - 82)
T Z / ) ([Tswn(t))* — 62(t)) dt) _

s=p+1
Then the value of the extremal problem (6) is equal to
EDO R
s=p+1

Moreover, if for ally = (Yit1s - s Ups Ypi1 () - s Um(4)) € Vg X .. XY,
there exists x, which is a solution of the extremal problem

l

Z 114y, + Z Aillzix = yill3,

j=1 j=I+1
+ Z/ OLz(t) — ys(t)[>dt — min, z € X,
s=p+1
then
(8) woly) =T,

s an optimal method of recovery and

(9) E(T,W,1,8) = 2+ Z /

= s=p+1

Proof. Let us show that the values of the problems (6) and

(10) ||Tz||% — max, Z)\ 1 Z; :E||Y + Z / )| Lz (t)|? dt < S,

s=p+1

Sng +Z/

s=p+1

where
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coincide and are equal to S. Indeed, for any admissible element z € X
in (6) or in (10) with regard to (a) we have

p
- sl > |y + 325, (17,213, - 52)

+ Z/ ) (ILsz(t))* = 62(t)) dt > —S.

s=p+1
On the other hand, using (¢) and (b), we obtain

p
— Tim [|Ta,* = lim (— 1Tzl + ZA]- (Ilall3, = 02)

+§:/1 |1%)|—£u»ﬁ)=—a

s=p+1
that is, S is the value of problems (6) and (10).

The lower bound. For any method ¢ for all x € W such that
| Lxlly, <65, 5 =1+1,...,p, and |Lx(t)] < (1), s =p+1,...,m,
we have

2||Tzllz < 1T = @(0)llz + [T (=2) = p(0)][z < 2e(T, W, 1,6, ¢).
Consequently, for any method ¢

e(TaWIa5> SO) > sSup ||Tx||Z = \/g

zeW
IZzlly;<6;, j=I+1,...p
[Isz(t)|<0s(t), s=p+1,...,m

Thus,
(11) E(T,W,1,6)>VS.

The upper bound. Consider the linear space £ =Y; X ... x Y, with
the semi-inner product

(") E—Z)\ (), + Z/ V(1) dt.

s=p+1

Then the extremal problem (7) can be rewritten in the form
Iz — 3|3 — min, z € X,

where I = (I1,. . L) and ¥ = (0, ..., 0, yig1, - - s Upy Yps1 () - - o, Ym(4))-
If x,, is a solution of this problem, then it is easily seen that for all z € X
the equality

(sz - @\7 Tz)E =0
holds. It follows that
(12) 1Tz =% = 1z — Lzy|[% + [Tz, — Jll%.
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If € W and y such that ||z —y;lly, < d0;, j=1+1,...,p, [Lao(t) —
ys(t)| < d5(t) almost everywhere on Ay, s = p+1, ..., m, then it follows
from (12) that

l p
[T = T || < |1Te =% Z Lzly, + Y Nz =yl

j=l+1

+z/ HILa(t) -y (02 dt < S.

s=p+1

By setting z = x — z,, we arrive at the inequality

ZAIIIZIIY+Z/ OILa(b) 2 dt < 8.

s=p+1
Thus for the method (8) we have

1Tz = o(y)llz = IITZIIZ

<sup{||Tx||Z Z)\ 13, + Z / t)| La(t |2dt<5}
s=p+1
=Vs.

Taking account of (11), we obtain the equality (9) and prove the opti-
mality of the method (8). O

Proof of Theorem 1. Consider the extremal problem
(13) PO ym — max,  [f7ON3s <97 I OlLm <75
For this problem the Lagrange function has the form

LU M 22) = =P ONE,m + ML Ol + Al F Ol w

It follows by the basic theorem about the representation of functions
from spaces H, in tubular domains (see [7]) that f(-) € H5 iff it has
the form

(14) fe) =5 / Fitye= dt,

~

where f(+) is a function satisfying the condition
sup / |f(t 2t < oo
lyl<B JR

(J?() is the Fourier transform of f(x), x € R). Then it follows by the
Plancherel theorem that

||f()HHﬁ—_ sup /\f % cosh 2yt dt = —/|f % cosh 23t dt.

0<y<p
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~

Passing to Fourier transforms and writing (27) | f(+)|* = u(-), we have

L(f(), A, A) = /R(—t% + \it* cosh 26t + Ao)u(t) dt.

Set
at) = =1+ M\t* ") cosh 28t + At 2",

It is easy to verify that «(t) is a convex function for ¢ > 0. Therefore,
if at some point t, > 0 the equalities

(15) alty) = o/(ty) = 0

hold, then a(t) > 0 for all ¢ > 0. Let ¢y be a positive solution of the
equation

(16) V5t*" cosh 26t = 7,

that is, tg = pr5(71/72). We take Xl and /)\\2 such that equalities (15)
are fulfilled. We have

2(k—r)
' rcosh 28t + toBsinh 26ty
3, = (r — k)t2* cosh 23t + 25! 3 sinh 23t
r cosh 23ty + to3 sinh 23t
Thus, for the chosen Xl and /):2 forallt e R
— 2k 4 Xltz’" cosh 25t + /)\\2 > 0.
Consequently, for all f(-) € Hy” N Ly(R)
Lf(-), A1, ) = 0.
For sufficiently big n (such that ¢ty — 1/n > 0) we set
(1) = yan, t€ (to—1/n,to),
0, t & (to—1/n,tp).

Denote by f,(+) the sequence of functions obtained by (14) for f(-) =

/27, (+). We have

1Fa O L@y = I L@ =72

and
to

|%WME®=ﬁ¢//t%mmmﬁgﬁ%mmwmzﬁ
to—1/n

that is, the functions f,(-) are admissible in the problem (13). It is
easy to verify that

(17) lim L(fa(-), Ar, A2) =0,

(18) Jim OO =12
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It follows by Theorem 4 that the value of the extremal problem (13) is
equal to

MY+ Aevs = Vaulh <ﬂ) :
Y2
O

fmof of Theorem 2. Set v; = 1, 75 = ¢ and for the corresponding Xl,
Ay for some y(-) € Lo(R) consider the extremal problem

Xlllf(’")(')llig + 22l £() = y() Iy — min,  f() € Hy" N Ly(R),
Passing to Fourier transforms this problem can be rewritten in the form
1 ~ —~ ~ o~
o= [ Gt IO cosh 25t -+ Ral ) — ) de — i,
T JRrR
() € Hy? N Ly(R).
It is easy to show that
- ¥ ~
fy(t) = =——= y(t
() Ao + A\1t?" cosh 25t (®
is the solution of this problem. I follows by Theorem 4 that the method
po(y)() = £7()

is optimal. Since the Fourier transform of f;k)() equals
Mo N

~= y(t),

A2 + A1t2" cosh 23t

it can be written in the form of convolution of y(-) and ICZ’g (+) which
is defined by (4). O

Proof of Theorem 3. For convenience we pass to squares in the ex-
tremal problem (3)

(19) [If(- +ip)l7,@ — max, [f(- —iB)|7,m < 01,
1 (- + )7 ,m < 03

and write the corresponding Lagrange function

L), M xe) = =1+ i)l + MIFC—iB) 2,
+ Aol f (- + Zﬂ)Hsz(Ry
In view of the representation (14) passing to Fourier transforms by the

Plancherel theorem we have

1 —~
LOf(:), M, A) = o /(—6_2pt + A€t 4 Xge )| f(2)|? dt.
R

It is easy to verify that the function
y(t) = -1+ A e2BFRE L N\ e 2Bt

(it)*




HARDY-LITTLEWOOD-POLYA INEQUALITY 11

is convex on R. Therefore if at some point {5 € R

(20) V(to) =7 (to) = 0,
then (t) > 0 for all t € R. We set
fy = Ind; — Inds
26

and take A; and Ay from the condition (20). We have
Xl_ﬁ P —2(8+p)to W _ﬁ—l—p 2(8-p)to
203 20
Thus for all f(-) € Hj
L(F() A1 %) 2 0.

For sufficiently big n denote by f,(-) the sequence of functions obtained
by (14) for

-~ A,, tE(to—l/n,t0+1/n),
fn(t) =
0, t e (to—1/n,tg+ 1/n),
where
An:n 7T51(52.
n+1

Direct calculations show that

. 1 ~ n sinh28/n
Mmﬂmmwz—/mm&mw:ﬁ /n.

+1 28/n
B inh 2(3/n
J[2e-20t gt — n sin ‘
I+ i8) ey = 5 [ B0 T
In view of the fact that
sinh 23/n
— <141
25/n <1+1/n,

the sequence f,(-) is admissible in the problem (19) for sufficiently large
n and moreover

T [[fol+8) e = 03
It is easy to verify that
lim ‘C(fn(')a/):la/):Z) = 0.
Thus it follows by Theorem 4 that the value of the extremal problem
(19) is equal to
B—p Bp
)\52+>\252—5 75,7
Consider now the extremal problem

N C=i8) =y 2wy A2l f(+i8) =2 ()| gy — min,  f(-) € Hy.
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Passing to Fourier transforms and using (14) this problem is rewritten
in the form

1 ~ = ~ T ~ :
7 (Al\f(t)eﬁt =G + el f(t)e™ — yz(t)|2> dt — min,
R
f() € M.
It is easy to verify that the function f,, ,,(-) such that
_]/c\ (t) _ Xleﬁt@ (t) + Xge_ﬁt/y\Q(t)
v /):162& + /)\\26_26t

is the solution of this problem.
It follows by Theorem 4 that the method

oy, 42)(-) = fy1,y2(' +ip)

is optimal. We have

oY1, y2)(2)
_ L[58 =p)e”un(t) + 5B+ ple” M 1(l) iiaripy
o Jo B0 P+ BB T )
= 03(8—p) (K5, 5, 1) (€ —i(B—p)) +03 (B+0) (K55, #y2) (x+i(B+p)),
where the kernel ngf 5,(+) is defined by (5). O

dt

4. FURTHER RESULTS

4.1. Recovery of the k-th derivative on the whole strip. In-
equalities for derivatives of analytic functions and recovery problems
connected with them are in certain sense an intermediate case be-
tween one-dimensional and many-dimensional problems. Nevertheless
already here there is some variety connected, in particular, with the
fact that the optimal recovery can be considered on various domains
(however just as the assignment of input information about a function).
As an example consider the optimal recovery problem of the k-th de-
rivative of f(-) € Hy” N Ly(R) on the whole strip Sz by its trace on R
given with some error in the metric of Ly(R).

Any operators ¢: Ly(R) — H§ are admitted as recovery methods.
For a given recovery method ¢ the quantity

er(Hy",6, 55, ¢) = sup 179 C) = o) ()l

F()eHy MLy (R), y(-)€L2(R)
1F )=yl Ly r)<6

is called the error of the method. The quantity

Ey(Hy? 5,85) = inf  ex(Hy”, 8,55, ¢)
@: La(R)—HE

is called the error of optimal recovery, and a method delivering the
lower bound is called the optimal recovery method.
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The corresponding problem about the exact inequality has the form

(21) sup ||f(k)(')||Hg
FOERYPNLa(R)
IF O, 5 <m
2
1Oy 2y <72

where 1,y > 0.

Theorem 5. Let r,k € N, k <r, and v1,72,0 > 0. Then

[
sp OO =y (2.
FOEHE L (R) L
1F Ol 5 <m
2
IF Oy @) <72
Ey(Hy",6,55) = 5" (671),
and the method
Po(y)() = (M5 *y)(),
where
(22) Mis(o)
1 52420 o
= — [ (it)" [ 1 + —2——(k + Bty tanh(25ty))t* cosh 26t | €™ dt,
2r Jg r—k
to = :uTﬁ((S_l)v
1s an optimal method of recovery.

Proof. Consider the extremal problem
(23) /PO —max, [fO0E: <At IFON @ <5
HY HY
For this problem the Lagrange function has the form
(24) LIF): A 00) = =IFP OB + MO O + Al F Ol -
HZ 712

Passing to Fourier transforms (using the Plancherel theorem and rep-
resentation (14)) we have

L(f(), A1, A) = /(—t% cosh 23t + \t?" cosh 20t + Ao )u(t) dt,
R

where u(-) = (2m) 7! ()%
Set
w(t) = =1+ M\t20 £ Ayt cosh™ 20t
It is easy to show that w(t) is a convex function for ¢ > 0. Therefore if
at some point ty > 0 the equalities

(25) W(te) = W' (ty) = 0
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hold, then w(t) > 0 for all ¢ > 0. Let ¢, be a positive solution of (16),
that is, tg = p5(71/72). We take A\; and Ay such that equalities (25)
are fulfilled. We have

5 k cosh 203ty + to 3 sinh 20t

! tg(r—k)(k cosh 28to + toBsinh 28t0) + (r — k) cosh 28t
3 (r — k)t2* cosh? 23t

2 pum—

£207) (k cosh 2Bt + toBsinh 26to) + (r — k) cosh 28ty
Thus, for the chosen Xl and /):2 forallt e R

—t?* cosh 203t + Xltzr cosh 20t + /):2 > 0.
Consequently, for all f(-) € Hy” N Ly(R)
L(f(), A1, M) > 0.

The functions f,(+) defined in the proof of Theorem 1 are admissible in
the problem (23), too. It follows from (18) and (17) which is fulfilled
for the Lagrange function (24) that the value of the extremal problem
(23) is equal to

N N 2(k—r) [ N1
MYE+ Ays = 71#,1}3 ) <—) :

Y2
The error of optimal recovery and optimal method are obtained by
the same scheme which was used in the proof of Theorem 1. O

In particular, it follows by Theorem 5 that for all functions from the
space Hg’ﬁ that are not equivalent to zero the exact inequality

Hf(r)(')HHB
(k). ™). o\ TR
17Ol < 1O ONae s <Hf(-)||L2<R>)

holds

4.2. Recovery of the k-th derivative by the inaccurate Fourier
transform. Denote by Hg{; the set of functions f(-) € Hy’NLy(R) for

o~ ~

which f(-) € Loo(R) (we denote as before by f(-) the Fourier transform
of f(z), z € R). Denote by H;fo the set of functions Hgﬁo N Hy".
Consider the problem of optimal recovery of the k-th derivative of
f() € H;”fo by its Fourier transform f() given with an error in the
metric of LOO(AU) where A, = (—0,0), 0 < 0 < o0, that is, we assume
that instead of function f() we know y(-) € Lo (A,) such that

~

1) = ¥( M Lw(an <9

The task is to recover f*)(-) on R in the best way knowing the function

y(-).
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According to the general statement of the recovery problem of oper-
ators the quantity

ex(H3%,,0,0,0) = sup 1FS ) = o) ()l
FOEHYE , y()€Loo(As)
1FC) =3O oo (20) <6

is the error of the recovery method ¢: Lo.(A,) — La(R), the quantity
Ey(HYS 5,0) = inf 6k(H200,5 o, p)

2007 ¢t Loo(Ag)—La(R)
is the error of optimal recovery, and method delivering the lower bound

is optimal method of recovery.

Set

1

I 5(0) = %/ t* cosh 23t dt.

It follows from the monotonically increase of the function I, 5(0), o €
(0,400), and the fact that I, 5(0) = 0 and I, g(0) — +00 as 0 — 400
that for all 6 > 0 there exists the unique o € (0,400) for which

(26) L4(G) =072
Theorem 6. Let r,k € N, k < r, § > 0, and 7 be defined by (26).
Then
o—20—k) 520 2k+1
— 1 =021, _ <o,
"B \/cosh 2/60< ,5(0)) i m(2k + 1) 7=
Ek(H27OO757 U) = 5
’ 5a.\k+1/2
77 g Z 87
m(2k+1)

and the method

R S 7\ cosh 28t i
a0 =5 [ i (1=(Z) i U ar

where op = min{o, 0} is optimal.
Proof. Consider the extremal problem
@7) IFPONLm —max, [FOO, <L 17O, < 6

For this problem the Lagrange function has the form

L), A1, Aa(4) = —||f(’“)(-)||igam+A1||f(”’(-)||3{g+/A o) F (1) dt.

2=

Passing to Fourier transforms and writing (27)~!|f(-) u(+), we have

L(Of(), A1, X)) = /R(—tzk—l—)\ltz’" cosh 25t)u(t) dt—|—27r/ Ao (t)u(t) dt.

As
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Set \; = 00_2(T_k) cosh™ 280y and

(2m)! (tzk — Mt cosh Qﬁt) .|t < oo,
Ao(t) =
Oa |t| Z 0gp-

Then for all f(-) € Hy2,

aﬂmxﬁxnzf

(—t% + \t¥ cosh 2ﬁt> u(t) dt > 0.
[t|=00

If o > 7, then denoting by ¢(-) the inverse Fourier transform of the
function which equals ¢ on the interval (—,) and vanishes outside,
it is easy to verify that conditions (b) and (c¢) of Theorem 4 are fulfilled
for the constant sequence f,(-) = g(-).

If o <o, we set

v=1-81I4(0).

Consider the sequence of functions

52
2—, |t| <o,
m
un(t) = dal <[t|<o+1
2(oc +1/n)? cosh26(c +1/n)’ oslso+i/n,
0, lt| >0+ 1/n

(by gn() we denote the inverse Fourier transforms of the functions
2mu,(+)). It is easy to verify that

lim £(ga(-), A1, Aa(-)) = 0.
Moreover,
(28) (1992 = / 27, (1) cosh 26 dt

ny o+1/n )
=1- t*" cosh 20t dt < 1
vt (0 4+1/n)? cosh25(o + 1/n) /U cosh 25 ’

that is, the functions g, (+) are admissible in the problem (27). It follows
also from (28) that

Tim g (s = L
Here the problem (7) has the form
SO g + [ RaIFO ~ ylo) e — min, £ € H5.
Ao
Passing to Fourier transforms it can be written in the form

M /R 271 F(t)[? cosh 23t dt + / Xa(O)|F(t) = y()|? dt — min,

27T Ao
f() € HYZ.
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It is easy to verify that the function f,(-) such that

27 Mo (£)
fy(t) = ¢ 27 Ag(t) 4 Aot?" cosh 25t
07 |t‘ Z 0y,
that is,
t \ 2P cosh 23t
R - (L) 2 . <o
fy(t) = 00 cosh 2(0g
0’ |t|2i0m

is the solution of this problem. It follows by Theorem 4 that the method

o)) = f()

is optimal, and for its error the equality

BB, 0,0) = \/xl v [ S
AU

holds. Substituting the expressions for A and /):2(‘), we obtain the
statement of the theorem. O

It follows by Theorem 6 that for a given ¢, starting from &, further
extension of the interval on which the Fourier transform of a function
in Hy? is given with error & in the uniform metric does not result in a

decrease in the recovery error. In other words, if the relation
5 [

(29) 5 t* cosh 26t dt < 1
T

=
between the error of input data and the size of the interval on which
the data is measured is violated, then the available information turns
out to be redundant.

4.3. Theorem about three circles. Denote by Hs the set of func-
tions f(-) analytic in the unit disc D = {z € C : |z| < 1} for which

sup /|f(re“)|2dt< o,
T

0<r<1

Consider the analogue of theorem about three lines (Theorem 3) for
functions from H,. We are interested in the extremal problem on find-
ing the value

sup 1 (pe") | Loy
f()EH
1f(r1e" MLy (m <o
1f(ra2et ) Ly () <62

where 0 < r; < p <1y < 1. We connect this problem with the problem
of recovery of f(-) € Ha on the circle |z| = p by approximate values of
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this function on the circles |z| = r; and |z| = ry. We assume that for
every function f(-) € Hy we know y1(+), y2(-) € La(T) such that

1f(rse") — Yi( Mo <65, 7 =1,2.

The task is to recover f(pe”) in the best way by functions y;(-), y2().
The quantity

e,(Hz, 01,09, ) = sup 17 (pe™) — oy, y2) ()|l Locm)
F()EH2, y1(-),y2(-)€L2(T)
1£(ryet)—ys (Il g (1) <65, 5=1,2

is called the error of the recovery method ¢: Lo(T) X Lo(T) — Lo(T).
The quantity

Ep(H2751752> = lnf €p(H2,61,(52,§0)

@: Lo(T)x Lo(T)—L2(T)

is called the error of optimal recovery, and a method delivering this
lower bound is called the optimal method.

Theorem 7. Let 0 <r; < p <19y <1 and 61,09 > 0. Set
A= [(r1/ra)"", (11 /r2)%), s=0,1,...,

2 2 2
r2—p p—nr
30 = Ty M =
( ) Hs1 ,,,.%s Hes2 ’f’%s
Then
E,(Hy, 61,0,) = sup £ (pe") | Locr)

F()EH
I1f(rie )y (<o

£ (r2e™ )l Ly (r) <62

p
B Ot ts1 + 05 1o

52) 51 2 52.

51/(52€As, s=0,1,...,

For 61/6, € Ay, s=0,1,..., the method

o1, y2)(-) = apoy s (prie”) x yi () + ps2kp sy 0, (prae’) * ya(-),

where
oo k

(31) Kponin(z) =Y -

2k 2k
o Ms1T1 + [s2T

is optimal. If 01 > 0o, then the method

oY1, y2)(t) ! /T r2

~or — peik(t=u)

12 yo(u) du

18 optimal.
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Proof. We consider the extremal problem

(32) 1f (e N Loy — max, || f(rje"[[7,m <07, j=1.2,

and write the corresponding Lagrange function

Lf(), A, A2) = = f (o)) + AlLF (rie) Ty + A2l f (r2e) 17 -
For f(-) € Hy which has the form

o
= E CLka
k=0

for all 0 < r <1 the equality

1f (re) Loy = Zlakl2 *

holds. Therefore the Lagrange functlon can be written in the form

o0

LOFC) AL A2) =) (=™ + Mrd o+ Xordh) .

k=0
For all A\{, Ay > 0 the function

2z 2z
a@):—1+klcl) +A2C2)
p p

is convex. Consequently, if at some s
(33) a(s) =a(s+1)=0,
then a(z) > 0 for all z € [0, s] U [s + 1, +00). Thus, if we take A and
Az from the condition (33), then for all k € Z,
—p?* 4 A rif 4 )\27"2 = p**a(k) > 0.

For \; and A\, we have
. 2s - 2s

P P
A= sl )\:787
1 2 2M1 2 T%_T%M2

where 5 and pgo are defined by (30). Thus, for all f(-) € Hs
L(f(-), A1, h) > 0.
Let 1 /62 € Ag. Set
g(2) = Q2" + Qg 2°

where

- <5%r§s+2 5§T%s+2>1/2 Gt ( 557,%3 . 5%7,35 )1/2
’ (rira)?(rs — 1) b (rira)?(r5 — 1)

It is easy to verify that

lg(rie) oy = 61, Ng(rae™) | Lary = 02
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and c(g(-),il,ig) = 0. It follows by Theorem 4 that the value of the
extremal problem (32) is equal to

. - 25
M7 4 Aol = %(53%1 + 05 pu2).
T2 =T
Here the extremal problem (7) has the form
1£(rie™) =y )Ly + 11/ (r2e™) = 92() 17, r) — min,  f(-) € Ho.

It is easy to verify that its solution is the function

f (Z) _ i Alr’f(ylhf + )‘2rl2€(y2)kzk
Y1,Y2 — )\17’%k + )\27"§k )
where (y1)k, (y2)k, K = 0,1,..., are the Fourier coefficients of y; (-) and

y2(+), respectively. It follows by Theorem 4 that the method

¢O(y17 y2)(') = fy17y2(pei')
= ps1/Cp5,.65,(pr1e”) x Y1 () + p1s2/Ch 6, 5, (prae”) * ya(-)

is optimal.
For §; > 0o we set Ay = 0, Ao = 1, g(-) = d2. In all other respects
this case is considered analogously as before. U
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