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On some Carlson-type inequalities

K. Yu. Osipenko

Abstract. We find the sharp constant in the inequality
d (1-)/r
lw()2Ollgir < Klwo@zOlL, o, (Z ||soj<->w<->||Lr<T>) ,
j=1

where T is a cone in R? and the weights w(-), wo(-) and @;(-), 5 =1,...,d,
are homogeneous measurable functions. We also obtain similar inequalities
for some differential operators.
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Introduction

The well-known Carlson inequality [1]

1/2 1/2
le®llzy ) < VAlZOIY 20, @12, Re = [0,400),

has been generalized by many authors (for instance, see [2]-[7]). We state one of
its generalizations which we use below.
Consider the spherical system of coordinates in R%:

t1 = pcoswi,
to = psinw; coswa,
tg—1 = psSinw; sinws - - - sinwg_9 COSWq—1,

tq = psinw; sinwy - - - sinwg_o Sinwg_1.
For a function f(t), t € RY, set
f(w) = |f(coswy,...,sinw; sinws - - sinwg_s sinwg_1)|, w= (w1, ,Wi—1).
We introduce the following notation:

P={pgr):1<q<pr}, P={pg¢r):1<qg=r<p}
P, ={(p.q,r): 1<qg=p<r}.
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Let |w(-)], |wo(:)| and |w;(-)| be homogeneous measurable functions on R of
degrees 6, 6y and 01, respectively, let T be a cone in R? and Q be the range of w
for t € T. Since T is a cone, 2 is independent of p. Set

d—3

J(w) = sin? 2wy sin? 3wy - - - sinwg_s.

The following result is a consequence of [7] (Corollary 4 for n = 1).

Theorem 1. Let w(-), wo(:), w1(-) #0 for almost allt €T, let (p,q,7) € PUP,UDP,,
y=(001—0—-d(1/q—1/r))/(01 — 0o+ d(1/r —1/p)) and v € (0,1). Assume that

= [ () T <o

g

where

Then for all x(-) such that wo(-)z(-) € Ly(T) and wi(-)z(-) € L.(T) the sharp
inequality
1—y

lw)z()llz,@) < Klwo( )z, o lwr (=, 7y

holds, where

D[ =)/ B(@y/p,q(1 —7)/r)I va
K=y =) (91—9o+d(1/7“—1/p)|(77"+(1—7)p)>

and B(-,-) is the Euler beta function.

For (p,q,r) € P Theorem 1 was proved in [4] (also see Corollary 4 in [5]).
By the properties of the beta function

B(&;ﬁﬂ;v)) _ 7r+(71T—7)pB<c};+1767(1r—7)>.

Hence K has the following expression:

— ey (Bl@y/p+ 1,G(1 =) /)T
AR (T|91—9—d(1/q—1/r)|) '

§ 1. Sharp inequalities on cones in R¢
Let

wi () = @ |¢j<t>|’“>w.

Then

n

lwr (2O, ) = D ez O, -

j=1

Thus we can state Theorem 1 as follows.
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Theorem 2. Let |w(-)| and |wo(-)| be homogenous measurable functions of degrees 6
and 6y, respectively, and |¢;(-)|, 7 =1,...,n, be homogeneous measurable functions
of degree 01. In addition, assume that w(t),wo(t) # 0 and Z?=1 lo;(t)] # 0 for
almost all t € T, and let (p,q,7) € PUP; UPy and v € (0,1) be as in Theorem 1.

Let
I= /Q(w3<w><zﬁ(g;?<w>><l—v>/r)q‘”“’) o < oo

Then the following sharp inequality holds for all z(-) such that wo(-)z(-) € Ly(T)
and p;(-)x(-) € L,(T),j=1,...,n

(I=v)/r
(2Ol gy < Kllwo( )z, T)(Zn% ||L(T) |

Corollary 1. Let |w(-)| and |wo(-)| be homogeneous measurable functions of degrees
d(1-1/q) and d—(A+d)/p, respectively, and let |p;(-)|, 7 = 1,...,n, be homogeneous
measurable functions of degree d + (u — d)/r, where A, > 0. Also assume that
w(t),wi(t) # 0 and 335_, |¢;(t)| # 0 for almost all t € T, and let (p,q,r) €
PU P1 U Pg. Let

B 1/(1/a-a—p)
- (oo Jlelde < e

where
L A
= and = .
P+ TA p P+ TA

Then the following sharp inequality holds for all z(-) such that wo(-)z(-) € L,(T)
and 9;()a() € L(T), j =1,....m

163
()2 sy < Rlwo()z0E (Zm Ol m),

where

S 1 I o & L/a=a=h
K_(pa)a(rﬁ)ﬁ(A+uB(1/q—a—ﬁ’1/q—a—ﬁ)> '

In the case when T :Ri, g=1,pr>1Lwkt) =1, n=1,
wo(t) = Wl_O‘H)/p(t) and wq(t) = WH(“_l)/T(t),
where W(-) is homogeneous of degree d, the result of Corollary 1 was obtained

in [3]. In the one-dimensional case (d = 1), under the same assumptions as above
the result in question was derived in [2].
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§ 2. Sharp inequalities for differential operators

2.1. Sharp inequalities in the metric La(R%). Let S be the Schwartz space
of rapidly decaying infinitely differentiable functions on R, S’ be the corresponding
space of distributions and F': 8" — S’ be the Fourier transform.

Let |¢;(-)|, 7 = 1,...,n, be homogeneous functions of degree v and |¢(-)| be
homogeneous of degree 7. Set

X, ={2() €S ¢;()Fxz(-) € Ly(RY), j=1,...,n, Fa() € Ly(R?) }.
For functions z(-) € X, let D;, j =1,...,n, be the operators defined by
Djx(-) = F e ()Fz(-))(-),  j=1,...,m,

and let
Az(-) = F7Y(y()Fz(-))(-) (2.1)

(we assume that the function v (-) satisfies ¢ (-)Fxz(:) € L2(R?) for z(-) € X,).
Set

@/p+1,q(1 — wz))”‘?

5 (15 B
Cp(Vﬂ]):'}/ ’Y/P(l_,y) (@ 7)/2< ( 2|V—7]\

where
v—n 1

vraiz—1m M T samaoyp)

By Theorem 6 in [7] (similarly to Theorem 2 here) the following result holds.

;y\:

Theorem 3. Let 2 <p < oo and7 € (0,1). Also let

_ P(w)
= /H (7, Z2(w)) T2

Then the following sharp inequality holds:

J(w) dw < o0, =1 = [0, 7]472 x [0, 27].

CP(Va 77)]1/(7

- n (1-79)/2
A0l < “r 5 |Fx<~>||zp(Rd)<Z||Djw<~>||iz<w)> (22)
j=1

We look at a few concrete weights. Let o = (a1,...,aq) € R%. Consider the
operator D® (derivative of order «) defined by

D%x(-) = F~1((i§)* Fx(€))(),

where (i€)* = (i&1)*t -+ (i€q)*¢. It is cleat that if z(-) is a sufficiently smooth
function on RY, ¢t = (t1,...,tq) € RY and a = (a1,...,a4) € Z4, then

5xa1+~-+ad,(t)
Dox(t)y =2 V)
z(t) oS- 9t
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Set,
Vo) = (1&)° + -+ |€a)¥?, 6>0.

We let AZ/Q denote the operator A defined by (2.1) for ¢(§) = 3/2(5). In particular,
Ay = —A, where A is the Laplace operator. We obtain the sharp inequality (2.2)

for A = AZ/Q and D;j = D"%, j =1,...,d, where {e;} is the standard basis of R%.
For ¢;(&) = (i&;)” we have ¢;(w) = ij(w), where

t (w) = |coswy],

to(w) = |sinwy cos wal,

fd_l(w) = [sinw; sinws - - - sinwg—2 cos wg—1],

ta(w) = [sinw; sinws - - - sinwg—s sinwg_1|-

Note that 2221 t2(w) = 1.
For the quantity I in Theorem 3 we have

- (S #(@) ™ I (w) dw
I / N .

——— (2.3)
~ 1-7)/2
(S 727 (w) ™
If v <1, then
d d
S (w) =D HRw) =1 (2.4)
k=1 k=1
On the other hand, if v > 1, then by Holder’s inequality
d 1/v
1= 37 w) (Zt 0) e,
k=1
Thus,
d
> (W) =d . (2.5)
k=1
It follows from (2.4) and (2.5) that I < oc.
Theorem 3 is proved.
From Theorem 3 we deduce the following result.
Corollary 2. Let 2 <p < oo and v >n > 0. Then the sharp inequality
7 d (1-7)/2
2 C (V777)Il/q ¥ ve;
185/ < B IO oy ( 3 1D75520) 0

j=1

holds, where I is defined by (2.3).
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In particular, for § = 2, v € Z, 2 < p < oo and v > 1 > 0 we have the sharp

inequality
2 (1-%)/2
Lo (Rd)) .

Now let A = D, and let D; = D"%, j = 1,...,d. Then I in Theorem 3 has
the form

Cp(v,n)I* 5 4 0ve
[(=A)"22 () || £ may < WHFz( )Hzp(n@d) <j_1 8775’;()

%711 . .%Vad (I1J d
= / G W)l <w)21(1_§(f)>/2w, (2.6)
et (30 1 (w)
where
v — |a 1
= G1=————— and |a|=a1+ -+ ag.

v+d(1/2—=1/p)’ 71(1/2~1/p)

It follows from (2.4) and (2.5) that I < co. From Theorem 3 we deduce the following
result.

Corollary 3. Let 2 <p < oo and v > |a| > 0. Then the sharp inequality

o Cp(v, o) 1"/ ve, (o
|D x(')HLQ(Rd) < p(QW)—d%/QHF L »(RY) ZHD iz(- ”Lg(Rd

holds, where

C -m e (Blam/p+ La (1 —7)/2)\
Co(vslal) =7 P (1 —41) 70 wz( (a2 1/2@_'25') 1)/ ))

and I is defined by (2.6).

We obtain a sharp inequality for the operator Ag/ % in the case p=2.

Theorem 4. Let v >n >0 and 0 < 0 < 2v. Then the following sharp inequality
holds:

9 qn(1/6—1/(2v)) 1—n/y e n/(2v)
145”20l acen) < Gy IFE Ol () ZHD 2wy ) -

2.7)

Proof. Consider the extremal problem

2 ve,
18822 (O)IF ey = max,  [F2()7 e < 0% Y 1D 2 ()]}, ey < 1

(2.8)
For 0 < & < (2m)% () (d6?)=1/ (V) set

1/(2v)
E=(Br) 0D -oe) ad Bo—fgeRhIe-El<e)
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Consider the function z.(-) such that

Fr.(¢) = { VmesB.’ <
0, § ¢ Be.
Then \|F$E(-)||2L2(Rd) = 6% and

d d
52
DVei 12 - i 2ud < 1.
I TP [, el e

Therefore, x.(-) is an admissible function in (2.8). We denote its solution by S.
Then

n/2 2 6 n 6 ne¢ ‘
52> Ag 336(')||L2(Rd) = m /Be Vg (§) d€ = (27r)d¢9 (&), & € B-.

Letting € tend to zero we obtain
1-n/v
S > qn2/6-1/v) i " (2.9)
- (2m)d ’ ’

Set

d
L@ (), M, A0) = = A7 22 ()}, oy + M IFC) [, ey + Ao <Z HDVij(')“QLz(]Rd))

j=1
1 d
= o —g 2m) AL + A 2 ) [ Fa(€))? de.
e NG CRC RS ST
Since 0 < 2v, it follows from Holder’s inequality that

d

d 0/(2v)
Sl < (Xl ) aren.
j=1

Jj=1

Setting p = (|€1]% 4+ - + [€4]?)'/? we obtain

d
Z |§j|2v > p2vd1—21//9.

j=1
Thus,
d
—g (&) + 2m) A+ X Y151 = (o),
j=1

where
f(p) _ _pZn + (27T)d/\1 + )\2p2ud1721//0.
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Set

d’l’](2/971/1/) n (27T)d n/v (27.(.)d n/v—1
e — gn2/6=1/n1 [ &)
n=T o <1 )( i ) and N —d ( " ) .

It is easy to see that f(p) attains its minimum on [0, +00) at the point

e {2\ )
po = d(1/0-1/(2 ))(( 52> ) ’

and moreover, f(po) = 0. Hence

d

—(€) + 2m) A + A2 D 1€ > 0

=1

Therefore, L(x(-), A1, A2) =0
For each admissible function z(-) in (2.8) we have

2
A3 22O gy > —IAF 2Ol gy + At (1F2 ()3, gy — 0°)

d
+ A2 (Z 1D ()|, gy — 1)

Jj=1

= ’C(m(')v)‘h)\Q) - )\152 - >\2 > —)\152 —

Hence

2 1-n/v
S < )\162 + Ay = qn2/0-1/v) J .
(2m)?

Taking (2.9) into account we obtain

S — n(2/0-1/v) 2\ n/v. (2.10)
(2m)¢

Assume that x(-) € Lo(R?) and D z(-) € Ly(RY), j =1,...,d. Set

d 1/2
A= (IOl )
j=1
Then for € > 0 and Z(-) = z(-)/(A + ¢) we have

o A2 . HFJ:()HL R
DI E Oy = Gy <1 and IFROlen = 8

It follows from (2.10) that

- n(2/0-1/v) (1n/v
152Nty < Gyair IFTO L
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Hence

qn(1/0-1/(2v)) 1/
(A4e)"”.

/2
IAY "2 ()| pyway < (@m)ianin 2 [Fz() L, (R)

Letting ¢ tend to zero we obtain (2.7).
Assume that there exists a constant

gn(1/6-1/(20))

U< Gmiiamre
such that

d n/(20)
2 1 v ve
83220y ey < CIF() LJH@)(Z D75 )

Then

/o=y

n/2 . l—nfv 2
sup A" 2( )| Lymay < CO 7MY < (QW)d(pn/u)/z‘s ’

IF2()l g, (gay <O
S I 2O ay <

which contradicts (2.10).

From (2.7) for § =2, v € N and v > 1 > 0 we obtain the sharp inequality

2 )77/(21/)
Lo (R4) .

Setting = 2 we see that for all integers v > 3 we have the sharp inequality

2 1/v
Lg(Rd)> ’

dn(1=1/v)/2 i [
(=) ()| 1y ray < amyaa=aare 1F () (Z

Jj=1

ox
()
ot

aIJ

di-1/v , d
1720, 2/( 30

1Az ()|, ey < @n@i2mn L>(RY)

or (as | Fz()|Ly@a) = 2072 ]|2()|| 1, ma)
)1/1/

Theorem 5. Let v > |a| > 0. Then the following sharp inequality holds:

v 1 2/v
1Az () za(ray < a7 () Lzoéd)(ZHatv '

Now we deduce an analogue of Theorem 4 for A = D®.

||Da1'(')||L2(Rd)
|~ la)/(2v) s /(20) 1 ol /v , lal/(2v)
S @l H IEZ ) et Z”D 1 ()17, re) :

aJ;éO
(2.11)
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Proof. Consider the extremal problem

d
ID*2( )7, ey = max,  [Fe()lf,@e <6% D ID" ()7, @e) < 1.
j=1
(2.12)
For )
2m)a Y
0<€<min{<(|ﬂ)|5;h) :aj>0,j:1,...,d}
o
set
> en)N\Y e, 1/(2v g a5 >0,
£ = (al52 (/P a Py — (e, ea), g = N aj_ T
and R
B.={¢eR": ¢ —&| <e}
Consider the function z.(-) such that
5 52 \“?
—(14de> . £€B.,
Fz.(§) = \/mesB€< y (27T)d> &€ B
0, § ¢ B
Then
52 \ 7!
2 _ 52 2 2
Pa () = 0214 g ) <22
- ) 5 w 0\ :
Dl/e]' . = 1 d v ] Ud
2 P72 Olqe e (L o) > ], e
<L 1+ de*” o 71mesB @zd:a-—kd% =1
S (21)mes B. © 2y \Jafoz & TE =0

j=1

Therefore, x.(-) is an admissible function in problem (2.12). Let S denote the
solution of this problem. Then

S = D%z ()7, @a)
52 52\
- (”df% ) /|5l|2a1---\§d\2add€
B,

(27m)? mes B, (2m)d
02 52 -1 B B N
~ (2n) (1 +de™ (gﬂ)d) &Pt lea®*e, (6. €a) € Be.

Letting ¢ tend to zero we obtain

52\ 1-lal/v T
5> () a7 TL s @1
j=1

on;éO
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Set
‘C(‘T()’ /\17 >‘2)

d
= D2 ()L, @) + MNP, ga) + A2 (Z ID”ejx(~)||2L2(Rd>>
j=1

d
= gt [ (Pl em e 3l ) o) de
R j=1

In the expression

d
,‘§1|29‘1 e |£d|2a" —+ (27T)d>\1 + Ao Z |§j|2,,

Jj=1

we make the substitution |¢;|* = €%, j = 1,...,d. This yields the function

d

G(t) = —e ™Y + (2m)TN\; + Ao Zevtj = e H (1),
j=1
where (a,t) = ait; + - + aqlq and
d
H(t) = =1+ (2m) %A e (@D 4 ), Zel’tj—(a,t).
j=1
Set o
1 ‘Oé| (27T)d v a; /v
A = _ = v
1 (27T)d( v ) ( || 62 H @
j=1
a; #0
and » )
1/(2m)2\'"® v—1 o v
Ao = — | L 4 /v
v < |a|62> 1T
j=1
aﬁéO

~

The function H(-) is convex. It is easy to see that H(t) = 0, where

1 (ln (@2m)er (27r)dad) _

v lafoz 7 ale?

In addition, the gradient of H(-) vanishes at . Hence H(t) > 0 for t € R?, and
therefore G(t) > 0 for t € R%. Thus, £(z(-), A1, A2) = 0.
For each function z(-) admissible in problem (2.12) we have

D)y eey = ~ 1D () |7y ey + M (I FE() 7, (re) — %)

d
+ Ao (Z IIDW"I(')H%Q(W) - 1)

j=1

= L(z(-), A1, A2) — A16® — Ag = —A\16% — Ao,
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Hence
) 52 1—|a|/v al/ d a; /v
S < )\15 + )\2 = ((271')d) |Oé| H Oéj .
Oéj;ﬁo

Taking (2.13) into account we obtain

52 1—|a|/v al/ d oy /v
= <(27r)d> || H afi (2.14)
Jj=1

Dtj;éo
Let 2(-) € La(R%) and D% z(-) € Lo(R%), j =1,...,d, and set
d 1/2
A= <Z ||D”ej$(')||2L2(1Rd)) .
j=1

Then for ¢ > 0 u Z(-) = x(-) /(A + €) we have

A? 1F2()llzame)

d
> ID (), gy = Ve 1 and ||FZ()||p,re) = e
j=1

It follows from (2.14) that

azs |0¢‘ lal/v v o1 ,
10720 e < Gryar=rarn H o PR .

04]760

Thus,

«a |04| le/(2v) aj/(2v) 1—|a|/v al /v
D x(')”Lz(]Rd) < W H a; ||F )||L2(‘RL/) (A+€)| v,

aﬂéO

Letting e tend to zero we obtain (2.11).
Suppose that there exists a constant

||~ la|/(2v) a]/(zy)
(27) d(l lal/v)/2 H

aJ;éO

C<

such that

d lal/(2v)
o 1 al/v ve,
1Dl ey < CIEZC) LI (Z e )
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Then
sup 1D ()| Ly ra)
IF2()l 1y (rd) <6
=1 1D 9 2()17 gay <1
—lal/(2v)
1—|al/v ot o;/(2v) s1—|al/v
<09 < @iz 1L e o
j=1
a; #0

in contradiction to (2.14).
Theorem 5 is proved.

2.2. Sharp inequalities in the metric of L. (R%). Set

- v—n—d/2 ~ 1
MEVrdae-1p) T T iR aA2 - 1)

and

Colv,n) =

so3in(y _yy-0sose (B@a/p+ L@ = 50/2)) "
2lv —n—d/2|

Theorem 8 in [7] has the following consequence.

Theorem 6. Let 1 <p < oo and 7y, € (0,1). Assume that

V7 (w)
I =
/r[d—l (Z?:l @5( )) @(1-1)/2

J(w) dw < 0.

Then the following sharp inequality holds:

(1=A1)/2
Cp(v,n
[Az( )l ey < (()CKWHFx L ,(R4) (Z [1Dja( ||L (Re) ) :
(2.15)

Let A = AZ/2 and D; = D¥%, j =1,...,d. Then the quantity I in Theorem 6
has the form

_r:/ (Zzzlfﬁ(w))m/e(}(w) dw
me (S )T

It follows from (2.4) and (2.5) that I < co. Then Theorem 6 has the following
corollary.

(2.16)

Corollary 4. Let 1 <p < oo and v —d/2 >n > 0. Then the sharp inequality

A (1-71)/2
2 C (V 77)[ ve;
||AZ/ ()@ < (2p )d(1+71)/2||F33 I (Rd) Z D" HL (R)

holds, where I is defined by (2.16).
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If A=D%and D; =D"%,j=1,...,d, then for I in Theorem 6 we have

/ (7 (w) -+ - £ (w))alJ(w) dw
Hd 1

e S ) o
k=1"k
where 4/ )
o velal-dp

v+d(1/2=1/p) 1/2+4+5(1/2-1/p)’
From (2.4) and (2.5) we obtain I < co. Then Theorem 6 yields the following result.
Corollary 5. Let 1 <p < oo and v —d/2 > |a| > 0. Then the sharp inequality

( ’|a‘)11/ (1-71)/2
1D 2. < gy PO e (Z D", e

holds, where

L~y a- ~ /a1
Ky(v,|a]) =3 ™/P(1 = 71) =0~ m/z(B(qul(/fir|2|q1_(2/—2)%)/2)>1

and I is defined by (2.17).
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