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On some Carlson-type inequalities

K. Yu. Osipenko

Abstract. We find the sharp constant in the inequality

∥w(·)x(·)∥Lq(T ) ⩽ K∥w0(·)x(·)∥γ
Lp(T )

( d∑
j=1

∥φj(·)x(·)∥r
Lr(T )

)(1−γ)/r

,

where T is a cone in Rd and the weights w(·), w0(·) and φj(·), j = 1, . . . , d,
are homogeneous measurable functions. We also obtain similar inequalities
for some differential operators.

Bibliography: 7 titles.

Keywords: sharp inequalities, differential operators, Carlson-type inequal-
ities.

Introduction

The well-known Carlson inequality [1]

∥x(t)∥L1(R+) ⩽
√
π∥x(t)∥1/2

L2(R+)∥tx(t)∥
1/2
L2(R+), R+ = [0,+∞),

has been generalized by many authors (for instance, see [2]–[7]). We state one of
its generalizations which we use below.

Consider the spherical system of coordinates in Rd:

t1 = ρ cosω1,

t2 = ρ sinω1 cosω2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

td−1 = ρ sinω1 sinω2 · · · sinωd−2 cosωd−1,

td = ρ sinω1 sinω2 · · · sinωd−2 sinωd−1.

For a function f(t), t ∈ Rd, set

f̃(ω) = |f(cosω1, . . . , sinω1 sinω2 · · · sinωd−2 sinωd−1)|, ω = (ω1, . . . , ωd−1).

We introduce the following notation:

P = {(p, q, r) : 1 ⩽ q < p, r}, P1 = {(p, q, r) : 1 ⩽ q = r < p},
P2 = {(p, q, r) : 1 ⩽ q = p < r}.
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Let |w(·)|, |w0(·)| and |w1(·)| be homogeneous measurable functions on Rd of
degrees θ, θ0 and θ1, respectively, let T be a cone in Rd and Ω be the range of ω
for t ∈ T . Since T is a cone, Ω is independent of ρ. Set

J(ω) = sind−2 ω1 sind−3 ω2 · · · sinωd−2.

The following result is a consequence of [7] (Corollary 4 for n = 1).

Theorem 1. Let w(·), w0(·), w1(·) ̸= 0 for almost all t∈T , let (p, q, r)∈P ∪P1 ∪P2 ,
γ = (θ1 − θ − d(1/q − 1/r))/(θ1 − θ0 + d(1/r − 1/p)) and γ ∈ (0, 1). Assume that

I =
∫

Ω

(
w̃(ω)

w̃γ
0 (ω)w̃1(ω)(1−γ)

)q̃

J(ω) dω <∞,

where
1
q̃

=
1
q
− γ

p
− 1− γ

r
.

Then for all x(·) such that w0(·)x(·) ∈ Lp(T ) and w1(·)x(·) ∈ Lr(T ) the sharp
inequality

∥w(·)x(·)∥Lq(T ) ⩽ K∥w0(·)x(·)∥γ
Lp(T )∥w1(·)x(·)∥1−γ

Lr(T )

holds, where

K = γ−γ/p(1− γ)−(1−γ)/r

(
B(q̃γ/p, q̃(1− γ)/r)I

|θ1 − θ0 + d(1/r − 1/p)|(γr + (1− γ)p)

)1/q̃

and B( · , · ) is the Euler beta function.

For (p, q, r) ∈ P Theorem 1 was proved in [4] (also see Corollary 4 in [5]).
By the properties of the beta function

B

(
q̃γ

p
,
q̃(1− γ)

r

)
=
γr + (1− γ)p

γr
B

(
q̃γ

p
+ 1,

q̃(1− γ)
r

)
.

Hence K has the following expression:

K = γ−γ/p(1− γ)−(1−γ)/r

(
B(q̃γ/p+ 1, q̃(1− γ)/r)I
r|θ1 − θ − d(1/q − 1/r)|

)1/q̃

.

§ 1. Sharp inequalities on cones in RRRRRRRd

Let

w1(t) =
( n∑

j=1

|φj(t)|r
)1/r

.

Then

∥w1(·)x(·)∥r
Lr(T ) =

n∑
j=1

∥φj(·)x(·)∥r
Lr(T ).

Thus we can state Theorem 1 as follows.
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Theorem 2. Let |w(·)| and |w0(·)| be homogenous measurable functions of degrees θ
and θ0 , respectively, and |φj(·)|, j = 1, . . . , n, be homogeneous measurable functions
of degree θ1 . In addition, assume that w(t), w0(t) ̸= 0 and

∑n
j=1 |φj(t)| ≠ 0 for

almost all t ∈ T , and let (p, q, r) ∈ P ∪ P1 ∪ P2 and γ ∈ (0, 1) be as in Theorem 1.
Let

I =
∫

Ω

(
w̃(ω)

w̃γ
0 (ω)(

∑n
j=1 φ̃

r
j(ω))(1−γ)/r

)q̃

J(ω) dω <∞.

Then the following sharp inequality holds for all x(·) such that w0(·)x(·) ∈ Lp(T )
and φj(·)x(·) ∈ Lr(T ), j = 1, . . . , n:

∥w(·)x(·)∥Lq(T ) ⩽ K∥w0(·)x(·)∥γ
Lp(T )

( n∑
j=1

∥φj(·)x(·)∥r
Lr(T )

)(1−γ)/r

.

Corollary 1. Let |w(·)| and |w0(·)| be homogeneous measurable functions of degrees
d(1−1/q) and d−(λ+d)/p, respectively, and let |φj(·)|, j = 1, . . . , n, be homogeneous
measurable functions of degree d + (µ − d)/r , where λ, µ > 0. Also assume that
w(t), w1(t) ̸= 0 and

∑n
j=1 |φj(t)| ̸= 0 for almost all t ∈ T , and let (p, q, r) ∈

P ∪ P1 ∪ P2 . Let

I =
∫

Ω

(
w̃(ω)

w̃pα
0 (ω)(

∑n
j=1 φ̃

r
j(ω))β

)1/(1/q−α−β)

J(ω) dω <∞,

where

α =
µ

pµ+ rλ
and β =

λ

pµ+ rλ
.

Then the following sharp inequality holds for all x(·) such that w0(·)x(·) ∈ Lp(T )
and φj(·)x(·) ∈ Lr(T ), j = 1, . . . , n:

∥w(·)x(·)∥Lq(T ) ⩽ K̂∥w0(·)x(·)∥pα
Lp(T )

( n∑
j=1

∥φj(·)x(·)∥r
Lr(T )

)β

,

where

K̂ =
1

(pα)α(rβ)β

(
I

λ+ µ
B

(
α

1/q − α− β
,

β

1/q − α− β

))1/q−α−β

.

In the case when T = Rd
+, q = 1, p, r > 1, w(t) ≡ 1, n = 1,

w0(t) = W 1−(λ+1)/p(t) and w1(t) = W 1+(µ−1)/r(t),

where W (·) is homogeneous of degree d, the result of Corollary 1 was obtained
in [3]. In the one-dimensional case (d = 1), under the same assumptions as above
the result in question was derived in [2].
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§ 2. Sharp inequalities for differential operators

2.1. Sharp inequalities in the metric L2(RRRRRRRd). Let S be the Schwartz space
of rapidly decaying infinitely differentiable functions on R, S′ be the corresponding
space of distributions and F : S′ → S′ be the Fourier transform.

Let |φj(·)|, j = 1, . . . , n, be homogeneous functions of degree ν and |ψ(·)| be
homogeneous of degree η. Set

Xp =
{
x(·) ∈ S′ : φj(·)Fx(·) ∈ L2(Rd), j = 1, . . . , n, Fx(·) ∈ Lp(Rd)

}
.

For functions x(·) ∈ Xp let Dj , j = 1, . . . , n, be the operators defined by

Djx(·) = F−1(φj(·)Fx(·))(·), j = 1, . . . , n,

and let
Λx(·) = F−1(ψ(·)Fx(·))(·) (2.1)

(we assume that the function ψ(·) satisfies ψ(·)Fx(·) ∈ L2(Rd) for x(·) ∈ Xp).
Set

Cp(ν, η) = γ̂−γ̂/p(1− γ̂)−(1−γ̂)/2

(
B(q̂γ̂/p+ 1, q̂(1− γ̂)/2)

2|ν − η|

)1/q̂

,

where
γ̂ =

ν − η

ν + d(1/2− 1/p)
and q̂ =

1
γ̂(1/2− 1/p)

.

By Theorem 6 in [7] (similarly to Theorem 2 here) the following result holds.

Theorem 3. Let 2 < p ⩽ ∞ and γ̂ ∈ (0, 1). Also let

I =
∫

Πd−1

ψ̃q̂(ω)
(
∑n

j=1 φ̃
2
j (ω))q̂(1−γ̂)/2

J(ω) dω <∞, Πd−1 = [0, π]d−2 × [0, 2π].

Then the following sharp inequality holds:

∥Λx(·)∥L2(Rd) ⩽
Cp(ν, η)I1/q̂

(2π)dγ̂/2
∥Fx(·)∥γ̂

Lp(Rd)

( n∑
j=1

∥Djx(·)∥2L2(Rd)

)(1−γ̂)/2

. (2.2)

We look at a few concrete weights. Let α = (α1, . . . , αd) ∈ Rd
+. Consider the

operator Dα (derivative of order α) defined by

Dαx(·) = F−1((iξ)αFx(ξ))(·),

where (iξ)α = (iξ1)α1 · · · (iξd)αd . It is cleat that if x(·) is a sufficiently smooth
function on Rd, t = (t1, . . . , td) ∈ Rd and α = (α1, . . . , αd) ∈ Zd

+, then

Dαx(t) =
∂xα1+···+αd(t)
∂tα1

1 · · · ∂tαd

d

.
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Set
ψθ(ξ) = (|ξ1|θ + · · ·+ |ξd|θ)2/θ, θ > 0.

We let Λη/2
θ denote the operator Λ defined by (2.1) for ψ(ξ) = ψ

η/2
θ (ξ). In particular,

Λ2 = −∆, where ∆ is the Laplace operator. We obtain the sharp inequality (2.2)
for Λ = Λη/2

θ and Dj = Dνej , j = 1, . . . , d, where {ej} is the standard basis of Rd.
For φj(ξ) = (iξj)ν we have φ̃j(ω) = t̃νj (ω), where

t̃1(ω) = |cosω1|,
t̃2(ω) = |sinω1 cosω2|,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

t̃d−1(ω) = |sinω1 sinω2 · · · sinωd−2 cosωd−1|,
t̃d(ω) = |sinω1 sinω2 · · · sinωd−2 sinωd−1|.

Note that
∑d

k=1 t̃
2
k (ω) = 1.

For the quantity I in Theorem 3 we have

I =
∫

Πd−1

(∑d
k=1 t̃

θ
k (ω)

)q̂η/θ
J(ω) dω(∑d

k=1 t̃
2ν
k (ω)

)q̂(1−γ̂)/2
. (2.3)

If ν ⩽ 1, then
d∑

k=1

t̃ 2ν
k (ω) ⩾

d∑
k=1

t̃ 2k (ω) = 1. (2.4)

On the other hand, if ν > 1, then by Hölder’s inequality

1 =
d∑

k=1

t̃ 2k (ω) ⩽

( d∑
k=1

t̃ 2ν
k (ω)

)1/ν

d1−1/ν .

Thus,
d∑

k=1

t̃ 2ν
k (ω) ⩾ d1−ν . (2.5)

It follows from (2.4) and (2.5) that I <∞.
Theorem 3 is proved.
From Theorem 3 we deduce the following result.

Corollary 2. Let 2 < p ⩽ ∞ and ν > η ⩾ 0. Then the sharp inequality

∥Λη/2
θ x(·)∥L2(Rd) ⩽

Cp(ν, η)I1/q̂

(2π)dγ̂/2
∥Fx(·)∥γ̂

Lp(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)(1−γ̂)/2

holds, where I is defined by (2.3).
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In particular, for θ = 2, ν ∈ Z, 2 < p ⩽ ∞ and ν > η ⩾ 0 we have the sharp
inequality

∥(−∆)η/2x(·)∥L2(Rd) ⩽
Cp(ν, η)I1/q̂

(2π)dγ̂/2
∥Fx(·)∥γ̂

Lp(Rd)

( d∑
j=1

∥∥∥∥∂νx

∂tνj
(·)

∥∥∥∥2

L2(Rd)

)(1−γ̂)/2

.

Now let Λ = Dα, and let Dj = Dνej , j = 1, . . . , d. Then I in Theorem 3 has
the form

I =
∫

Πd−1

(
t̃α1
1 (ω) · · · t̃αd

d (ω)
)q1
J(ω) dω(∑d

k=1 t̃
2ν
k (ω)

)q1(1−γ1)/2
, (2.6)

where

γ1 =
ν − |α|

ν + d(1/2− 1/p)
, q1 =

1
γ1(1/2− 1/p)

and |α| = α1 + · · ·+ αd.

It follows from (2.4) and (2.5) that I <∞. From Theorem 3 we deduce the following
result.

Corollary 3. Let 2 < p ⩽ ∞ and ν > |α| ⩾ 0. Then the sharp inequality

∥Dαx(·)∥L2(Rd) ⩽
C̃p(ν, |α|)I1/q1

(2π)dγ1/2
∥Fx(·)∥γ1

Lp(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)(1−γ1)/2

holds, where

C̃p(ν, |α|) = γ
−γ1/p
1 (1− γ1)−(1−γ1)/2

(
B(q1γ1/p+ 1, q1(1− γ1)/2)

2(ν − |α|)

)1/q1

and I is defined by (2.6).

We obtain a sharp inequality for the operator Λη/2
θ in the case p = 2.

Theorem 4. Let ν > η > 0 and 0 < θ ⩽ 2ν . Then the following sharp inequality
holds:

∥Λη/2
θ x(·)∥L2(Rd) ⩽

dη(1/θ−1/(2ν))

(2π)d(1−η/ν)/2
∥Fx(·)∥1−η/ν

L2(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)η/(2ν)

.

(2.7)

Proof. Consider the extremal problem

∥Λη/2
θ x(·)∥2L2(Rd) → max, ∥Fx(·)∥2L2(Rd) ⩽ δ2,

d∑
j=1

∥Dνejx(·)∥2L2(Rd) ⩽ 1.

(2.8)
For 0 < ε < (2π)d/(2ν)(dδ2)−1/(2ν) set

ξ̂ε =
(

(2π)d

dδ2

)1/(2ν)

(1, . . . , 1)− (ε, . . . , ε) and Bε = {ξ ∈ Rd : |ξ − ξ̂ε| < ε}.
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Consider the function xε(·) such that

Fxε(ξ) =


δ√

mesBε

, ξ ∈ Bε,

0, ξ /∈ Bε.

Then ∥Fxε(·)∥2L2(Rd) = δ2 and

d∑
j=1

∥Dνejx(·)∥2L2(Rd) =
δ2

(2π)d mesBε

d∑
j=1

∫
Bε

|ξj |2ν dξ ⩽ 1.

Therefore, xε(·) is an admissible function in (2.8). We denote its solution by S.
Then

S ⩾ ∥Λη/2
θ xε(·)∥2L2(Rd) =

δ2

(2π)d mesBε

∫
Bε

ψη
θ (ξ) dξ =

δ2

(2π)d
ψη

θ (ξ̃ε), ξ̃ε ∈ Bε.

Letting ε tend to zero we obtain

S ⩾ dη(2/θ−1/ν)

(
δ2

(2π)d

)1−η/ν

. (2.9)

Set

L(x(·), λ1, λ2) = −∥Λη/2
θ x(·)∥2L2(Rd) + λ1∥Fx(·)∥2L2(Rd) + λ2

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)

=
1

(2π)d

∫
Rd

(
−ψη

θ (ξ) + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν

)
|Fx(ξ)|2 dξ.

Since θ ⩽ 2ν, it follows from Hölder’s inequality that

d∑
j=1

|ξj |θ ⩽

( d∑
j=1

|ξj |2ν

)θ/(2ν)

d1−θ/(2ν).

Setting ρ = (|ξ1|θ + · · ·+ |ξd|θ)1/θ we obtain

d∑
j=1

|ξj |2ν ⩾ ρ2νd1−2ν/θ.

Thus,

−ψη
θ (ξ) + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν ⩾ f(ρ),

where
f(ρ) = −ρ2η + (2π)dλ1 + λ2ρ

2νd1−2ν/θ.
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Set

λ1 =
dη(2/θ−1/ν)

(2π)d

(
1− η

ν

)(
(2π)d

δ2

)η/ν

and λ2 = dη(2/θ−1/ν) η

ν

(
(2π)d

δ2

)η/ν−1

.

It is easy to see that f(ρ) attains its minimum on [0,+∞) at the point

ρ0 = d(1/θ−1/(2ν))

(
(2π)d

δ2

)1/(2ν)

,

and moreover, f(ρ0) = 0. Hence

−ψη/2
θ (ξ) + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν ⩾ 0.

Therefore, L(x(·), λ1, λ2) ⩾ 0.
For each admissible function x(·) in (2.8) we have

−∥Λη/2
θ x(·)∥2L2(Rd) ⩾ −∥Λη/2

θ x(·)∥2L2(Rd) + λ1

(
∥Fx(·)∥2L2(Rd) − δ2

)
+ λ2

( d∑
j=1

∥Dνejx(·)∥2L2(Rd) − 1
)

= L(x(·), λ1, λ2)− λ1δ
2 − λ2 ⩾ −λ1δ

2 − λ2.

Hence

S ⩽ λ1δ
2 + λ2 = dη(2/θ−1/ν)

(
δ2

(2π)d

)1−η/ν

.

Taking (2.9) into account we obtain

S = dη(2/θ−1/ν)

(
δ2

(2π)d

)1−η/ν

. (2.10)

Assume that x(·) ∈ L2(Rd) and Dνejx(·) ∈ L2(Rd), j = 1, . . . , d. Set

A =
( d∑

j=1

∥Dνejx(·)∥2L2(Rd)

)1/2

.

Then for ε > 0 and x̂(·) = x(·)/(A+ ε) we have

d∑
j=1

∥Dνej x̂(·)∥2L2(Rd) =
A2

(A+ ε)2
< 1 and ∥Fx̂(·)∥L2(Rd) =

∥Fx(·)∥L2(Rd)

A+ ε
.

It follows from (2.10) that

∥Λη/2
θ x̂(·)∥2L2(Rd) ⩽

dη(2/θ−1/ν)

(2π)d(1−η/ν)
∥Fx̂(·)∥2(1−η/ν)

L2(Rd)
.
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Hence

∥Λη/2
θ x(·)∥L2(Rd) ⩽

dη(1/θ−1/(2ν))

(2π)d(1−η/ν)/2
∥Fx(·)∥1−η/ν

L2(Rd)
(A+ ε)η/ν .

Letting ε tend to zero we obtain (2.7).
Assume that there exists a constant

C <
dη(1/θ−1/(2ν))

(2π)d(1−η/ν)/2
,

such that

∥Λη/2
θ x(·)∥L2(Rd) ⩽ C∥Fx(·)∥1−η/ν

L2(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)η/(2ν)

.

Then

sup
∥Fx(·)∥

L2(Rd)⩽δ∑d
j=1 ∥D

νej x(·)∥2
L2(Rd)

⩽1

∥Λη/2
θ x(·)∥L2(Rd) ⩽ Cδ1−η/ν <

dη(1/θ−1/(2ν))

(2π)d(1−η/ν)/2
δ1−η/ν ,

which contradicts (2.10).

From (2.7) for θ = 2, ν ∈ N and ν > η > 0 we obtain the sharp inequality

∥(−∆)η/2x(·)∥L2(Rd) ⩽
dη(1−1/ν)/2

(2π)d(1−η/ν)/2
∥Fx(·)∥1−η/ν

L2(Rd)

( d∑
j=1

∥∥∥∥∂νx

∂tνj
(·)

∥∥∥∥2

L2(Rd)

)η/(2ν)

.

Setting η = 2 we see that for all integers ν ⩾ 3 we have the sharp inequality

∥∆x(·)∥L2(Rd) ⩽
d1−1/ν

(2π)d(1−2/ν)/2
∥Fx(·)∥1−2/ν

L2(Rd)

( d∑
j=1

∥∥∥∥∂νx

∂tνj
(·)

∥∥∥∥2

L2(Rd)

)1/ν

,

or (as ∥Fx(·)∥L2(Rd) = (2π)d/2∥x(·)∥L2(Rd))

∥∆x(·)∥L2(Rd) ⩽ d1−1/ν∥x(·)∥1−2/ν

L2(Rd)

( d∑
j=1

∥∥∥∥∂νx

∂tνj
(·)

∥∥∥∥2

L2(Rd)

)1/ν

.

Now we deduce an analogue of Theorem 4 for Λ = Dα.

Theorem 5. Let ν > |α| > 0. Then the following sharp inequality holds:

∥Dαx(·)∥L2(Rd)

⩽
|α|−|α|/(2ν)

(2π)d(1−|α|/ν)/2

d∏
j=1

αj ̸=0

α
αj/(2ν)
j ∥Fx̂(·)∥1−|α|/ν

L2(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)|α|/(2ν)

.

(2.11)
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Proof. Consider the extremal problem

∥Dαx(·)∥2L2(Rd) → max, ∥Fx(·)∥2L2(Rd) ⩽ δ2,

d∑
j=1

∥Dνejx(·)∥2L2(Rd) ⩽ 1.

(2.12)
For

0 < ε < min
{(

(2π)dαj

|α|δ2

)1/(2ν)

: αj > 0, j = 1, . . . , d
}

set

ξ̂ε =
(

(2π)d

|α|δ2

)1/(2ν)

(α1/(2ν)
1 , . . . , α

1/(2ν)
d )− (ε1, . . . , εd), εj =

{
ε, αj > 0,
0, αj = 0,

and
Bε = {ξ ∈ Rd : |ξ − ξ̂ε| < ε}.

Consider the function xε(·) such that

Fxε(ξ) =


δ√

mesBε

(
1 + dε2ν δ2

(2π)d

)−1/2

, ξ ∈ Bε,

0, ξ /∈ Bε.

Then

∥Fxε(·)∥2L2(Rd) = δ2
(

1 + dε2ν δ2

(2π)d

)−1

⩽ δ2,

d∑
j=1

∥Dνejx(·)∥2L2(Rd) =
δ2

(2π)d mesBε

(
1 + dε2ν δ2

(2π)d

)−1 d∑
j=1

∫
Bε

|ξj |2ν dξ

⩽
δ2

(2π)d mesBε

(
1 + dε2ν δ2

(2π)d

)−1

mesBε

(
(2π)d

|α|δ2
d∑

j=1

αj + dε2ν

)
= 1.

Therefore, xε(·) is an admissible function in problem (2.12). Let S denote the
solution of this problem. Then

S ⩾ ∥Dαxε(·)∥2L2(Rd)

=
δ2

(2π)d mesBε

(
1 + dε2ν δ2

(2π)d

)−1 ∫
Bε

|ξ1|2α1 · · · |ξd|2αd dξ

=
δ2

(2π)d

(
1 + dε2ν δ2

(2π)d

)−1

|ξ̃1|2α1 · · · |ξ̃d|2αd , (ξ̃1, . . . , ξ̃d) ∈ Bε.

Letting ε tend to zero we obtain

S ⩾

(
δ2

(2π)d

)1−|α|/ν

|α|−|α|/ν
d∏

j=1
αj ̸=0

α
αj/ν
j . (2.13)
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Set

L(x(·), λ1, λ2)

= −∥Dαx(·)∥2L2(Rd) + λ1∥Fx(·)∥2L2(Rd) + λ2

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)

=
1

(2π)d

∫
Rd

(
−|ξ1|2α1 · · · |ξd|2αd + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν

)
|Fx(ξ)|2 dξ.

In the expression

−|ξ1|2α1 · · · |ξd|2αd + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν

we make the substitution |ξj |2 = etj , j = 1, . . . , d. This yields the function

G(t) = −e(α,t) + (2π)dλ1 + λ2

d∑
j=1

eνtj = e(α,t)H(t),

where (α, t) = α1t1 + · · ·+ αdtd and

H(t) = −1 + (2π)dλ1e
−(α,t) + λ2

d∑
j=1

eνtj−(α,t).

Set

λ1 =
1

(2π)d

(
1− |α|

ν

)(
(2π)d

|α|δ2

)|α|/ν d∏
j=1

αj ̸=0

α
αj/ν
j

and

λ2 =
1
ν

(
(2π)d

|α|δ2

)|α|/ν−1 d∏
j=1

αj ̸=0

α
αj/ν
j .

The function H(·) is convex. It is easy to see that H(t̂) = 0, where

t̂ =
1
ν

(
ln

(2π)dα1

|α|δ2
, . . . , ln

(2π)dαd

|α|δ2

)
.

In addition, the gradient of H(·) vanishes at t̂. Hence H(t) ⩾ 0 for t ∈ Rd, and
therefore G(t) ⩾ 0 for t ∈ Rd. Thus, L(x(·), λ1, λ2) ⩾ 0.

For each function x(·) admissible in problem (2.12) we have

−∥Dαx(·)∥2L2(Rd) ⩾ −∥Dαx(·)∥2L2(Rd) + λ1

(
∥Fx(·)∥2L2(Rd) − δ2

)
+ λ2

( d∑
j=1

∥Dνejx(·)∥2L2(Rd) − 1
)

= L(x(·), λ1, λ2)− λ1δ
2 − λ2 ⩾ −λ1δ

2 − λ2.
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Hence

S ⩽ λ1δ
2 + λ2 =

(
δ2

(2π)d

)1−|α|/ν

|α|−|α|/ν
d∏

j=1
αj ̸=0

α
αj/ν
j .

Taking (2.13) into account we obtain

S =
(

δ2

(2π)d

)1−|α|/ν

|α|−|α|/ν
d∏

j=1
αj ̸=0

α
αj/ν
j . (2.14)

Let x(·) ∈ L2(Rd) and Dνejx(·) ∈ L2(Rd), j = 1, . . . , d, and set

A =
( d∑

j=1

∥Dνejx(·)∥2L2(Rd)

)1/2

.

Then for ε > 0 и x̂(·) = x(·)/(A+ ε) we have

d∑
j=1

∥Dνej x̂(·)∥2L2(Rd) =
A2

(A+ ε)2
< 1 and ∥Fx̂(·)∥L2(Rd) =

∥Fx(·)∥L2(Rd)

A+ ε
.

It follows from (2.14) that

∥Dαx̂(·)∥2L2(Rd) ⩽
|α|−|α|/ν

(2π)d(1−|α|/ν)

d∏
j=1

αj ̸=0

α
αj/ν
j ∥Fx̂(·)∥2(1−|α|/ν)

L2(Rd)
.

Thus,

∥Dαx(·)∥L2(Rd) ⩽
|α|−|α|/(2ν)

(2π)d(1−|α|/ν)/2

d∏
j=1

αj ̸=0

α
αj/(2ν)
j ∥Fx̂(·)∥1−|α|/ν

L2(Rd)
(A+ ε)|α|/ν .

Letting ε tend to zero we obtain (2.11).
Suppose that there exists a constant

C <
|α|−|α|/(2ν)

(2π)d(1−|α|/ν)/2

d∏
j=1

αj ̸=0

α
αj/(2ν)
j ,

such that

∥Dαx(·)∥L2(Rd) ⩽ C∥Fx̂(·)∥1−|α|/ν

L2(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)|α|/(2ν)

.
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Then

sup
∥Fx(·)∥

L2(Rd)⩽δ∑d
j=1 ∥D

νej x(·)∥2
L2(Rd)

⩽1

∥Dαx(·)∥L2(Rd)

⩽ Cδ1−|α|/ν <
|α|−|α|/(2ν)

(2π)d(1−|α|/ν)/2

d∏
j=1

αj ̸=0

α
αj/(2ν)
j δ1−|α|/ν

in contradiction to (2.14).
Theorem 5 is proved.

2.2. Sharp inequalities in the metric of L∞(RRRRRRRd). Set

γ̂1 =
ν − η − d/2

ν + d(1/2− 1/p)
, q̂1 =

1
1/2 + γ̂1(1/2− 1/p)

and

Ĉp(ν, η) = γ̂
−γ̂1/p
1 (1− γ̂1)−(1−γ̂1)/2

(
B(q̂1γ̂1/p+ 1, q̂1(1− γ̂1)/2)

2|ν − η − d/2|

)1/q̂1

.

Theorem 8 in [7] has the following consequence.

Theorem 6. Let 1 ⩽ p ⩽ ∞ and γ̂1 ∈ (0, 1). Assume that

I =
∫

Πd−1

ψ̃q̂1(ω)(∑n
j=1 φ̃

2
j (ω)

)q̂1(1−γ̂1)/2
J(ω) dω <∞.

Then the following sharp inequality holds:

∥Λx(·)∥L∞(Rd) ⩽
Ĉp(ν, η)I1/q̂1

(2π)d(1+γ̂1)/2
∥Fx(·)∥γ̂1

Lp(Rd)

( n∑
j=1

∥Djx(·)∥2L2(Rd)

)(1−γ̂1)/2

.

(2.15)

Let Λ = Λη/2
θ and Dj = Dνej , j = 1, . . . , d. Then the quantity I in Theorem 6

has the form

I =
∫

Πd−1

(∑d
k=1 t̃

θ
k (ω)

)q̂1η/θ
J(ω) dω(∑d

k=1 t̃
2ν
k (ω)

)q̂1(1−γ̂1)/2
. (2.16)

It follows from (2.4) and (2.5) that I < ∞. Then Theorem 6 has the following
corollary.

Corollary 4. Let 1 ⩽ p ⩽ ∞ and ν − d/2 > η > 0. Then the sharp inequality

∥Λη/2
θ x(·)∥L∞(Rd) ⩽

Ĉp(ν, η)I1/q̂1

(2π)d(1+γ̂1)/2
∥Fx(·)∥γ̂1

Lp(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)(1−γ̂1)/2

holds, where I is defined by (2.16).
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If Λ = Dα and Dj = Dνej , j = 1, . . . , d, then for I in Theorem 6 we have

I =
∫

Πd−1

(
t̃α1
1 (ω) · · · t̃αd

d (ω)
)q̃1
J(ω) dω(∑d

k=1 t̃
2ν
k (ω)

)q̃1(1−γ̃1)/2
, (2.17)

where
γ̃1 =

ν − |α| − d/2
ν + d(1/2− 1/p)

and q̃1 =
1

1/2 + γ̂1(1/2− 1/p)
.

From (2.4) and (2.5) we obtain I <∞. Then Theorem 6 yields the following result.

Corollary 5. Let 1 ⩽ p ⩽ ∞ and ν − d/2 > |α| > 0. Then the sharp inequality

∥Dαx(·)∥L∞(Rd) ⩽
Kp(ν, |α|)I1/q̃1

(2π)d(1+γ̃1)/2
∥Fx(·)∥γ̃1

Lp(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)(1−γ̃1)/2

holds, where

Kp(ν, |α|) = γ̃
−γ̃1/p
1 (1− γ̃1)−(1−γ̃1)/2

(
B(q̃1γ̃1/p+ 1, q̃1(1− γ̃1)/2)

2(ν − |α| − d/2)

)1/q̃1

and I is defined by (2.17).
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