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BBepgenne

MHuorovncienHble TPUKIATHBIE 321291, B YaCTHOCTH, 3aJa4i TEOPUN Pa3PYIIEeHNs, Ta30-
BOU JUHAMWUKW, TUAPOIUHAMIKE, T€O(DU3UKI, TEOPUN YIPYTOCTH, OMTHKE, CTATUCTHIECKON
PUBWKYT, KBAHTOBOU MEXaHUKN, TEOPUN OMTUMAILHOTO YIIPABIEHUA, I, 0COOEHHO, METOIBI NX
qncaennoro perrenns na PBM, npuBogaT k nsyvdennto pa3ainvIHbIX CBOUCTB perrennn qudde-
pPEHINATLHLIX YPAaBHEHUN ¢ OOBIKHOBEHHLIMU W YaCTHLIMU TTPOU3BOIHBIMHI, WHTETPATLHBIX
n tceBnoaudepennnalrbublx ypaBHEHNH, K MCCIeNOBAHNIO BO3MOKHOCTH Pa3pelmMOCTI
TPAHUIHBIX 3a/a9 I TaKuX ypPaBHEHWH TPU BO3ZMOKHO Oojee cIabbiX YCIOBUAX Ha MaHHbIE
3a/a9 W BO3MOKHOCTHU HOBBIX TTOCTAHOBOK 3a/ad [JSI COOTBETCTBYIOIINX ypaBHEeHUN. AKTY-
AMBHBIM ABIACTCS W Pas3BUTHE aHATUTUYECKNX W aHAJIUTUKO-YMCIEHHBIX METONOB pelleHns
YKa3aHHBIX ypaBHEeHNN. Pemrennio HeKOTOPLIX MPobieM n3 yKa3aHHoTo KpyTa 3ajad U Mo-
ceamena nannas PUP. Yucrennble meToqbl, pazpaboTaHHble NMPU PEIEHNN MPUKIA THBIX
3a/lay, COMPOBOXK NAIOTCA MOAPOOHBIM TEeOpeTUIeCKUM aHalu30M WX aleKBAaTHOCTHU paccMa-
TpUBaeMbIM 3aadaM. BaXHYIO pOlb UTPAlOT U KaveCTBEHHbIE METO/bl B CIydYasX, Korja
ypaBHEHUS HeTWHENHbIE U YUCIeHHbIe METONLI HE Mal0T BO3MOXKHOCTH aJeKBATHO ONMUCATH
peIentst DTUX YPaBHEHNN U UX CEMENCTBa. P pu DTOM MPUXOIUTCS TPUBIEKATH METOIBI Ca-
MOU COBPEMEHHOU MAaTEMATUKN, BKIOYas (PYHKIMOHATHHLIN aHaln3, Teopun OudypKaiun,
CTPaHHbBIX aTTPAKTOPOB U AP.

Ppu permenun nuddepennmaibubix ypaBHEHNH €CTECTBEHHLIM 06pa3oM BO3HUKAIOT 3a-
JTadu, CBA3aHHBIE ¢ BOCCTAHOBIEHHEM (PYHKIINN Wian (PYHKIIMOHATOB OT HUX TI0 HEKOTOPOU
orpannventon wHdopmalnn o PpyHKINN, 33 aHHON, BOOOIIe TOBOPS, TpubanKento. Takoro
PoJia 3a1adu, THTEHCHBHO N3y IaIOIINeCcs B TIOCTe[Hee BpeMs (0COGEHHO B CBA3H C Pa3BUTHEM
KOMIBIOTEPHON TEXHWKI) COCTABIAIOT HOBOE HAIPABIEHNE, TONyYnBIIee Ha3BaHle ONTH-
MaJqbHOEe BOCCTaHOBIeHWe. KpyT mccaenyeMbix B DTOU 06JacTu MpobIeM CONepKUT TaKue
BaKHbIE 3312491, KaK TTOCTPOEHNE OMTUMAIBLHBIX METOOB BOCCTAHOBIEHUS (DYHKITIH, 3a Tat-
HBIX TOYHO WX TPUOINIKEHHO B KOHEYHOM Y1cle TOYEK, MOCTPoeHNe ONTUMAIbHBIX KBadpa-
TYPHBIX (POPMYJI, BOCCTAHOBIEHTE MTPON3BOAHBIX (dncrertoe nudpepeHnnpoBanme ), BHIGOP
ONTUMAIbHLIM 00pa3oM WH(pOPMAIIUT, KOTOPYIO HE0OXOIUMO 3HaTh O (PYHKINU, 9TOOLI C
HaMeHbBIIIeN MOTPEITHOCTHIO BOCCTAHOBUTEL €€, alllipOKCHMalus (PYHKINT Mo ee Tpubin-
KenubiM KoddduruerTam Pypbe u ap. PTu mpobreMbl maiim ¢cBoe oTpaKeHnn B MaHHON
PUP.

Ecan mpu kraccmdeckom moxoe, KaK TPABIIO, 3aJal0TCA CPEJICTBA TPUOIMKEHS (a-
rebpamdeckie WIN TPUTOHOMETPUYIECKNE MOMNHOMBI, pAllMOHATbHbIE (PYHKIINN, CILIAUHDI,



BEWBJIETHI 1 [Ip.), TO B 3a/adax ONTHMAILHOTO BOCCTAHOBIEHUS B METO/a BOCCTAHOBIE-
HIIA 3apafiee He (PUKCUPYETCSA — OH WIIETCA CPEN BCEBO3ZMOKHBIX METOO0B (aJrOpNTMOB),
HCTOIB3YOMINX 3HAYEHIS allPOKCHMUpyeMon (pyHKInn. BaXHOCTEL TaKon MOCTAHOBKE 00Y-
CIOBIEHA Te€M, 9TO TPH (PUKCHPOBAHHON NHMOPMAIINN BLIONPAaeTCS HAWIY 9NN CIToco6 mpu-
OamKennsa QYHKINE 1in pyHKIIoHara (B MOCKeIHeM cIydae pedh MOKeT WATH, HalPIMeD,
06 ONTUMATBLHBIX METO/aX WHTErPIPOBAHIA).

[pyron Kpyr pacCMOTpPEHHBIX B JaHHOU paboTe 3amad CBS3aH € BOIPOCOM 06 OMTH-
MalbHOM BbIGOpe WH(MopManuu. Panpumep, Kax Jydille paclolokUTh TOYKH, B KOTOPBIX
cllefiyeT U3MepsTh 3HadeHns PYHKINNI, 9TOOL BOCCTAHOBUTE €€ ¢ MUHUMATLHON TTOT PEITHO-
cteio? CymecTByoT an PpyHKINOHAILI, WHMOPMAINA O 3HAYEHISIX KOTOPLIX Holee mojae3Ha,
qeM mHQOPMAIS 0 3HAYEHNAX B TOYKaX (€CTEeCTBEHHO, TIPH ONMHAKOBOM nX o0beme)? Hro
JydIlie 3HaTh O MePUOIMIECKON PYHKITNN — 3HAYEHWs B (PUKCUPOBAHHOM HaboOpe TOYEK WIN
koodduruenter Pypre? 3amatdn, BO3HUKAONINE 3/€Ch, TECHO CBI3aHbI € KIACCUIECKUMI
AMMPOKCUMAITNOHHBIMEI XapaKTEePUCTUKaMI, HallpuUMep TaKUMU, Kak KOJIMOT'OPOBCKHE, J-
HenHble, reabaHI0BCKIe U GEPHITTENHOBCKTE N-TIOMEPETHNKN.

Xopollio m3BecTHa POIb B MPUIOKEHIIX pe3yabTaToB KoTersrnkoBa 1 KapTpant o dop-
MyJIax, TOYHO BOCCTAHABINBAIOIINX Iefble (DYHKIINH MO UX 3HATEHNAM B PAaBHOMEDHOU CETKE.
Opmaxo misi aHATUTHIECKUX B MOJOce (PYHKINU TOYHOTO BOCCTAHOBIEHUs MO TOU K€ WH-
dgopmalun He cyirecTByeT. Tem He MeHee TyT MOXKHO IOBOPHUTHL O HaWIydllleM crocobe
BoccTaHoBIeHus. [ile onHO Ba)XHOe HalpaBleHWe — MOCTPOeHne aHaJoroB ¢opmya Ko-
TeTLHUKOBa 1 KapTpanT mis aHaruTHIecKunX PyHKITNN.

Erme oaun xracc 3amad, KoTophle NCCIeNyIOTCA B pemIaraeMon paboTe, CBs3aH C pac-
CMOTpEHIEeM alredpanviecKinX MeTOJIO0B MOAX0ona K YPaBHEHUSAM, BO3HUKAIOIMINM B (PU3NKe 1
Mexanuke. Peudb maer o pasHoro pona (PpyHKIMOHATLHBIX W MapaMeTpPUYecKUX MPOCTpPaH-
CTBaX, KOTOpPBIE OMUCHIBAIOT KAaK OT/eNbHbIE ypaBHEHUS, TaK W Ielble CEMEeNCTBa TaKhX
yPaBHEHUN, 3aBUCAIINE OT MapaMeTpoB. P oaydeHnl pe3yabTaThl,TO3BOIAIONINE METOaMI
Teopun AepOPMAIUU W CBS3AHHLIMU C HEMHU KOTOMOJOTMYECKUME METONaMU JaTh HOBLIE
MONXOMBI K PEIEHNTo YKa3aHHbIX BhIIE ypaBHeHnn. PTu pe3yabTaThl TOMOTAOT JaTh Kade-
CTBEHHOE OlMcaHre MHOT'UX YpaBHEHUS (PU3UKU 1 MaTeMaTUKK, TPOACHIIOT UX CTPYKTYPY.
Hcnonb3zoBaHne MeTONOB MccaenoBanmsa 6aHAXOBBIX alreGp — ellle OJUH MONX0 K PEIeHIIO
3aa9 MaTEeMaTHIeCKON (PU3WKHN W MEXAaHWKN, KOTOPBIW HAIlled CBOe OTpakeHue B MTaHHOU
PUP.

Ucxons n3 coBpeMeHHBIX TOAXOIOB K PEIeHN o 3a1ad ONTUMAJIbHOTO YITPABIEHUSA, TTPe]I-
JOKEH W WCCIENOBAH METOJ WCCAEJOBAHNS W PEMIEHNs OJHOIO M3 BaKHEUINX ypaBHEHUN
MaTeMaTndeckon gpusnku — ypasuenus [lpenunrepa.

P penraraevbre meTomuku pettenus nudpepeHnnaibubIX YPaBHEHUN PEKOMEHTYETCS K
MCTIONB30BAHUIO TIPU PelIeHrr TPUKIAHBIX 3adad Teopur YHpyrocTu, T'HAPOJUHaMUKH,
KBAHTOBOU MEXAHWKM, MEXaHUKN Pa3pyIIEeHWs, TEOPUN ONTUMATLHOTO YIIPABIEHUS U IP.
Pazpaborka MaTeMaTHIeCKUX MOJENEN PENEHns TakKnX 3a/ad SBISIETCA TPYIOEMKIM TIPO-
meccom. Ommaxo, 3a cYeT UCIONL3OBAHUA CHEMUATLHO pa3zpaboTaHHbIX IS DTOTO BBIUH-
CINTENBLHBIX CPEACTB DTOT MPOIece MoxeT ObITh aBTOMaTU3WpoBaH Ha 6a3ze COBpeMeHHbIX
PBM. Ucnoab3oBanue crennaibio pa3paboTaHHOTO MPOrPaAMMHOTO 0becliedeH s MO3BOIAET
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COKPATHUTH BpeMs paszpaboTKU MaTeMaTHIECKON MOENN TPAKTHIECKN BaXKHBIX TEXHOIOT -
4eCKUX mporeccoB. Takoro poja mpuMepbl NIPUBOJATCA B OTYETE.

PazpabarniBaemas meToumka petrenns qudepennnaibublX YpaBHEHNN, OMNCHIBAIOINX
MaTeMaTHIeCKIe MOIENN NCCIeyeMbIX TTPOIEeCCOB, He TO3BOMET HAUTH TOYHOE pelleHte
3aja4un. Perlenne, morydeHHOe YUCIEHHBIM METOOM, ABIAETCA NPUOINKEHHBIM, TTODTOMY
yaensgeTcs 60IbIIoe BHUMaHNE TOTPENTHOCTY YUCTEHHBIX METONOB U WX ONMTUMU3AIINN.

PexomennyeTcs ucnonab3oBanue pe3yabTaToB paboThl B y4ebHOM 1potiecce. MaTepuaiabt
PUP B Buge meTtommdecknx paszpaboToK MOJOKEHLI B OCHOBY Kypca “Hwuciennbie MeTomb
pertienns mudpepeHnuaTbHLIX ypaBHEHNN , a TaKkKe psifa CIelnalbHbIX KYPCOB.

B nporecce Bomoamenns nammon PUP 6ouin Beimytnens: 4 TpoMeRyTOIHBIX OTYETa 110
OT/IEIbHBIM DTallaM:

Pran 1, 1996 ron: “HccrenoBamue moBemeHnn perernit, BHIPOXK TAIONIXCA Ha TDAHUIE
obacTu B caydae caabblX U CHILHBIX BBIPOK TEHUN .

Pran 2, 1997 ron: “UccremoBanne moBeeHns peIenni, BLIPOK TAIOITIXCA Ha TDAHUIE
obracTu B ciIydae BoIpoxgeHus Tumna [puxomu. OnTuMaibHoe BoccTaHoBIeHUE (PYHKITAN
3 KraccoB Xapan—CoboreBa mo npubanxkennbiM KodddurmerTam Pypobe”.

Pran 3, 1998 roa: “CpaBHUTENLHBIN aHaIN3 MOTPENTHOCTH BOCCTAHOBIEHUS MTEPUOIH-
veckon pyHKnunm mo KoxddunmenTam Pyphe n nndopmannn 06 WX 3HATEHUAX B TOTKAX.
UccrenoBamme cTpoenus mapaMeTputecknx n PyHKITHOHATLHBIX TTPOCTPAHCTB .

Pram 4, 1999 rox: “OnrumaibHbie METOIbI BOCCTAHOBICHNS aHAINTHICCKIX B IOJOCE
QYHKINHN, ICTOAL3YIONINE 3Ha9eHns B paBHOMEPHON ceTKe. PocTpoenne anajioroB popmya
Korerbnukosa n Kaprpant”.



PABNET 1

HNccnepgoBanua guddpepeHNUAILHBIX, UHTETPAIbHBIX U
nces goaudpepeHnuaAIbHBIX YPABHEHUN MAaTeMATHICCKON (PU3IUKHA
A MeXaHUKU

1.1. MaTemaTudeckne MoJeJN TEeXHOJOTUYECKUX MPOIECCOB U 3aa4u
MeXaHUKU pa3pylieHusa

B coorBeTCcTBUU ¢ TexHMYecKUM 3ajaHueM ObLIN pa3paboTaHbl METONbI MCCIETOBAHWA
U peIenns HEKOTOPBIX KIaccoB cucTeM AnddepeHnrnalbHbiX yPaBHEHNH ¢ TacTHBIMEI TPO-
U3BOHBIME, MHTETPATLHLIX YPaBHEHNN, a TaKKe mceBnonnddepennnalbabiX ypaBHeHn 1
CHCTEM, OTBEYAIONINX PA3INIHLIM 3aJadaM MeXauuku, pusnkn u Texuosorun. C MOMOIIHIO
Pa3BUTBLIX METONOB MOCTPOEHBI 1 TPOAHAIUIUPOBAHLI pellleHrs KOHKPEeTHLIX 3a1a4.

B pabore /28/ 6bura noaydena acHMITOTUKA PEMICHUN CUHTYIAPHO BO3MYIICHHBIX HH-
TErpaJbHbIX YPaBHEHUN CAEJYIONIETO BUIA

eh.(x) + /Q R(x —y)h(y)dy = f(=),

rjie 8 C R™ — orpanndennas obracth, * € Q, y € Q, ¢ >0, — 0, R(x) = P(D)G(x),
Q(D)G(x) = do(x),

P(D) = Z a.D*, Q(D)= Z b.D*, p<gq,
| <p lor|<q
aa1+a2+...+an
© 0 0xy L aom]

ypaBHeHI/I}I YKa3aHHOT'O THIIa BO3HUKaIOT B TeOpHUM OLCHUBaHNA CJIy‘IELIjIHBI)( HOﬂeﬁ, B

D¢ ol = a1+ az+ ...+ a,.

TepMUHaX KOTOPOW B CBOIO OYepeNb MOT'YT ObITh CPOPMYJIUPOBAHBI MHOTTE MPUKIATHHIE
3aJa9M ONTUKN, 0OpabOTKN TeJeBU3MOHHLIX CUTHAJIOB, reodus3mku u ap. AcmMoToTwka
MHOTOMEPHBIX CHHTYIAPHO BO3MYIIEHHLIX WHTETPAILHLIX YPAaBHEHNN TOCTPOEHA BIIEPBLIE.

B paborax /16, 17/ npoBeennl uccieoBanus BOZMOKHOCTH HOBOI TEXHOJOIUY NOOLIYN
YTIEBOJOPOIHOTO CHIPhs. U ges 5Ton TEXHOMIOTHH 3aKI0IaeTCs B UCIIOIL30BAHII TOPU30H-
TATHHBIX CKBAXKWH U TEPMUIECKOM BO3/I€MCTBUN Ha TIACTHI YTIEBOJOPOIHOTO ChIphi. Takoe
BO3/IENCTBUE BKIOYAET B CAMOCTOATENbHBIX DTAlla:

1) TepMuveckas TOANOTOBKa OYPOBOTO KaHala, 3aMeTHO MOBBIIIAIONIAA €10 JIPEHnpyTo-
LIYIO CITOCOOHOCTH;
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2) HarHeTaHle B IIJaCT TEIIOHOCHUTEA Yepe3 CUCTEeMY IIOATOTOBJICHHBIX ITapaJielbHBIX
KaHaJOB.

[as 0bonx »TammoB paszpaboTaHbl MaTeMaTUYecKUe MOJENH, TO3BOIAIONINE HE TOIbKO
TTPOTHO3MPOBATH Teraodu3nieckne ocobeHHOCTH pabodero Imporecca, HO U ONTUMU3TPO-
BATh TEXHOJOTMYECKNE W KOHCTPYKTHUBHLIE MapamMeTpbl mocienmero. C mMaTeMaTuaecKon
TOYKW 3PEHNA COOTBETCTBYIOIINE MOJETN CBONATCA K PEIIeHMAM cucTeM mudpepeHtnanb-
HBIX YpaBHEHUN € YaCTHLIMU MPOU3BOAHBIME. B mepBOM caydae DTa CHCTeMa BKIIOYAET B
cebd ypaBHEHIe KOHBEKTUBHOT'O TelroobMeHa BJIoJab OypoBOro KaHala I ypaBHEHUE TeTNo-
MPOBOTHOCTH B TacTe. Bo BTOpOM caydae mpolecc OMUChIBAETCA YPAaBHEHUAMI HEM30TEP-
MU9eCcKOn (PUILTPAINN Ta3a B MOPUCTON CPEJIE.

SHaIUTEeNbHAsS 9acTh PE3yIbTATOB paboThl OTHOCHTCSA K 3ajadaM JUHEMHOU MEeXaHUKN
paspyirenus. PTwu 3amadm 3akirodatoTcs B OlleHKe PabOTOCTIOCOOHOCTH DIEMEHTOB KOH-
CTPYKIINH, COMEPKANINX TPEMUHLL. P eobXommMocTs pelenus 3a1ad MEXaHnKI Pa3py e
BBI3BaHA TEM, YTO B COBPEMEHHBIX CIOXKHBIX KOHCTPYKIUAX W COOPYKEHUAX MPAKTUICCKN
Bcerla UMEIOTCA TPpeImHOToNo0Hbe edpeKThI, BOZHUKAIOIINe A0 B ITpolecce SKCIIyaTa-
1y, anb6o M3HAYAJIbHO TMPUCYIINE UCIOIb3yeMbIM MaTepuataMm. MarTemaTndecku, 3aga4qn
JMHETHON MEXAHWKU Pa3pyIIeHns ONMMCHIBAIOTCSA CUCTEMON YPaBHEHNN TEOPUN YIPYTOCTH B
TPEXMEPHON 06IacTH ¢ paspe3oM (Tpernnuoin). W3-3a mersakocTn rpaHuibl 061acTh pelre-
us 061agaioT KOPHEBOU OCOGEHHOCTHIO BOIM3W KOHTYpa TPEmuubl. KoddduimenTs! mpn
STON 0COOEHHOCTH Ha3bIBatoTCA KoaddurmenTamu naTercuBrocTn Hanpsaxennit (KNP ). Be-
amanasl KNP (mim nx xoMO6uHanmit) ompeiensioT BO3MOKHOCTD TPOPACTAHNsA TPEITHHBI.

Ompenenenne, ¢ TOCTATOYHO BLICOKOW TOYHOCTDLIO, TIABHOI'O I€HAa aCHMITOTUKU W3
YUCIEHHOTO PeIIeHs MPeCTaBIseT CyIleCTBEeHHbIEe TPYIHOCTH. PodToMy BaXKHYIO POTh
UTPATOT aHATUTHICCKIE W aHAINTHKO-INCACHHBIE PEMIeHNA, KOTOPhIe B Cayvdadx HEKOTOPHIX
BUIOB KAHOHUYIECKNX OBIacTel, 3aHNMAeMbIX KaK YIPYTUM TEeIOM, TaK W TPEIUHON, Yia-
eTcs MOCTPOUTh. lakue pellleHns MO3BOMAIOT NUCCIENOBATEH BIUAHIE apaMeTPOB 3a1a4du Ha
HamboJee BaKHBIE C TOYKW 3PEHUA MEXaHWKN Pas3pylIeHNA WX XapaKTEePUCTUKM, a TaKiKe
MOT'YT MCHOMb30BATHLCA B KadeCcTBe DTAJOHHBIX I TPOBEPKN YNCICHHBIX METOMOB W KOP-
PEKTUPOBKN TTapaMeTpPOB YNCIECHHOTO CYeTa.

3a OTYETHLIN TEPUO[] YAAIOChH MOMYINTh AHATUTUIECKNe PEIIeHns HECKOAbKUX IMPO-
CTPAHCTBEHHBIX 3ajad MEXaHWKHU pas3pylieHus. Ppu perennn >Tux 3anad yqo6HbIM OKa3a-
JOCH TIPEBAPUTETLHO CBECTH MCXOMHbIE KPAEBLIE 3a1a9n Uil yPAaBHEHNN TEOPUHU YIIPYTOCTH
B TPEXMEPHOM Tele ¢ pa3pe3oM K 3agadam upuxie mjas cOOTBETCTBYIOIINX CUCTEM T'Da-
HUYHBIX TICeB 0 dpepeHnaTbHbIX YPAaBHEHNNT OTHOCUTETHHO CKaIKOB CMEIIEHNH B OT'pa-
HIYEHHON, TIOCKOU O0MacTh, 3aHNMaeMOn TpeluHon. Poir pazpaboTan MeTO[ aHalnTHYge-
CKOro perttenus 3anaqn /upuxie njas HEKOTOPHIX TUTIOB TceBnoaudpepeHnalbHbBIX YpaB-
HEHUI U CHCTEeM B DIIUITHYeCKUX obaacTax. B pesyabrare, B pabore /15/ Gbuin moaydens
AHAIUTHIECKUE PEMIenns 3a1adn 06 DA THIECKON TPEInte, PACcloNOKEHHON B OHOPOI-
HOM, YIIPYT'OM TPOCTPaHCTBE B caydae, KOT'Ja K €€ MOBEPXHOCTAM TPUJIOKEHBI paBHBIE 1O
BelMYWHE W MPOTHUBOMONOKHO HalpaBJICHHBIE TTPOM3BOILHBIE, CTaTUIECKNE, TTOJNHOMMIATb-
HBle Harpy3KW.
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B crarbax E. . [llugppuna, onybankoBanubix B 1996 r., MeTOn aHATUTHIECKOTO PeTiie-
Hus 6bLT paclpocTpanen Ha CHCTEMY TceBnonnddepennnalbibiX YPaBHEHNN, OTBETAIONIY IO
3ajade 06 DIMUITUIECKON TPEIInHe, K TOBEPXHOCTAM KOTOPOU TPUIOKEHDI TPOU3BOILHDIE
YCUIUS, TaPMOHUYECKN U3MeHsoIInecs 1Mo BpeMeHu. PoayyeHHoe pellierne npencTaBIeHo B
BIJle CTEMEHHOTO Psifla 0 BOJHOBOMY YHCIY. AHAINTUYECKOE PeIleHre MPOCTPaHCTBEHHON
TUHAMUIECKON 3a1a9l TEOPUN TPEIMNH B YKa3aHHBIX paboTax moaydeHo Bruepsoie. CremyeT
OTMETUTD, 9TO CTENEHHON P, ¢ TOMOIIHI KOTOPOTO MPENCTABIEHO pEIIenre, CXOMuTCs
JUIh B obracTu HU3KUX dacToT. [lina monydenus perrenus B 6olee MUPOKOM AHMarna3zoHe
YacTOT, OLLT UCIOJL30BaH ammapaT amnpokcnMarun Page. Pposenemmnie pacteTnt moka-
3aJ1, 9TO annpokcuMarun P ajie mo3BOIAI0T B HECKOTBKO pa3 PaCHIuPpUTh ANANa30H JacTOT,
B KOTOPOM DPeIlleHne CTPOUTCS € UCKIIOIUTENLHO BHICOKOU TOTHOCTBIO.

Naabueriiiee pa3BUTHE METO TTOLY YT B paboTe /52 /, B KOTOPOI MOCTPOEHO aHATUTUKO-
YUCIEHHOE peTlenne 3aavu 06 DIMUITHIeCKON WHTeP(MENCHON TpeInHe, T.e. TPEIInHe,
HaXOIANIENCS Ha TPaHUIe pasjela ABYX MOJIYIPOCTPAHCTB € PA3IUIHLIMU YIIPYT MU CBOU-
cTBaMU. 3afadn 06 WHTepP(ENCHbIX TPelmHax 0COOGEeHHO CAOKHBI, T.K. WX pelnerus obia-
MafoT BOJAM3NW KOHTYypa TPEMWHBLI He TONBKO KOPHEBHLIMW, HO W OCIUIINPYIOIINMEI OCOOEH-
HOoCTsAMU. BcerencTBue aToro panee ObLIM MOCTPOEHBI PEIEHUA TOIBKO B Caydae KPYTIblX
TpeIrH.

Bo Bcex ykazaHHBIX BBIIIE 3aladaX MeXaHUKW Pas3pyIIeHUs TTpearnoJaraeTcs, 9TO pas-
MephI, MeCTOMoNOKeHne U PopMa Tpernmubl n3BecTHbl. () nHako, cama mMpodaeMa BLISIBICH
TPEIUH B KOHCTPYKINIX SABIAETCA BEChbMa TPYIHOU U K HACTOANEMY BPEMEHEN MAJO M3Y-
vennon. OIHO W3 MEPCIEKTUBHBLIX HAIIPABICHIN B HEPa3PYIMAIOIIIX MeTOTaX OOHAPY KeEHs
n npenTuguKannm 1edpeKTOB B dIeMeHTax KOHCTPYKIINNA OCHOBAHO Ha W3MEPEHUN U3MeHe-
HOU WX BUOPAIMOHHBIX XapaKTePUCTUK, HAIpUMep, TaKnX KaK COOCTBEHHBIE TaCTOTLI 1
co6erBennbie dpyukiun. B padorax /53, 54/ pernena 3agada BIYHCICHUS COOCTBEHHBIX da-
CTOT TIPU TTOTIEPETHBIX KOTEHAHMIX OATKH, COTepIKAIen MTPON3BOILHOE KOJMIECTBO TPEITNH,
a TaKKe PacCMOTPEHBI TTOAX0bl K PEIeHnio 06paTHON 3a1adl — OIPEIENEHTS TOM0KeHs
U Pa3sMepoB TPEIINH MO0 COOCTBEHHBIM YacToTaM. PaHee B auTepaType ObLIN PacCMOTPEHBI
caydan JUIMIL OJHOW U ABYX TPEITNH, IPUIeM TIpelJaraBIiinecs METOIbI TPUBOIUIN K BBIUH-
CTUTETbHBIM TpolleypaM, TpeOOBaBIINM CYIIIECTBEHHO OOTBINIe MAITMHHOTO BpEMEHN.

1.2. KadecTBeHHLIe MeTO/bl UCCJEI0BAHNUA yPaBHEHUN MaTeMaTUdeCKOU
dpusukn

O ganm 3 Hanboree KOHCTPYKTUBHBIX METOIOB NCCIEIOBAHNS CBOUCTB PEIIeHn ypaBHe-
HUU MaTeMaTHIeCKON (PU3NKN ABIAETCA METOJ XapaKTEPUCTUK. XapaKTEPUCTUKHU B U3BECT-
HBIX U3 JUTEPaTypbl IpUMepax ABIAIOTCA (Pa30BbIMU KPUBLIMHU B (PA30BOM WJIU pPacCIInpeH-
HoM (pazoBoM TpocTpaHcTBe. Pocaennnin caydan BcTpedaeTcs B psijle DBOMONNOHHEIX Y PaB-
HEHUU MaTeMaTndeckon ¢pusnku. BaXHo momvepKHyTh, 9TO KIACCHIECKHEe METObI BHIUN-
CIEHUN Pa3BUBAINCH, OPUEHTHUPYSICH Ha JUHENHbIE YpaBHeHns MaTeMaTudeckon ¢pusnxm. B
mocaenne NeCATHIETHs 0O0CTPMICS NHTEePEC K HETNHENHLIM YPaBHEHISAM MaTeMaTHIeCKON
(QUBWKE B CBA3W € Pa3sBUTHEM HAYKOEMKNX TEXHOJOTUHU B mpombitiiennoctu. Wcecrenopamms
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HEINHENHBIX ypaBHEHNN MaTeMaTHIeCKOW (PU3UKN POABIIO P (PEHOMEHOB, CBA3aHHBIX C
PE3KUM OTJIMINEM CBOUCTB HEMPEPLIBHLIX MOJEICH U X JUCKPETHLIX aHaJOTOB.

O HUM 13 TTPOABUHY THIX TPUMEPOB UCCACJOBAHIS CBOUCTB ANHAMUKN JUCKPETHBIX MO-
Jeliell, TTPOABJIAIONINX OTJAUINE OT CBOHCTB HEMPEPBIBHLIX aHAJOTOB, Ha CETOJHS ABIACTCA
“orobpaxenme Pormanosa” (“Bogdanov map” cm. /31/). Bwmecre ¢ sTum cBolicTBa muc-
kpetnou mogenn “Bogdanov map” obmapyxmBaioT Golee aneKBaTHOE ONMUCAHNE TUHAMUKI
C yYeTOM Pa3BUTHUA B TOCIEBOCHHBLIE MOMALI KOHIENINN W TMOHATHH KBAHTOBOU MEXaHWKI,
KBAHTOBOU CTATUCTUKN ¥ T.II.

B ocnoBe mpumepa JeKUT HellpepbIBHAA MOJETh AMHAMUKI YaCTUIBI B MOJE CHJI aHTap-
MOHUYECKOT'O OCIILIATOPA ¢ YI€TOM CUILI TPEHUA

O b f@) 4, (1.1)

R
Z

rage u — ELHI‘ELpMOHI/I"IeCKI/HjI IIoTeHOnaJ CIJI

Cura Tpenns paccMaTpuUBAeTCs ¢ HETMHENHBIM KODMMUITHEHTOM TpPEHTS:

f(x) = ¢+ pa,

rae &, [t — Madble BellleCTBEeHHbIe apaMeTPhl.

CewmeticTBo (1.1) Tecno cBasano ¢ oudypkaiuenn Pormnanosa—Takerca, mosromy oo mc-
ClleJOBAHO Ka4veCTBEHHO MOMHOCTHIO B 70-€ rombl.

Pusnyeckas MOTUBUPOBKA 3aKTIOYAE€TCA B U3YUYEHUN MUHAMUKE 9acTUll c1abo CKUMae-
MO KUIKOCTH (TIOCTOAHHAA COCTABISIONAs Koo putmenTa Tperns € — maaa). [lomormn-
TeTLHO TpeIIaraeTcs yIecTh HeanHenrbie ek Thl, HalpUMep, CBA3AHHbIE ¢ N3MeHeHneM
TeMIepaTyphl cpefbl (BKIIOUEHTE B MOIENb CIaraeMoro [ - & ).

P pu maubix smadennsax € u g BpasoBuiil mopTpeT cuctembl (1.1) nmeer B

NsBectro Takxke (/3/), aro y cuctemsl (1.1) MoKeT UMETHLCS ONUH TPYODIN TPeIETLHBII
muka (mpu |e| < p/74...).

Priro npenanoxeno (cm. /31/) paccmorperh cxemy Piiiepa mepBoro mopsijka s cu-
crembr (1.1). Ppenroxeno Bocrmoab3oBaThLCs MONYSBHON cxemol Piinepa, 4To mpuBoauT K
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nrepanusaMm OTO6pEL)K6HI/I}I q3a30130f1 IIOCKOCTH Ha cebs CIeIYIomero Buaa:

/

T ::1;+y’,

, (1.2)
y' =y +tey+ka(zr— 1)+ pzy.

Orobpaxenne (1.2) HaspiBaeTcs B IuTepaType oTobpaxenneMm Porpamnosa.

Ponyssuas cxema Pirepa mepBoro mopsgka 3aeck yao0Ha 1Mo aByM mpuamiam. Pepsad:
obparnoe orobpaxkenne K (1.2) aBiaseTcs IpoOGHO-pAINOHATLHBIM (9TO OOIervYaeT THCIeH-
HBIT arains oTobpaxenus (1.2), yaureiBaionui nreparnnn (1.2) Boepen n Haza mo qucKpeT-
HoMy BpeMmen). Bropas: orobpaxenne (1.2), sanucamnoe ¢ ydeToMm ypasHenus P bnioTona
BTOPOTO MOPSKA, MOTYCKAET €CTECTBEHHYIO (PU3NIECKYTO MOTHBUPOBKY moxyderns (1.2) ¢
ydqeToM TeHJIOO6MeHEL Ha IIyTH CBO60,I[HOFO Hp06eFa HaCTHUIHbIL.

Orobpaxenne (1.2) MokeT nMeTh Ha (HazoBON MIOCKOCTH MePUOATYECKHe OPOUTHI TTe-
puonga n:

g"(xo) = wo, 9‘7(1‘0) #Fxo mpul <j<n-—1L

Poum Boibpamnsr 3 mabopa mapameTpos k, € u f, mpn KoTopbix (1.2) mccienoBasoch qn-
crentio ¢ omotisio PBM (em. /5/). Pouio obmapykeno s Kak 10ro (puKCHpOBAHHOTO Ha-
6opa napaMeTpos nopAika 2- 1072 nepuogudeckux opbut (nepuon B npegenax < 107+ 10%).

Pepuoanyueckme opbuThl paszbmBaroTca B ob6IeM MOJOKEHUN Ha TPU BUIA:

a) acCUMITOTHIECKN — YCTONINBBIE;
6) acCUMITOTHIECKN — HEYCTONINBBIE;
B) rumepboinmdecKue.

AcCIMOTOTHYIECKH — HEYCTONIUBLIE EPUOINIECKIE OPOUTEHI OTBEYAIOT 38 aCHMITOTUKA
IBIKEHNS 9acTUIbl Ipn 1 — —oo. CoOTBETCTBEHHO, aCHMITOTHIECKH — YCTOMYINBELIE Op-
OUTHI JalOT aCUMIITOTUKN [BUKEHUs mpu n — —4oo. [‘unepbonnmydeckue mepuonmdecKie
OpOUTHI OTBEYAIOT MEPEXONHBIM MpolleccaM B JABIKCHNN YaCTHILI U CBABAHLI C ABICHIEM,
Ha3BaHHLIM B JnTepaType (cToxacTudeckon) miuddysuen ApHoabia (COOTBETCTBERHO B T€0-
MeTpHUN — TTayTHHa ApHOIbIA).

Acnvnrorudeckn (He)yCTONYNBLIE TIEpUoAIIecKiie OpONThl NMEIOT OOIacTH 3axBaTa B
¢a30BOM IIPOCTPAHCTBE: MHOKECTBO HAJaIbHLIX TOYEK, KOTOPLIE PN ANCKPETHLIX UTepa-
MASX aCHEMITOTHICCKH CXOIATCA K COOTBETCTBYIONIEN OpOuTe Ipn 1 — +00 WIl 1 — —O0.
Ob6aacTu 3axBaTa B (Pa30BOM MPOCTPAHCTBE UMEIOT JOBOJLHO CAOKHYIO TOMOJOTHIECKYIO
IpUpPoOIy, KOTopas B Hambojee CIOKHBIX CIydadx ciuieTaeTcs B mayTury Apnoabga. Mepa
obracTi 3axBaTa (ILIIOIIAIb) TO3BOISET ONPENEINTh CTATHCTUIECKUN BEC TEPUOIIIeCKON
acuMnToTHYecK (He)ycromanBonn opouThl. Omuenkn, BbmonHeHHble B /5/, ToKaszbBaioT,
9TO DTH CTATUCTHIECKHE Beca OMUCHLIBAIOTCA MPHUOIMKEHHo pacupenererneM PorbiiMana—
T'u66ca.

Taxmm 06pazoM, MBI MOAy9IaeM, ITO AUCKPETU3AIUA HEIPEePLIBHON MOJEIN ITPOCTEN-
IIeT0 BHa IPUBOANT K AUHAMUKE Ka9eCTBEHHO OTIANIAIONICHCA OT JUHAMUKN HellPpepLIBHON
MOIEJI.
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PesycaoBro, mumckperHas gmHaMUKa CTAHOBHTCS NTOCTYIHON aHAI3y € IOMOIILIO Me-
TOJOB CTATUCTUIECKON (PU3NKH (CKOpee MEXaHWKM), a TakkKe MeTOJI0B KBAHTOBOW CTATH-
cruku. B /5/ oTmedeno, 4To ycpeanenue BAodb MEPUOJAUYECKUX OPOUT psAga BEIUYUH C
ompeeleHabIM (PU3NIECKIM CMBICIOM fJaeT CpeJHne BEINYUNHLI, KOTOphle 0OHapyKIBAIOT
cucTeMaTndeckoe moBeaenne. BmecTe ¢ TeM, aHOMaIbLHO BLICOKHE 3HAICHIA COOTBETCTBYIO-
X QECIEPCHN TOKA3hIBAIOT, 9TO MBI IMEEM €0 CO “CTaTHCTHICCUME BBLIGOPKAMI TaJeKo
He OIHOBEPIINHHBIX paclpeleleHnii TEOPUH BEPOSTHOCTEN.

B mpegenax ¢, — 0 orobpaxenne (1.2) ABIAETCA CHMILIEKTHIECKIM, T.€. COXpaHAET
DIEMEHT TUIOMAAn Ha (Ba3oBO MIOCKOCTH. PToT (akT mosBoaseT Nph Maiblx € u i (B
pacaerax /5/ ucnoanzoBanbr &, ~ 107°) BBeCcTH nekoMTO3ZHTINIO 06GJIACTH 3aXBaTa IIE€PUO-
IUIeCKON OpOUTHI Iepuoia N Ha N NpHOIM3UTEIbHO paBHLIX dacTen. OKasbiBaeTCs, pac-
npenenerne Poabivana-I'nb66ca orBedaeT ogHON M3 DTHX 1 KOMIIOHEHT. Takmm obpasowm,
MBI CTATKIBAEMCA IPU AUNCKPETH3alNN IUHAMIKI ¢ TPUHINIOM HEOIpeIeIeHHOCTH, BIIep-
BbIe BBEJEHHOM B KBAaHTOBOU MeXaHHKe. P pn MOmBITKE alllpoKCHMUPOBATEL HENpPEephIBHLIC
MOJIENTH JUCKPETHLIMI B HEINHEHHELIX CHTYAINIX MBI CTaIKIBAaeMCA CO BCEMHU TpoOIeMaMn
MaTeMaTHIeCKON (PU3UKI, IPUBEIIIIMI K MOABICHIIO KBAHTOBON MEXAQHWKHI W TIp.

Takas TeKOMIOBHUINA TMO3BOISET TOBOPHTH O CHMMETPHUAX AuHaMukm. Mbl cTaaknBa-
eMcs ¢ IpUMepoM YKIadoK Pempoysa B ¢pazoBoM mpocTparcTBe. TpailiimoHnHO BOSHIKHYB B
BIJl€ KPUCTALIONpapUIecKiX PeIeToK B (pU3NKe TBEPIOTO Tela (T1e OHU O TatoTCA mepe-
“ncaennto B cayvae R*-rpynnor degoposa), yKIagkn B cIydae naxe clabo-IucCHIaTHBHON
OUHAMAKEA BPSAJ JU MOIYT ObITHL ONMCAHLI B IMOAHOM Brae. TyT pedn miaeT o “coHTaHHO”
BOBHUKAIOIIIX CHEMMETPUAX B HETHHEHHLIX THHAMIYICCKIX CHCTEMaX.

PesycioBro, B page npumiokeHnn mHTEpec IPeACcTaBIAIOT JHUIIL TePHOITIeCKIe OpOUTEL
¢ GONBIIMI BEINIUHAME CTATUCTHIECKIX BECOB. YdeT BTOro (pakTa, eCTeCTBEHHO, CIIBHO
VIPOIaeT NCCAeJOBAHNS M COOTBETCTBYIOINIE IUCICHHbIE pacieThl. BMecTe ¢ 9TuM ¢ TOYKI
3pPEHU BBLIMOJTHEHUA “TPaJUlINOHHLIX PYIHBIX MaTeMaTHIECCKAX PacdeTOB A aHall3a qi-
CIEHHDBIX PE3yIbTAaTOB MpobieMa BHITJIAINT BeChbMa TPYIHOM.

Brimensioxennoe mokasnBaeT, 9TO YHCACHHOE HCCIEIOBaHNE HETMHEHNHLIX YpaBHEHIN
MaTeMaTHIeCKOn (PU3UKN ABIACTCS TPYAHOU 3adadel gaxke ¢ yIeTOM PE3KO BO3POCIINX
npomsBoguTeabHocTen coBpeMennnix PBM. B nammon pabore cperanbl HeKOTOpLIE IMariu
B HallpaBJICHUN PEIIeHnsA >TOoN 3aladn. BmecTe ¢ >THM, eCTeCTBEHHO, OXKHUIaTh BO3pacTa-
g obbeMa MCCIeJOBAaHNN B COOTBETCTBYIONINX 0OJaCTAX MaTeMaTHKH U €€ IIPIIOKCHNUI.
Cemvac na >Tux HampaBieHuAx paboraioT rpynnsl B Mcmanun, Beruko6puranun, Ppanmnm,
Puneprangax.

B macrosimee BpemMsa NHTEHCHBHO UCCIeNyeTcsa TUHaMIKa, CBA3aHHasA ¢ MOHATHEM CTpaH-
HOT'O aTTpaKTOopa, MOSBUBINA’ACA B Teopuu AuHaMmudeckux cuctem B 60-e romnl. K coxa-
JEHWIO, TepBble OTKPLITHIE CTPpaHHbIE aTTPAKTOPHI OLLIM TECHO CBA3aHBI ¢ THUIEepOOTIIe-
CKUMU JNHAMIYIECKIME CHCTEMaMi (3a9acTyio B KOHCEPBATHWBHOW JUHAMUKE; HAIPUMeD,
cucrembl AnocoBa (cM./1/); 31ech MONE3HO HA3BATDL MPEAIIECTBYIONIIE TPUMEPHI: CHCTEMB!
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Lorenz’a, Feigenbaum’a, Henon’a, Henon—Heiles’a). O6mapyxenne cTpyKTyp acuMITOTH-
qecKn (He)yCTOMYMBLIX TMEPUOANIECKIX CTPYKTYD, JeXKAINX B OKPECTHOCTH TUIEPHOIH-
YeCKOT'0, CTPAHHOIO aTTPAKTOpa, B paMKax CAabo-AnCCHIaTHBHON Teopuu Koamoropoba—
Apuoabna-Moszepa mo3BoIgET MPHUBIEYDL K HCCISIOBAHUAM COBPEMEHHBIC MaTeMaTHIeCKHe
METO/Ibl TCOPUH HEANHEHHBIX ANHAMUYIECKIX CHCTEM.

1.3. Ucnosb3oBaHWe MeTOJ0B CAMOOPTaHU3AIUU AJA PelleHusA
auddepeHIualIbHBIX YPaBHEHUN

P pu nccrenoBanun nudppepeHmarbubIX ypaBHEHNN MaTeMaTIIeCKON (PU3NKN OLLIN WC-
MOAb30BaHbl U MeTONbl, OOLIYHO NMpUMEHAeMble JUIllhL B ONHOM CHENNaJbHOM Clydae — B
TEOPHUH ONTUMAILHOTO YIIpaBileHus. A MMEHHO, 0Ka3aloCh, 9TO pa3inydHble KIacChl 3a1ad,
MaTeMaTrYecKne MOean KOTOPbIX OMNChIBAIOTCA AudpdepeHnalbHbIMU ypaBHEHUAME, MO-
ryT OLITH pelleHbl ¢ MOMOIILIO allllapaTa TeOPUU CaMOOpPTaHU3alluu.

PacemoTpum mpuMenenme 5TOU Teopunm K PeENEHNIO yPaBHEHWH MaTeMaTHIeCKOu (u-
3UKW, B 4acTHOCTH, K pertennto ypaBHenus [lpenmnrepa. Mcexonwas 3agada gpopmyaupy-
ercsa B Bue KpaeBoll sajgavn. Ussecrno /18/, 4T0 B cOOTBETCTBUU € PUIOBCKUM METOTOM
BOJIHOBOE peEIIeHNe TAKOUW 3aMadn MPeACTABIIETCS B BUle BaPUAIMOHHOTO Psa MO MOKa3a-
TETLHBIM (PYHKITISIM, COePKAINM JHHETHbIEe I HeJuHenHble KO3 PUINEH T, T.€. IpencTa-
BJIE€HHOE TTOJHLIM 6a3MCcoM.

Camas mydrmas cTpaTerus 3aKI09aeTcs B TOM, ITOOLI pelrenne caMo BLIONPAIO MJsT ceOst
noaxoaAnny 6as3uc pazaoxenns. [uas ontuMmusanun 6as3uca HeobX0TMMO TTPeobpa3oBaTh UC-
XOMIHYIO KPaeBYIO 3aady, UCIOAb3ysA, HanpuMmep, MeTonbl Purtia nin Py6rnoBa—I'amepkuna,
B 3a/a9y MUHUMHU3AIUU COOTBETCTBYIONIEro (PyHKIIMOHATA. TakuM (QyHKIMOHAJIOM OyaeT
dyHKIMOHAT BHeprun. To4uHOe pellleHne COOTBETCTBYET MUHUMYMY (PYHKITHOHATA.

P anmomumnm, 4TO MCKOMOE pellleHre NIpecTaBAAeTCsA B BUe BapUAaIllMOHHOrO psna. Pan-
JydIliee perrenne TOCTUTAeTC A P PAa3dInIHbIX 3HAYEHSIX JUHENHBIX KOdPPUITTEHTOB, KO-
Topolie onpenensiorces o MP K. Perunennre koo duiinenTor, BXOAAIINE B pellienne, ompe-
MEJSAI0TCA ¢ MOMOIILIO allllapaTa TeOPUU CaMOOPTaHU3allun.

Cxema perenns TaKuM METOOM CJIE Ty FOTIIast:

® CTPOUTCS CTAaTUCTUYeCKasd BLIOOPKa, T.e. BapbUPyeTCs BXOMHAA BEAWYWHA W CUUTa-
eTcs BbIXOMHAs BelWwduHa, dHeprus [,

® cTaTHCTUYecKasd BhIOOpKa JednTca Ha IBe HepaBHBbIE YacTH, KOTOPble Ha3bIBaloT 00y-
TAIOIIEN W TTPOBEPOTHON MTOCIAETOBATENLHOCTIMII,

e 110 obydalolten mociaenoBaTeabuocTu ¢ nmomoisio MP K onpegenstores aunentnie Ko-
ahp e Tl pelreHns,

® 110 TPOBEPOTHON IMOCIAEIOBATENLHOCTH BBIYUCISIETCS BHEITHUN KPUTEPUU PEryJsipHO-
CTH.

Brurancienne BHelHET 0 KPpUTEPUSA PeryiaapHocTH TpebyeT onpeneleHms SHEPIUU 110 BbI-
6UpaeMoOMy TOJIMHOMY, KOTOPBIN MOCTEEHHO YCIOKHAETCA.
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HUneeT MecTo Teopema: MOAMHOM ONTHMATHLHOU CIOKHOCTH COOTBETCTBYET MUHUMYMY
KpUTepus u OH TTOHAIbLHBIN.

® BLIYUCIAETCS ONTUMAILHLIT HEINHENHBIT KOS(PPUIINEHT,

® [LIs KaxK 01 TeKyInel popMbl BOTHOBON (PYHKIIME PACCIATHIBACTCA DHEPIUS CUCTEMBL,
KOTOopasA CpaBHUBaeTCA ¢ TeopeTudeckon omenkon £ = 0.5,

® [IpU JOCTUKEHNN TEOPEeTUIEeCKON SHEPIHUH € 3aJaHHON TOIHOCTBIO BOJHOBas (PyHKIUA
cUYnTaeTCsAs HallleHHO.

Po nmono6noit cxeme MOryT OLITH pEIlleHbl U 3ajadi, CBA3aHHbIE ¢ HAXOXK/JICHUEM ONTH-
MaJbHOI'O yIpaBieHus. Leopus caMoOpTaHM3alii MO3BOJAET MOCTPOUTHL ONTUMATLHOE
yIpaBlIeHne B KIacce CTAHAapTHON 6a3nCHON OPTOHOPMUPOBAHHOU cucTeMbl pyuknun. O -
HOBPEMEHHO peIaeTCsA 3ajada OlpeleJeHns pasMepHoCTH Takoro Gasuca.

PaszpabarsiBaeTcs MeTono0OM S W TeopeTHIeCKHe 000CHOBAHUA CXOJAUMOCTH COOTBET-
CTBYIOIIUX METOIOB CAMOOPTaHU3aIlNN.

P pennraraemubinn anmapar ampobupyeTcs Ha 9acTHBIX 3ajadaX ONTHMAILHOTO yIpaBie-
mus. B pabore /23/ paccmaTpuBaeTcs 3asada BLIOOPA ONTUMAILHBIX PEKUMOB JABUKEHUA
JIA mo kpurepuio maabHocTu modera. Perenne momo6HON 3aMadn TPAJUITHOHHBIME MeTO-
JaMI TEOPUH ONTHMAJILHOTO YIPABICHUA CBA3AHO CO 3HAYUTENLHBIME BBIYUCIUTEILHBIMI
TPYAHOCTAME W HPU DTOM A TPUMEHEHUA TaKNX METOJOB HEOOXOIUMO 3HAYUTETbHbIe
YIPOIEHWsT W JOMYyIIeHns B NCXOAHON MaTeMaTudeckon monenn. (Jcoboe mecTo 3/ech 3a-
HUMaeT TpobieMa BLIGOpa TapaMeTpoB HCHOIB3YEMOIO METO/a ONTUMU3AINN, OT 9ero B
BHAYUTENHLHON CTENEHN 3aBUCAT CXOANMOCTD MPOIECCa PEICHI 3a Tadi.

ABTopamu mpegTaraeTCa MOAX0 K PEIMICHII0 TaKOro Kiacca 3a1ad, OCHOBAHHBIN Ha BOC-
CTAHOBJECHUE ONTUMAILHOTO YIPaBICHUA HEINHEHHOW perpeccruen, KOTOPOU allpOKCHMI-
pyeTcs UCXOMHBIN peXnuM ABMKeHrs. TepalnoHHbil alropuT™M MOCTPOEH Ha MOCTEI0Ba-
TEALHO YAYdITaeMbIX TCeBAOBBIGOPKAX MO MOKA3ATEI0 JalbHOCTH.

B pa6ore /25/ paccmarpuBaercsa akTyaibHad 3afada mocrpoenus cuctembl JIA onTu-
MaJbHOTO THUTAaXKa. 3aqadn TaKOr'o KJIacca BO3HUKAIOT B YCIOBUAX MHOKECTBA IETEBLIX 3a-
Jad ¢ 3aJaHHBIM HabopOM XapaKTepucTuK. Pampumep, mejaeBas 3aja9a MOKET OMUCHIBATHCS
HaBGOPOM TOJNE3HBIX HAlPY30K, KOTOpbIe HEOOXOANMO BBIBECTH Ha OPOUTY C 3aJaHHBIMHI T1a-
pamerpamvu. (Q49eBUAHO, ITO CO3MABATL MOJ KakKTyIO MOJE3HYIO HATPY3KY CIEMnaTIn3upo-
Bamubin JIA, Takxke, KaK BBIBOAUTDL BECh 3aaHHLIN MUATTa30H MOJE3HBIX HATPY30K OTHUM
yauBepcarbubiM JIA, sxonomuaeckn weBbiroano. (CaenoBaTerbHO, ONTUMATLHON SBIAETCS
HekoTopas cuctema JIA, panmomarbHEIM 06pa3oM pacIipenersionas Mex 1y cobon Bech mua-
Ma30H MOJE3HBIX HaIPY30K.

[annas 3amada pemrarach ¢ TTOMOIIBIO BLIOOpa OMTUMATLHON SIIOpl Tiaru Y B pymHk-
IUu OT ToJe3HON Harpysku. OuTuMarbHas dIIOpa allpOKCHMUPOBAIAChH CTAHAAP THBIMI
SHAYCHUAME TAT, B pe3yibTare 9ero popMupoBatach CHCTEMa ONTUMAILHOTO THITAKA.

Bei6op ynpasasiemoro neukenus JIA oGLITHO oCcyIecTBISETCS IO KAKOMY-TH60 (DY HKITH-
oHalry, oTpaxaloleMy KadecTBo dpyuxinmornmposanus JIA. Kak mpasuno, Takon gpyHkimonan
He eUHCTBEHEH U 3/lech BOZHUKAaeT MpobleMa HeolpeNeJeHHOCTH, CBA3aHHas ¢ MHOMOKPH-
TepUaIbHBLIM BHIOOPOM.
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O ganm w3 >PPEKTUBHBIX CTOCOO0B PACKPLITUSA TAKOU HEOIPEIEIEHHOCTH SBISETCS BBe-
JleHne, TaK Ha3blBaeMOI'0, 06006IIeHHOI0 (PYHKIIMOHATA, OTPaKAIOUIeT 0 BEPOATHOCTL BLITIOI-
HeHUA 3ana9r. Bce YacTHBbIE KPUTEPUN ONTUMATLHOCTHU 3aad BXONAT B BUE TTPEIETOB MH-
TErpUpPOBAHNS KPATHOTO WHTETpaia, BXOIAIIET0 B 06061eHHbl (pyHKknnonat. P pu sTom co-
OTBETCTBYIOIINE YacTHbIE (PYHKINOHAIBI MOASIUPYIOTCA HEKOHTPOIUPYEMbIMI (PaKTOpaMu
¢ B3afJaHHLIM IUAlla30HOM u3MeHeHus. B pabore /24/ nokasbiBaeTcs, 9TO yCJIOBUEM ONTH-
MaJbHOCTH 1O YIPABICHWIO ABIAETCA MaKCUMYM (PYHKINOHATA BEPOATHOCTU BBLITOTHEHUA
sagadu. Pomnobuoe packpbiTue MHOTOKPUTEPUATLHON HEOTPENETeHHOCTH OCOOEHHO Y I00HO
[IpU peIentr 3a a9 CUHTe3a ONTUMAJIbLHOTO yIpaBieHus. B oToM cirydae, HadalbHbIN BEK-
Top dazoBoro cocrosums JIA Takke MoxkeT OLITHL OTHECEH K KIACCY HEKOHTPOIUPYEMDIX
GaKTOPOB € BaJaHHBIM THATa30HOM n3Menenus. C UCIOTb30BAHUEM TAHHOTO MOX01a HbLTa
pelliena TMpakKTHIecKas 3agada CHHTe3a onTuMalbuoro ympasienns KJIA, xkavecTtBo KOTO-
poro olleHUBAaJOCh MO JBYM YaCTHBIM KPUTEPHUAM ONTHUMaTbHOCTH Macca allapaTa U ero
HaeKHOCTh, Ha KOTOPOU OblTa MoKa3aHa MpaKTUIeCKas CXOMNMOCTEH METO/Ia.

1.4. Pepenoc mHOT006pa3usa $pa3zoBLIM IMOTOKOM AMHAMHUYIECKOU CUCTEMBbI

Ertie oqmmm manpaBrennem nccieqoBanus ObLIO TOCTPOEHNE 1 U3y YeHNe PA3IOKeHnn (a-
30BOIO TIOTOKA CUCTEMBI AudpdpepeHnaIbHbIX YpaBHeHun B psl Tenmopa n mIpuMeHenns Ta-
KX Pa3loKeHWH K PeIeHnio HEKOTOPLIX MPUKIAJHBIX 3aiad. PeobxommMocTs mepenoca
[ AKOI0 MHOI00Opasus, 3alaHHOT0 B (pa30BOM MPOCTPAHCTBE OOBLIKHOBEHHOI'O nuddepeH-
UMAJbHOTO ypaBHEeHNA, (PA30BBIM ITOTOKOM DTOI'0 ypaBHEHWs BOBHUKAET B LIEIOM psAje 3a1a4
MaTeMaTndeckon pu3nku. P puBenem B KadecTBe mpuMepa IBa KiIacca TaKUX 3a/ad.

BerpewatoTes curyarun, Korga nac nnTepecyeT obpa3 He olHOU (PA3OBOU TOUKM, & Tie-
JOTO MHOT006pa3us o[ AelcTBHeM (Pa30BOTO MOTOKa. Pampumep, mpu pacdeTe mapame-
TPOB MyYKa 3apAKEHHBIX YacTHUIl B DJEKTPOMarHUTHOM TIoJe HavdaJbHOe paclipeleleHue Ja-
CTHII, COCTABJSIONINX IIYY0K, [0 KOOpANHATAM U CKOPOCTSM 3aaeTCs HEKOTOPOU 06JacThio
B (pa30BOM MPOCTPAHCTBE ypPaBHEHWN [IBUKEHUS JacTUll. FKcianm Hac moTepecyeT coCTOsHTE
My9YKa B TOCIENYIONIINe MOMEHTEI BPEMEH, MBI JOIKHB YMETh CIEIUTD 3a PAa3BUTHEM DTON
obractu. Kraccmaecknn moxo s B 3ajadax TakKoTo pojia COCTOUT B TOM, 9TOOLI AUCKPETH-
3UPOBaTh HaYalbHYIO 00MaCTh, 3aMEHWB €€ KOHEYHBLIM YHMCIOM TOYEK, paclpeleleHHbIX 110
HEU PAaBHOMEDPHO WU € YIETOM KAKOT'O-THOO DMIMPUIECKOTO BECa, U PACCINTATH KOHETHOE
MUCTO0 TPAEKTOPUN, BLITYIIEHHLIX W3 DTUX MUCKPETHLIX TOYEK. JaTeM B Ka¥K bl WHTe-
PECYIONIT HAaC MOMEHT MBI MOJKHBI YCPETHUTH MOTYIeHHYIO MUCKPETHYO HH(POPMAINIO 1
mepenTn OT Hee K TIaKOMy MHOT00Gpasmio. UTobbl 5To yaamoch caeraTh ¢ MpUeMIeMOn
TOYHOCTBIO, MPUXOAUTCA OpaTh MOCTATOYHO OOJBINOE YUCIO TOYEK AUcKpeTusanuu. Pe-
JOCTATKOM DTOI'O TOAXOMa ABIAIOTCA OOJBIINE BRIYUCINTENbHBIE 3aTpaThl. P penraraemble
AT OPUTMBI TIEPEHOCa MHOT000Da3NA KaK 1MeJoro (6e3 NUCKPeTH3ain ) YKOHOMIIHee ¢ DTON
TOYKHN 3PCHUA.

Bropou kracce 3amat, Tpebytommx mepenoca MHOT000pa3nil, — DTO KPAEBbIe 3a1adn I
OOLIKHOBEHHBIX Auddpepennnaabubix ypasuenuu. [lias kpaeBoix 3amat, B oTamvne OT Ha-
JaqbHbIX, HETPUBUAJILHBIM ABISAETCS BOITPOC O CYILIECTBOBAHUM W €IMHCTBEHHOCTH PEIIeHNA.
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ArropuTMBl TIEpeHoca MHOT00Gpa3nil MOTYT TOMOYEL B PEIIEHUN DTOTO BOMPOCA, a TaKiKe
CBECTHU KPaeBYyIo 3aavy K HadalbHOU. P osicHnM ckazannoe Ha npumMepe. PacemoTpum nByx-
TOYEYHYIO KpaeBYyI0 3a1a9y

) 1
T =—,
)
1.3
o1 (13)
y=—,
T
xy=2 muput=0, (1.4)
y=22—=x) upnt=1L1. (1.5)
Kpaesoe ycaosue (1.4) nopoxgaet muorootpasue 71, a (1.5) — 75. O6pas 7] kpuson

71 mpu t = 1 uMeeT OHY TOUYKY IepecedeHus ¢ KpUBOH 3 (9T0 OyjeT moKasaHo HUKE),
YTO O3HAadaeT CYIIECTBOBaHME OjiHOro petenus Kpaepon samaqdn (1.3)—(1.5). T.x. B cury
nudpdpeomopdHOCT (Pa30BOr0 MOTOKA Yepe3d KaKAVI0 peryIApHY (pa3oBYIO TOYKY IIPOXO-
JUT Of[Ha W TONBKO OfHa TPAEKTOPHA, TO, Kelasd ToaydnTh petienne 3agaqn (1.3)—(1.5) opn
Bcex 1, Mbl JOJKHBI PelnTh 3amavdy Kol ¢ Ha4albHBIMU YCIOBUAMEU T = I, Yy = § 1pu
t =1, rge (I,§) — Touka nepecedenus 7 ¢ 7.

Nrax, ancao Tovek nepecedenns obpasa MHOT006pas3us 7 1, 3aal0MIero KpaeBoe yCiIoBme
Ha JEeBOM KOHIIE, TIPHU TTepEeHoce Ha MPABLIN KOHETl ¢ MHOT006pasneM ! 9, 3aJalolnM YCIOBIE
Ha MPaBOM KOHIIE, U €CTh INCIO PEIeHr NCXOMAHOTO YpaBHeHWsA. P axox menne >TUX TOYeK
MO3BOJIAET CBECTHU KPAEBYIO 3a/ady K HATATLHOM.

PacemoTpum ypaBrenue

&= f(z,t), z€GCRY, teR. (1.6)

Ypasuenne (1.6) mopox naeT nByXmapaMeTpudecKoe ceMelicTBoO oTobpaxkenui g(to,t,x) N-
MepHOro (azoBoro mpoctpancTBa (G B cebs, HazbiBaeMoe (PasoBBIM TTOTOKOM DTOI'0O ypaBHe-
s (em. /2/).

dPazoBBIM TOTOKOM OGBLIKHOBEHHOTO Audxpepentmanbioro ypasuenns (1.6) masbiBaeTcs
ceMenicTBoO andpdeomopdpusmos ¢(to, , ), 3amapaMeTpU30BaHHOE JIBYMS CKAJISPHBIME Mapa-
mMeTpamn (tg,t € R), neticrByionmx u3 (' B G o npasuay: ¢(lo,t, ) ecTh pelenne 3a,1ati
Kotm mus ypasuenns (1.6) ¢ madarpibiv ycaosueM ¢(to, t, x)‘t_to = x.

PacemoTpum mekoTopoe raankoe muoroobpasme B (4, 3a1aBaeMoe ypaBHEHTEM

() = C = const, (1.7)
rae @ — Taajkas cKaaapHas gynkiusa, nencrsyomas nz G B R. Kampan dyukuus ()
MOPOK JaeT CEMENCTBO MepeHeceHnbiX hbyHKIui (), necreyiomux us G B R mo npasuy:

pi(z) = o(g(t, to, ). (1.8)

Taxoe onpetenenue neperecenHon GpyHKINN ; GBLIO BIIEpBHIe BBeaeHo B paboTe /8/. HTo6bI
BBIMUCANTDL 3Hadenue PYHKIUN ©; B TOYKE T, Ha10 HalTu ee npoobpas xg = ¢({,lg,x) u
BBIIHCIUTE ¢(T0).
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U3 onpeenenus mepeneceHnbIX (PYHKINN CIEIyeT, IT0 06pa3zoM MHOrooGpasms (1.7) mpu
nercTBIT PazoBoro MoToka (o, t, ¢) B Kak I MOMEHT ¢ Oy 1eT MHOT00Opa3ie, 3ajaBacMoe
ypaBHEHUEM

() =C.

[leticTBUTENbHO, BO3BMEM TTPOM3BOILHYIO TOUYKY &g Ha MHOTOoOOpasuu (1.7). Ee o6pas
g(to,t, x0), oueBIIHO, yaOBIeTBOPseT ypasHennio (1.8), Tak Kax

@i(g(to, 1, 20)) = w(g(t, to, g(to, 1, %0))) = p(20) = C.

1 o6parho, 4is Tpon3BOIbLHON TOYKE & Ha MHOT006pasun (1.8) ee mpoobpas ¢(t, to, x) GyneT
npuHajIeKaTh Maoroobpasuio (1.7), T.x. ¢(g(t,to, x)) = @i(x) = C.

Bepremcsa x mpumepy, mpuBefeHHOMY B Hadale HacTOAIMEro maparpada. PaccMoTpum
azoBbIl MOTOK ypasHenus (1.3) u QpyHKIMIo, 3a1ai011yio Muorooopasme (1.4):

p(z) = zy.

s pemenns xpaeson 3agaan (1.3)—(1.5) mam wago moayInTh 06pas »Tou GYHKINN @)
npu ¢t = 1. Pa ocHopamuu onpejnerenus IepereceHHol (PYHKIUM H TOTO, 9TO MOTOK T =
g(to,t, o) w 06paTHLIN TOTOK Xo = ¢(t, 1o, &) UMEIOT BU/I

[2x /2
T = —Ot—l_x(zh Yy = ﬂt—l—y%,
Yo To

B , 2 B 2ty
Top = 4/T% — —, Yo=\Y"— —
Yy x

HOXY UM HCKOMYIO (PYHKIIIIO
pr(r) = vy — 2.

Buramcans koopAnHaThl TOYKN Tepecedenus KpUBon @ (x, y)‘ = 2 u npsivont y = 2(x — 2),

=1
moxyany: & = 1++/3, § = 2(\/§ — 1). CaenyeT oTMETHTDH, 9TO peIlleHneM JAHHON KPaeBOl
3ajiadn Oy1eT ABIKeHne M0 ha3oBON MPAMON ! 5, MPOXOIAIIEN Yepe3 TOUKyY (&, §) 1 3a1aBae-

Mol ypaBHeHneM y = (4—2v/3)z, 1o 3akony & = \/(2 +V3)(t+1),y = 2\/(2 —V3)(t+1).

dazoBLI IOTOK ypaBHEHUA B GOJIBIINHCTBE PealbHbIX 3aad Hen3BecTeH. P pi 5ToM BOC-
OMB30BATHCA HEMOCPENCTBEHHO MepeHeceHHbIMI (PyHKIIAMN He yaaeTcsa. B pToMm cirydae
OMOYb MOZKET JOKaIbLHLII MOoAX01. PaccMoTpnM HEKOTOPYIO (pa30ByIo KPUBYIO ypaBHEHUA

(1.6):

= g(to,t,x0), rTaet €R; tg, 20 — PUKCHPOBAHDL. (1.9)

Dynkamio () Boausn TpaekTopun (1.9) MoxHO annmpokcumupoBaTh 1o Gopmyie Teiropa

"1 . . . .
eile) = plwo) + ) 2L (" = G (@ =GR+ Ol = glto. Lao)||"T). (1.10)
k=1 '
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rae

w  OMo(a)

» = T C7 = ¢ (Lo, 1, o).
21 4eee bk ax“ ] 6:1;% (to,t,x)7 g ( 05 &y 0)

PepBoe craraemoe B gopmyiae (1.10) obbscHseTcss TeM, 9TO, KaK CIeAyeT U3 OTPeIeJeHs
nepenecennon Gpyuxmnn, ¢:(g(to,t, x0)) = ¢(xo). B dpopmyme (1.10), kak u BCiogy jgajtee, Mo
UHEKCaM, BCTPEIIOMIMCS MBaK bl — CBEPXY U CHHU3Y, MOAPa3yMeBaeTCs CyMMUPOBaHIE.

Taxmm obpazom, w3 gopmyast (1.10) cremyer, 9To 3ajava JOKATLHOTO TepeHoca (DyHK-
mn @(x) Bou3n TpaexTopun (1.9) CBOAUTCA K TOXYIE€HNIO AITOPUTMOB BBIMHCIEHUS MTPO-
M3BOHBIX PYHKINN () 10 (paszoBoMy BeKTOpY Ha TpaekTopuu (1.9)

P pennaraiorcs nBa airopuTMa BEIMUCICHUS TTPOU3BOAHBIX (DYHKINE @:(T) TT0 Pa3oBOMY
BeKTOpY @ Ha TpaekTopun (1.9) ypasuenus (1.6).

31ech 1 fajgee UCHOAbL3YIOTCA CIeYIONne 0003HaIeH:

x! g g (to,t, 7o) '
i 692 o, 1, xq
T = , Lo = ) G = g(t07t7x0) = ’ (Gl)j = %7
N l’év gN(to,t,l'o) 0
«;—1E_4,SHQMEHj'ManMI&J7O6paTHOﬁﬁK G, crosmuil Ha nepecevenny i-il CTPOKU U J-T'O
cTonbI1A,
w . __O%() o _Pede)
9‘921...% T 8:1;“ o al’ik’ gk 8:1:“ L. al’ik’
Gk - akgi(to,t, l’o) Fl o alf(x)
( )]1 T PN Bedy T 900 Ao
Oxlt ... 0zl datr... dat

AnroputwMm 1. Ppusenem aBHble peKyppeHTHBIE (POPMY.JIbI, BHIPaKaIoye TPON3BOIHEIE
dyuxmn @i(x) 1-ro, 2-ro, 3-ro m 4-T0 TOPAIKOB Hepes MpousBoiHble (GyHKINN @(x) 1
azoBoro noroxa ¢(to,t,xo):

z20 =G, (1.11)
20 = [p2) = 200G, (GG, (1.12)

Z8) = {0 = 22 (GG + (GG + (G (GME] = 20N, b (113)
x <G-1>§<G-1>7<G-1>i,
28 = {6 = 280 G, (GG + (G, (GG + (G, (GHGE (114)

[y ~~

(
(GQ) (G (GE A+ (G2 (G (G + (G5 (G (G
(G (G (GO (GR) 4+ (GO) (G ) (G7)e (G,
(GQ) G + (G (GO + (G (GR)] = ZE(GY), )
< (GTHETHEUETT
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TEOPEMA 1. [lpouzsoduwvie gyuryuu @.(x) no dazosomy sexmopy x wa mpaermopuu
(1.9) ydosaemesopsiom caedyiowum pexyppewmubimn coOOMHOULEHULM:

—_

n—

Zi(ln..).in = @;?.)..jn - Zlg)k Z Z (Gal)ff day (Gar)flr Jar (-19)
1 1<ap <.Sarsn {51 ~7]a1}

art...tar=n
{37, ~7JQT}

r

X (GTH (G

1 tn?

ede mpempbs  CyMMa GEPEMEA NO  6CEE0IMONCHBIM  GAPUAHMAM T HAOOPO6 UHIEKCOG6

.1 .1 r r . .
Utsooosdahso- s 0t - 5 Jo, 1o womopuie svibupatomes uz wabopa {ji, ..., jat, 6 waxcdon
6APUANIIE NEPEOUPAIOULER0CA NOAROCTILIO HE3 NO6MOPENUT, @ uucaa 6 KaHcIoMm Habope
e, Y, m=1,... ,n—1, pacnoaazaiomcs 6 nopadre neyobi6anus.

Pacnonoxenne wucen B kaxnom mabope {j7*,...,j0 }, m = 1,...,n — 1, B nopsjike

HeyOBIBaHNA TTO3BONAET MCKIIOYNTH BO3MOKHOCTL MONYYEHNS HOBLIX KOMOWHAIINI WMHIEK-
COB IIyTEeM IIepecTaHOBOK B CTapbIX KOMOMHAIMAX. P eobXoAMMOCTh TaKoro OrpaHmIeHus
BLI3BaHa TeM, ITO onepanny AnddepennpoBannsa M0 Pa3HbIM KOMIOHEHTaM (ha30BOI'0 BEK-
TOpa, O9IEeBUIHO, KOMMYTHPYIOT.

[ nenonpzoBanus gopmyast (1.15) (mmm ee gactubix caydaes (1.11)—(1.14)) mneobxo-
JMMO 3HATEL MPOW3BO/IHEE (Pa30BOTO MOTOKA MO HA9albHBIM JaHHbIM Ha TpaekTopun (1.9).
YpaBHEHUs, KOTOPHLIM OHU YI0BAETBOPAIOT, UMEFOT B

(GY)E = Fi(GYE, (1.16)
(Gz);k = Fli(Gz)é‘k + Fli (Gl)k(Gl)va (1-17)
(G = Fo( GOV 4 Fry [(GPYR(GH] + (G2 (G + (GR35 (GY )] (1.18)

+ Fpg(GYT (GG,
(Gt = Fal G + Fy (G20 G)5 + (G (GY] + (G2, (G} (1.19)

[
HE i (GH] + (GG, + (GG, + (G2 (G
+ oy (G2 (G (GYE + (GGG + (G (GG
HE) (GG + (G (GIGH] + (G (GG ]
+ g (G (GGG

npqy

B obiiem caydae nmeer mecTo dpopmyaa

ZF;; S DG G (120)

1< <...<ar<n -,
SHassers {1l seesddy }
{37, ~7JQT}
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PpousBonnas dpazoBoro noroka n-ro nopAaka Mo HavalbHOMY 3HAUYE€HUIO (Pa30BOI0O BEK-
Topa yaoBreTBopseT ypasruennio (1.20), a Takke HadaTLHOMY yCIOBHIO

(G™): =0 mpun>1lu (GY = 5;

J1-- ]n‘t 0

AnroputMm 2. Ppusenem aumelnble o6bLIKHOBEHHLIE A pepennnalbable ypaBHeHNn,
KOTOPBIM Y IOBIETBOPSIOT MPOU3BOIHEIE PYHKINN ¢i(x) mopsaakos 1,2,3 u 4 (cm. /8, 7/):

70 = —zhpr

Z (1) porm. (1.21)
72 = —zCFm B g, (1.22)
28) = 20— 2 pr - 2 pm - 2 e g g Gl W Em(1.23)
Z‘i(;lk)l = _Zf(fz')ijlm - Zf(m')le]m - ZT(nZ)]lFm - Zf(n])lem - Z7(m)] By = ZT(nz)ka (1.24)

— 2N = 2 F = 25 Fy = 20 Fy = 25— 20— 20 E,
- Zr(r?l) ZT]nk - Zr(nl) zT]nkl

K IpuBEICHHBIM YPaBHEHUAM €CTECTBEHHO ,I[O6ELBI/ITI) CIeNYVIOMNeE HavaJbHbIE YCIOBUA:

(1) _ 1)
Zi ‘t:to =P
(2) _ (2
Zij ‘t:to = ¥ij
73) (3)

ijk ‘t:to = Pijko

(4) (4)

ijkl ‘t:to = Pijkl-

P puBenem dhopmympoBKy pesyibTaTa, o6obimatormiero pasencts (1.21)—(1.24).

TEOPEMA 2. [lpouzsoduvie gynryuu pi(x) na mpaexkmopuu (1.9) seastomen pewenu-
amu caedyrowur 3aday Kowu:

Zz(ln)zn == zn: Z Zl(i?...z’;_le’l;...z’;a (1.25)
¥

r=1 {d7,.. 07,

7z =™ (1.26)

1] .0l t:to

ede smopan cymma 6 (1.25) depemes no ecesozmodcuvim svibopran no r — 1 undercy us
nabopa {i1,... ,i,}t, {il,... il } — undercor, ocmaswuecs om wabopa {i1,...,1,} u ece
undercol 6 HAOOPAT PACTIOAAZAIOMCA 6 NOPAIKE HEYODLEANUL.

OrmeTnm, 910 M peterns Hadarbion sanadn (1.25)—(1.26) me Tpebyercs 3HATL Mpo-
m3BOHBIE (PA30BOTO ITOTOKA IO HAYaAbLHBIM JaHHBIM. PTO CBOICTBO allOpuTMa 2 SBIAETCA
ero IMPEerMYIIecTBOM TIepes aaropuTMoM 1. Elle 000 TpenMyInecTBo BTOPOro alrOpuTMa,
mepel MePBBIM COCTOUT B TOM, UTO UHCIO ypaBHeHUN B cucTeme (1.25) B n pas Memnblie,
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geMm B cucreme (1.20) mpm ToM XKe n 3a CIeT CHMMETPUHN MO HIKHUM nHgekcam. O nHako,
ypaBHennsa B cucremax (1.20) Ipu pasindaHbiX n OTINIAIOTCS APYT OT APYTa JUITh HEOIHO-
POJIHOCTDIO, €0 HeMb3s cKazaTh 06 ypasrenusax (1.25). Pro cBoiicTBo maeT npemmMyInecTBo
TIPpW MCTONH30BAaHNT alTopuTMa 1, T.K. TO3BOJAET BHIPA3WTh peIleHune Jo60T0 W3 HEOTHO-
poaHBIX ypaBHenuin B cucreme (1.20) B KBaapaTypax depes PpyHIaMEHTAILHYIO MaTPUILY
COOTBETCTBYIONIETO OJHOPOJIHOTO YpaBHEHNA B Bapualiax (cM., Hanpumep, [2/).
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PABNET 2

MeTo bl ONITHMAIBHOI'O BOCCTAHOBJICHUA 3HAYCHUN (DYHKIUUA H
PYHKIIMOHAIOB

P pu pemterinn Mmuornx 3amad MaTeMaTuMeCKON (PU3UKN 1 OCOGEHHO TTPU X TUCAEHHON Pe-
ATM3aIuy eCTeCTBEHHBIM 00pa30M BO3HUKAIOT 3a/avl, CBA3AHHBIE C TUCKpeTH3anen PpyHK-
U7, BOCCTAHOBIEHNEM (PYHKIINN Wik (PYHKINOHATOB OT HUX 110 HEKOTOPOU OTPAHUIEeHHON
nrdopmalinn o PYHKINN, 3alaHHON, BOOOIIe ToBOps, Mpubanxkenno. Takoro poma 3amatn,
MHTEHCHBHO M3Y9alOIINecs B TOCTeNHee BpeMs (OCOGEHHO B CBA3M ¢ PA3BUTHEM KOMIHIO-
TEepPHON TEXHUKN) COCTABIAIOT HOBOE HAIPABIEHNe, Oy YnBIIee Ha3BaHe — ONTHMATbHOE
BoccTanoBIenne. Kpyr nccieayeMurx B 9Tol o6IacTi MPOOIEM COMEPKNT TaKe BaKHble 3a-
Javn, KaK MOCTPOeHne ONTUMAIbLHBIX METONOB BOCCTAHOBIEHUA (PYHKITNHN, 33, JaHHLIX TOYHO
nan npubINKEHHO B KOHEYHOM YKcjle TodYekK, MOCTpOeHNe ONTUMAJbHLIX KBapaTypHbIX
hbopMyJI, BOCCTaHOBIEHIE TTPOU3BOAHBIX (Uncirennoe nudppepeHinpoBaie), BLIOOD ONTH-
MaJdbHbIM 00pa30oM MH(MOPMALNK, KOTOPYIO HEOOXOAMMO 3HaTh O (PYHKIUM, YTOOBI C HaW-
MeHDIITEN TTOTPEITHOCTHIO BOCCTAHOBUTH €€, allliPOKCUMAIINs (PYHKIINN 1O €€ TPUOIIKEHHBIM
kox(pPpunmenTam Pypoe u ap.

Ecan mpu kraccmdeckom moxoe, KaK TPABIIO, 3aJal0TCA CPEJICTBA TPUOIMKEHS (a-
rebpamdeckie WIN TPUTOHOMETPUYIECKNE MOMNHOMBI, pAllMOHATbHbIE (PYHKIINN, CILIAUHDI,
BEWBJIETHI 1 [Ip.), TO B 3a/adax ONTHMAILHOTO BOCCTAHOBIEHUS B METO/a BOCCTAHOBIE-
HIIA 3apafiee He (PUKCUPYETCSA — OH WIIETCA CPEN BCEBO3ZMOKHBIX METOO0B (aJrOpNTMOB),
HCTOIB3YOMINX 3HAYEHIS allPOKCHMUpyeMon (pyHKInn. BaXHOCTEL TaKon MOCTAHOBKE 00Y-
CIOBIEHA Te€M, 9TO TPH (PUKCHPOBAHHON NHMOPMAIINN BLIONPAaeTCS HAWIY 9NN CIToco6 mpu-
OamKennsa QYHKINE 1in pyHKIIoHara (B MOCKeIHeM cIydae pedh MOKeT WATH, HalPIMeD,
06 ONTUMATBLHBIX METO/aX WHTErPIPOBAHIA).

Xopollio m3BecTHa POIb B MPUIOKEHIIX pe3yabTaToB KoTersrnkoBa 1 KapTpant o dop-
MyJIax, TOYHO BOCCTAHABINBAIOIINX Iefble (DYHKIINH MO UX 3HATEHNAM B PAaBHOMEDHOU CETKE.
Opmaxo misi aHATUTHIECKUX B MOJOce (PYHKINU TOYHOTO BOCCTAHOBIEHUs MO TOU K€ WH-
dgopmaluu He cyirecTByeT. TeM He MeHee MOKHO IOBOPUTH O HAUIYUIIIEM CIIOCOOE BOCCTa-
HoBIeHus. Lie oHO BaXHOe HalpaBieHne — MOCTpoeHne aHatoros ¢popmya KorerbHukoBa
n Kaprpant aas amamnTtudecknx QyHKITHH.

[pyron Kpyr 3amad CBA3aH ¢ BOIPOCOM 06 ONTUMAIbLHOM BBIGope mudopmarinn. Pampu-
Mep, KaK Jydlle PaclofokUTh TOYKM, B KOTOPLIX clelyeT M3MepPATh 3HavYeHUs (PYHKINH,
ITO6BI BOCCTAHOBUTDL €€ ¢ MUHUMAJIBLHOU TOorpermHocThio! CyimecTByoT i pyHKITNOHATDI,
nH@OpMalig 0 3HAYEHIAX KOTOPBLIX Oosee mole3Ha, YeM nH(opMalli O 3HaAYeHUAX B TOUYKaX



23

(ecTecTBeHHO, TIPH OANHAKOBOM WX 0bbeme)? o mydrie 3HaTh 0 MEPHOANIECKON (PYHKINT
— 3Hadvenus B 1000M (pUKcrpoBannoM nabope Touek min kKodxddunuenter Pypoe? Samadn,
BO3HUKAIOIINE 3/€Ch, TECHO CBA3aHBbI C KIACCUYECKIMI allllPOKCUMAIIMOHHBIMUA XapaKTepu-
CTUKaMU TaKUMMU, KaK KOIMOTOPOBCKIeE, JHHENHbIE, Telh(anfoBCKIe U OePHITTENHOBCKIE
n-TOTEePEYHUKH.

2.1. O6U_Ia.ﬂ ITIOCTAaHOBKaA 3ajgavd BOCCTaHOBJIEHUA

Kak mpapmio, cymecTByeT MHOTO CIOCOGOB pelleHus OJHON M TOU Ke 3ajadn. Kax
CPaBHUBATh pas3iWdHble METObl PEIeHHs U ITO O3HAYaeT PEllnTh 3aJady ONTHMaIbLHBIM
obpazom? Ppeamonoknm, 9To y Hac WMeeTCs MHOKECTBO MeTo0B (arroputmoB) M mis
pemenns zagadu p. Kaxablil MeToq HCIOab3yeT HeKoTopyto mHpopmanmio [p o zamatde
p. [las Toro, 9T06B IMETHL BO3MOKHOCTEL CpaBHUBAThL Pa3inIHbIe METO/bI, COMTOCTABAM Ka-
KIOMY METONY YUCI0, XapaKTepn3yollee MOrPeliHOCTh PEleHns pacCMaTpUBaeMOon 3a1adu
nanabM MeTogoM. O6osHadnm oTo wncio depes e(p, [, m).

O6brano Ham TpebyeTcs pemmTh He OfHy 3ajady, a HeCKOIbKO 3ajad OJHOTO U TOrO
xe tnna. O603HaIMM MHOXKECTBO 3ajad, KOTOpPble Mbl XOTHM pelmTh, depes P. Kcan
TpebyeTcsa HalTH MeTO, I8 KOTOPOr'o IO PEITHOCT pelleHus Oblia Obl KakK MOKHO MEHBIIIE
cpasy 1A BceX 3ajad U3 MHOKecTBa P, TO Mbl IPUXOAUM K CIEIYIOMIEH SKCTpeMalbHON
3a/ade: HAUTH 3HaYeHne

e(P,I,M):= inf supe(p,I,m)
meM peP
1 MeTOJI, Ha KOTOPOM HUKHAA I'paHb JOCTUTaeTCA. BCAKNN TaKon MeTOo,] Ha3bIBaeTCA ONmu-
MAABLHBLM METOTOM.

Ecan semamna e(P, [, M) He 1ocTaToqno Maia, TO MOKHO MOMBITATLCS HAUTH NPYTOR
TN THPOPMAIUK, 3HaAHNE KOTOPOr'o AaCT Jy9IIyIo MOrPemHocTh. WHeMI croBaMn, MOKHO
paccMoOTpeTh 3a4ady O HaXOXKJeHUH BEeIUIHHbI

inf e(P, [, M),
IeT

rae 7 — HeKOTOpOe MHOXKeCTBO MH(POPMAIMOHHLIX OlepaTopoB. Beskun omepatop, Ha
KOTOPOM JOCTUTaeTCsAs HUKHAA T'PaHb, OyIeM Ha3bIBaTh ONMUMALbHbIM THPOPMATTTOHHBIM
OTIEPATOPOM.

PacemoTpum HeCcKOTbKO TpUMepPOB.

1. Onrtumanbuas waTepromstusi. Pycts W — mekoTopsin Kirace PpyHKIINN, OTpeTeer-
Hbix B obractu D. O6osHadnm depes py 3ajady Haxoxnenus smadenus f(t), ¢ € D, nus
dyuaknun f € W. Poaxoxum

Ips = (F(h)s s flt)), 1, € D.

Pycrs M — wmmoxectBo Beex dynkunin m: C* — C (wm m: R"™ — R B Bemecrennom
cirydae). Torma MbI oy daeM CIeIyIOILyTo 3a1ady

e(t, W, I):=inf sup |f(t) — m(Ips)|.
m: Cr—=C feWw
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Pra 3ajada HOCHT HazBaHWe 3aadd 06 onmumalbnom 6occmanosienuy [ € W B Todake t
no wrdopmMaiun o 3nadenuax f(t1), ..., f(t,).
2. OnTumarnbhoe nHTerpupoBanme. PycTh py — 3ajava 0 HaXOXK I€HNN HHTETPaIa

/a b F(t) dt

niast pyaxmun f € Woa Ipy n M Te xe, uTo u B npeabrayiien 3agade. Torga Mbl HOTy-
TaeM 3a1ady 06 onmumatbrom unmezpuposanuy Gyukmmn f Ha kiacce W o smadenmsaim B
PUKCUPOBAHHON CUCTEME Y3I0B

b

e(W,I):= inf sup / ft)ydt —m(Ipy)
m: Cn—=C feW |Jq

Ecan pacemoTpers MuoxecTBO My, comepxkaliiee TOTHKO JUHEWHBbIE (DYHKITHOHAILI 172, TO

mpugeM K 3ajade 06 onTuMaabHon KBamnpaTypHon dpopmyte. MoxHO TakiKe MUHUMU3HPO-

BaTh BBEJCHHYIO BEIMYUHY MO BCEM y3aaMm u3 orpeska [a,b]. Torma noayuurcs samada 06

ONTUMATBHBIX y3JaX [ ONTUMATLHOTO METO1a WHTEr PUPOBAHUS.

Ponobras 3anada MoxeT 6BITH pacCMOTpPEHA [ TTPOU3BOIBLHOTO JUHENHOTO (PYHKITIO-
wara Lf. B gactnoctu, must Lf = f'(t) Mbl nonyvaem 3anady o6 ONTUMATLHOM THCIEHHOM
nudpdepeHInpoOBaHNH.

3. n-nonepeunuxu. Pyctr X — mnopMupoBanmoe JuHeHOE TPOCTPAHCTBO, P, — 3ajada
o maxoxgennn r € W C X ¢ momoIlsio KoHeTHOMePHBIX TOAIpocTpancTB X. 3nech [p, =
x, M — wmuoxecTBO orobpakenni m: X — Y, dimY, < n. Pomoxus e(p,,[,m) =
|2 — m(x)||x, MBI TOTYIUM 33429y O HAXOXK IEHUN BEXMIHHL!

d, (W, X) :=inf inf sup ||z — y||x,
Y, yeY, xeW
KOTOpas M3BECTHA, KaK KOIMOTOPOBCKHE n-Tonepevnnk. Korga M sBiaseTcs MHOXKeCTBOM
JMHETHBIX OTOOPaKEHNN, COOTBETCTBYIOINIAA BEIUINHA HA3BIBAETCA JUHENHBIM N-TOTEPet-
HUKOM.

Pepenmem x mocramnoBke ofIen 3ajavdu O BOCCTAHOBIEHUN. PO MHOTO3HAYHLIM OTO-
6paxenunem F': W — V Gynem monnmMath oTobpakeHne, KOTOPOE COMOCTABIAET KAk IOMY
x € W nenycroe muoxecrso F'(x) C V. MuoxkecTBO

gr Flo={(z,y):xeW, ye F(x)}

Ha3bIBaeTCs 2pagurom oTobpaxenms [,

Ob6r1mas 3anada 06 OMITUMAILHOM BOCCTAHOBIEHNN OIEPATOPOB IO HETOTHON WHMOPMAITUT
MOXKeT 6bITh TocTaBIeHa caeayonmmM obpazom. Pycrs X — murennoe npocTpancTBo, / —
JWHENHOe HOpMUpOBanHnoe mpoctpanctBo n L: X — 7 — gunennnin onepatop. Mbl xoTnm
BOCCTAHOBUTD 3HaveHus omepatopa L ma muoxectBe W C X mo mHpOpMAIIT 0 3HaT€HIAX
MHOT'O3Ha9HOrO onepartopa [: W — V.

MuorosuadimnocTs omepatopa F MofernpyeT MOrPENIHOCTh B 3afannn nudopMarmn 06
aremenTax u3z W. Ecam I — onnosHauHoe oToOpakeHHe, TO TOBOPAT 06 ONTUMAlb-
HOM BOCCTAHOBIEHUHU IO TOYHBIM 3HadeHmsM. OO6LIMHO MbI pacCMaTPUBAEM CIydal, KOT/a
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F(z)=1Tx+U,vne [: X — Y — qmnenusiii onepatop, Y — nuHenHoe mpocTpancTso, a U
— (¢ukcupoBanHoe MHOKecTBO 13 Y. Onepatop [ HaszbiBaeTCsS un@GOPMAYUOHNBIM ONEPATNO-
pom. Panpumep, ecin Y — qunennoe HOpMUPOBaAHHOE MPOCTPAHCTBO, TO MOMKHO MOJOKUTh
U:={yeY |yl <d}. Borom crygae Mbl TOBOPHM, 9T0 HHMPOPMATOHHBIN OMEPATOP
3a/lal ¢ TTOTPEITHOCTHIO J.

Pon MeTomom (mim aqropnT™MoM) BOCCTAHOBIEHNS olepaTopa [ MOHNMAaeTCs TpOon3BOIb-
Hoe orobpaxenie p: F(W) — Z. Tem caMbiM MBI TIOIy9IaeM CIeIyIONIYTO THarpaMMy

L

XOW YA
G

POFpeIHHOCT])IO MeTola @ Ha3blBacTCsA BeJINYIUMHA

e(L, Fip) = sup | Lz —ep(y).
(z,y)€gr I

Pycrh 3agano muoxkecTtBo MeTonoB S. Ponoxnm

e(L,F,S) = inf e(L, F,o). (2.1)
P

P pennonoxum, 910 Ha 10 BOCCTAaHOBUTH CeMENCTBO orlepaTopos L, a oTobpaxenus [ MoxHO
BLIOMpPATh N3 MHOKecTBa F. Poroxum
e(L,F,S):= inf supe(L, F,S). (2.2)
FeF Lel
Pacemorpum neckorbko mpumepos s3agad (2.1) n (2.2). O6osnadnm depes £ MHOKECTBO
BCEBOBMOKHBIX MeTO0B : F(W) — Z. Ppenmonoxum, aro S = &€ n W — nexoropsiin
KJIaCcC BElIeCTBEHHO3HATHBIX AN KOMILIEKCHO3HAIHBIX (DYHKIHI, ONpeleJeHHbIX Ha MHOKe-
cree G. Pomoxum 7 := (t1,...,1,), t; € G,

Lo ={z(t),...,x(tn) },

nF=F =1 40B, rie B, — emnan4ueii map npocrparcts R™ mwimm C*, B KOTOphIX
BBefleHa HEKOTOpas HOPMa.
Torpa mas Lx = Ly = x(t), t € G, 3agada (2.1) aBiseTcsa sagadeil ONTHMATLHOTO

BoccTanoBienus dpyuknnn r € W B Touxe t Mo 3HavMEHUAM >TUX (PYHKINU, 3aJaHHBIX C
HOTPEITHOCTRIO § B CHCTEMe TOYEK T.

Fem FCGn
L={L,:tcE}, F={F.:17€lk"},

TO (2.2) ABIAETCA 3ajadelnl ONTUMAILHOI0 BoCcTanoBIeHMs (pyHKInn n3 W Ha MHoKecTBe
FE 110 3navenuaM, 3a1aHHBIM € TOTPENTHOCTHIO 0.

Ecanm
L:L':/:I;(t) dt,
E
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Torga (2.1) ABiaseTcs 3amadel 0 HAWIY9IeM MeTo/le WHTErPUPOBAHIA, NCIONb3YIONEM TIPH-
OaMKeHHble 3HaYeHns ¢ B (PUKCHPOBAHHON cUCTeMe y3ioB, a 3anada (2.2) ¢ L = {L} »To
3ajlada 00 ONTHMAILHOM MeTOoe NHTErpUpoBanusa (I 3ajada ONTHMAILHOIO BHIOOpA Y3-
JTOB).

P pennoxennas cxema BKIod9aeT B cebsl TakKe U Pl IPYTUX XOPOIIO W3BECTHBIX 3aqad
TeOpUN MPUOIUKEHNS TaKUX, KaK ONTUMATbHOe BOCCTAHOBIEHNE TTPOU3BOTHLIX, OTTIMATIh-
HOe BOCCTaHoBIenne 1o KodxddurmenTam Pypbe, TpubImKeHne HeOrpAaHTIeHHBIX OTepaTO-
pPOB OTpAHUIEHHBIME, N-TIOMEPETHUKN U T.]I.

PacemoTpum Gosee moapobHO TOCTaHOBKE 3ajiad 06 n-monepednnkax. O6o3HavnM we-
pea &, MHOKeCTBO Beex omepaTopos m3 I'(W) B Z panra me soime n. Hepes £ obozmatmv
MHOKECTBO BCEX JUHEWHBIX OMEPATOPOB HE BBIIE N, KOTOPBHIE 0TOOpaKAIOT J00LIe TPo-
cTpancTBa, conepxantre F(W) B Z. Ponoxnm

do(L,F) = e(L, F,E,),  M(L,F):=e(L,F,E)).
Ecmm F~1(0) # 0 (orobpaxenne F'~' — MHoroznadnoe oTobpakenue, onpeeeHHOe PaBeH-
crBom F = (y):={x € W :(x,y) € gr F'}), Toraa
M(L, F)> inf sup || Lz|| =:d"(L, F).

wEE) (wy)egrF
©(y)=0

Pomoxum I5:= e+ dBY, rue I: W — Y — aunennoit onepatop, ¢ > 0 u
BY :=={yeY |yl <1}
Torpa npu F' = Is u L = Id (Id — ToxgecTBenHoe 0TOGpaKeHe) OMpeIeTnM BeImInHbI
d, (W, X, 1,8):=d,(Id, I5), X\.(W,X,[,0):=A\,(Id,[I5), d"(W,X,I,6):=d"(Id,]I5).
Ppué =0wu L = Id Bermanunr
d, (W, X):=d, (W, X, 1d,0), XN, (W,X):=X,(W,X,1d,0), d"(W,X):=d"(W,X,Id,0)

XOpOoUIIOo M3BECTHHLI B T€OPUUN alllIpOKCUMallll. OHI/I Ha3bIBalOTCA KOJIMOI'OPOBCKIM, JUHEN-
HBIM 11 FeJIBqDELH,I[OBCKI/IM n-nmonepeIdnkKamMm, COOTBETCTBEHHO.

2.2. OnTuMajbHOEe BOCCTAHOBJEHNE MHOIO3HAYHEIX OTO6pa}KEHI/II>JI

3agada (2.1) MoxeT ObITL cBefeHa K Godee oOIIel 3anade, CBA3AHHON C OMTHMATb-
HBIM BOCCTaHOBIEHNEM MHOTO3HAYHBIX oTobpakenuil. Poxoxus ®(y) := L(F~(y)), Mmoxno
JETKO TTOKa3aTh, ITO

e(L. F.p)= sup |z —@(y)ll.
(y,2)€gr®

CpopMyaupyeM Temepnb o6IIYIO 3a4ady ONTHMATLHOI'O BOCCTAHOBIECHNS MHOTO3HATHOTO
0TOOpakeHns OJHO3HAIHBIM oTobpaxkenneMm. Pycth ®: A — 7 — MHOrosHadHOe OTO-
Gpaxenne, 7 — JIMHEHOE HOPMUPOBAHHOE IPOCTPAHCTBO U p: A — 7 — onHosHadHOe
orobpaxenue (MeTon BoccranoBrenus ). Poroxumm

E(®,p):= sup [z —p(y).

(y,2)€grd®
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P pennonoxum, 1o § — HEKOTOPOE MHOKECTBO OIHO3HAYHBIX oTOGpakennt ¢: A — Z.
Benmanma
E(®,S) = inf E(®, ). (2.3)
@eS
Ha3bIBAaeTCA O PEIMIHOCTHIO BoccTaroBaeHus . MeTon, na KoTopoM HIKHASL Mpadb JOCTH-
raeTcs, Ha3blBaeTCA ONTUMATLHBIM METOIOM BOCCTAHOBICHIA.
P oroxum
E(®):= E(9,8),
rie £ — MHOXKECTBO BCEBO3BMOKHEIX ONHO3HAIHBIX OoToOpakennu A B Z.
Benmanma
R(®) :=sup inf sup ||z —],
YyEA c€Z 2€d(y)
KOTOpas Ha3bIBA€TCS paaiycoM MHorosHadnocTn ¢ TecHo cBaszana s3ajgaden (2.3) mpu S =
E. Paanyc MHOMO3HAYHOCTH — DTO MaKCHMAJIbHBIN 9eOBIIIEBCKIN paainyc MaoxecTs P(y),
Korma y € A.
Perpynno mokazaTnh, 9T0 UMeeT MEeCTO PaBEHCTBO

E(®) = R(®).

B naabmentiiem Mol paccmatpuBaeM HemycThie MuHOKecTBa A C X, rae X — aunennnie
npoctpamncTBa Hag moreM A = R wim C. Ecan B yTBepXk mennn me ykasaHo sSBHO IOJE, TO
yTBEPK JeHUEe OTHOCUTCSA K 000UM CaydasM.

O6o3nadnm depes X' mpocTpancTBo, alrebpandecku conpsKennoe K X, T.e. TPOCTpaH-
CTBO Beex quHenHbIX dpyukinmonanos na X. Yepes co A u bco A 6y 1em 0603HATATD BLITYKIYIO
1 BBITYKIYIO YPaBHOBENEHHYIO 060m0 K A:

coA = x::z;:z}\jxj, zj € A, Z)\jzl :
7=1 7=1

bco A := $:$:Z)\j$j7 r; € A, Z|)‘j|§1
7=1 J=1

Dynkunonan «(x) nasbiaeTcs adppuabM, ecan a(x) = (', x) + ¢, rae v’ € X mwe € K.
O6osnaanm gepes X MHOxecTBO Beex adpPUHHLIX (pyHKIMOHaT0B. MBI nmsydaem ycaosus,
IpH KOTOPBIX Cpeln ONTUMAIbHLIX METONOB BOCCTAHOBAEHUA CYHIECTBYIOT JHHEHHbIE WIK
adpprHHbIE.

Oupenennm Muorosnavnbe orobpaxenus co P n beco ® pasencrramn

grco® :=cogr®, grbco® := becogr ®.
TEOPEMA 3. 1. Aasa cywecmeosanus ¥’ € X' maxoeo, umo
E(®,2") = E(®),
neobrodumo u docmamouno «umoodw

R(®) = R(bco ).
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Hpu smom

E(®)= sup ||
c€bco ®(0)

2. Feau K = R, moeda das cywecmesosanus a € X* maxoeo, umo
E(®,a) = E(®),
neobrodumo u docmamouno «umoodw
R(®) = R(co®).

Pacemorpum samaay (2.1) mus caydas, korga L = 2’ € X' (1.e., Z = K) u S coBnagaer
¢ MHOKeCcTBOM & Beex pynkimonanos na Y. Poxoxnm

e(', F) :=e(a, F, E). (2.4)

Kax 6b1mo oTMederno Beilie, bTa 3aJava CBOIUTC K 3ajade OMNTUMAILHOTO BOCCTAHOBIE-
HIA MHOIo3HayHOr'o oTobpaxenus ® = 2’ o F~1, Kpowme Toro,

e(z', F)= E(z' o 7).

BBG,I[GM BEINYINHY

r(z’, F):= sup inf sup [(a',2)—(],
yeF(W) c€K zeF~1(y)

Ha3bIBaeMYI0 NH(MOPMAIMOHHBIM paAnycoM. PeTpyaHo yoequThes, 9To
r(z', F) = R(z' o 7).
Pockoabky
co(z' o F7YY = 2" o (co )71, beo(z' o 1) = 2’ o (beo )™,
TO N3 TEOPEMbI 3 BLITEKAeT CIEAYIONIEe YTBEP K JeHNe.
TEOPEMA 4. 1. Jdas cywecmeosanus y' € Y' maxozo, umo
ol ) = (e, F),
neobrodumo u docmamouno «umoodw
r(2’, F) = r(z',bco F).

Hpu smom

e(, F)=" sup |[(a/, )|
zEbco F~1(0)

2. Feau K =R, mo das cywecmeosanus a € Y* makozo, umo
’ o ’
e(x', F,a) = e(a', F),
neobrodumo u docmamouno umodol

r(z’, F) =r(a’,co I).
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2.3. OnTuMaiabHOEe BOCCTAHOBJEHUE JUHENHBIX (PyHKIMOHAJIOB
Paccvorpum sanady (2.4) aas MHOIO3HAYHONO OTOGPAKEHUS
Flz)=1z+1T,

rae [: W — Y — aunennsin onepatop, a U C Y — nekoropoe muoxecTBo. Ponoxum B
DTOM CIydae

e(z', [,W,U) :=e(a', F).

TEOPEMA 5. [lyemo o' € X' u W, U — cvinykabie ypasro6euenubie MHONCECMEA.
Toeda cpedu onmuma.ibrvlr memodos 60CCMANOBACHUS CYWECTEYEM AUNETHBIT U

(o, LLW,U) = sup (') = inf ((sup (o, 2) — (o, Lol +sup ool ). (2:5)
%’EGV%/] y' ey’ \zeW yel

Kpome moeo, y' € Y' asasemes onmumaiomusblsn Memodom 60CCmanosaienus 6 mom u mo.ibko
6 MOM CAYUAE, ECAU N HEM JOCTNULAETNCS HUNCHAL 2panb 6 (2.5).

Pycts S — memycroe MHOXKecTBO, Y — o-aarebpa MOJIMHOKECTB S U [t — HEOTPUIla-
TenbHas o-aAnTUBHAas Mepa Ha MHoxecTBe Y. O6osnadnm depes L,(S, Y, 1) (mim Kopode
L,(S)) MHOKeCTBO Beex o-m3MepnMbIxX (pyHKIn co snadenumsvu B K = R wim C, nas koTo-
pBIX

1/p
fello = ([ leePdu) <00 1<p<
S

||| o := esssup |x(s)] < 00, p = 0.
SES

P onoxnm

namtac K, 1<p<oo
_Jalal7%, a#0,
o) = 0 a=0.

Ecan X — aunetnoe HopMupoBaHHOEe TIPOCTPAHCTBO, TO depes BX 6ynem o6o3nadaTh eu-
HU9HBIA Iap

BX:={zeX:|z] <1}

Pycrs f € Ly(S), 1/p+1/p =1 (upu p =1,00, p’ = 00,1, coorBeTcTBenno). Pacemo-
TPUM 3aady ONTUMaIbHOIO BOCCTAHOBIEHU JuHeNHoro (gynkinnonanta (¥, f)s Ha MHOKe-
ctBe BX, mo 3madennam Muorosnadnoro orobpaxenus F(x):= [z +06BY, § > 0, rae X,
— aumenHoe moampocTpancTBo L,(S), [ X, = Y — aunenuniii oneparop n Y — smHen-
HOEe HOPMUPOBAHHOE MPOCTPAHCTBO. TeM caMBbIM MBI pacCMaTPUBAEM 3a/1aqy O HAXOXK TeHUN
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BEJIMINHEBIL
e(fv [7 BXP(S)v(S) = inf sup sup |($,f)s - S‘Q(y)| (26)
¢: Y =K zeBXy(S) " y€§|/|<5
T=Y||>

U ONTHMAILHOIO METO/a BOCCTAHOBICHUSA (T.e. MeTO/a, Ha KOTOPOM JOCTUTAETCS HUZKHSAA
rpaib B (2.6)). Curyamms, Korja 3a1ada ONTHMATLHOT'O BOCCTAHOBIEHUS PACcCMaTPHBAETCA
He Ha enHIIHOM Imape BL,, a Ha eqUHIYHOM IIape HEKOTOPOro MoAnpocTpancTBa Ly(.S),
ABIACTCS THIHIHON [ BOCCTAHOBICHHA Ha KJIaccaX aHATHTHICCKAX WM TapMOHIYIECKIX
$yHKIIH.
B cuny aBomcTBeHHOCTH, TOIYIEHHON B TeopeMe H, 5Ta 3aJada TECHO CBA3aHa € DKCTPe-
MaJbLHOU 3ajadeln
sup |(z, f)s|. (2.7)
r€EBX,
11z(]<8
DYHKIUS g, I KOTOPOU BEPXHSIS I'Patb B (2.7) MocTHraeTcs, Ha3biBa€TCA DKCTPEMATLHOI.
Bo muorux cryvasx skcTpemaibhbie PpyHKINN (Wi UX BUA) 1is 3anaqu (2.7) Xopolo m3-
BecTHBl. OnHaKo Hac MHTEpECyeT He TOALKO MOT'PENIHOCTL ONTUMAILHOIO BOCCTAHOBICHIS,
HO U caM ONTHMAJILHBIA MeTO[. P OJBIIIHCTBO METONOB, KOTOPLIE MBI CTPOUM, HOXYIai0TCA
C TIOMOIIBIO CIEIYIONIEN TEOPEMEL.

TEOPEMA 6. [lyems g € X, g # 0, go := g/ll9llps g0l <3, y5 € Y™, {yo, Lg0) = ]|y5]l
u dan 6cex v € X,
a(x,9p))s, 1< p< oo,
(1’7999)57 p =00,

ede o >0, o € L1(5), ¢(s) > 0 noumu eciody u ecau p = oo, mo |g(s)] =1 noumu sciody.
Toeda y; — onmumaabnvili memod 60CCMAHOBAENUS, Jo — IKCTIPEMAALHAL GYHKYUL U

(xvf)s - <y8,[l'> =

a b + dlys ) 1< < 00,
e(f,1,BX,,0) = (g0, f)s = loll; *HyOH sp
lell +dllygll.  p= oo

B cayuaae, korpa 6 = 0 601ee ya06HO MOIB30BATHCS CACAYIONINM PE3YILTATOM, KOTOPDIH
HEMOCPENCTBEHHO BLITEKAET U3 MPENbITYIIEN TEOPEMBI.

TEOPEMA 7. Hyemv g € X, g #0, [g=0, y5 € Y* u das scex v € X,

a(x, 9p))s, 1< p< oo,

(l',f)s—<yé,[l'>: _
Oé(l’,gog)s, p =00,

(2.8)

ede o € C, ¢ € L1(5), ¢(s) > 0 noumu scrody u ecau p = oo, mo |g(s)| =1 noumu sciody.
Toeda y; — onmumaabnvili memod 60CCMAHOBAENUS, Jo — IKCTIPEMAALHAL GYHKYUL U
lalllgllp™", 1 <p<oo,

e(fvlaBXp,O): |(907f)5|: |OJ|HS‘QH1 p =00
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2.4. OnTuMaJIbHBIE MeTOIbl, UCOJb3YIoIINne KoaddurnmenTsl Pypbe

Pycth X — ruas6epToBo IpOCTPaHCTBO U €1, €3, ... — MOJHAA OPTOHOPMUPOBAHHAA CH-
crema B X. O6osnadnm depes x; := (x, €;) — xoddppunnentst Pypre x € X. Pacemorpum
3ajjady ONTUMATLHOIO BOCCTAHOBICHUA duHenHoro gpynkiuonara < ',z >= (z, f), f € X,
Ha equanaHOM 1ape BX no undopmanum o 3nadenusx oneparopa [z = (x1,...,x,).

P peamonoxum, 9To HaM W3BECTHLI NpHOIMKEHHbIe 3Hadenns Koadgdpunmentos Pypne
(Z1,...,3,) Takue, 9TO

|$]‘—§}]‘|§(S]‘, jzl,...,n.
TeM CaMbIM MBI pacCMaTpUBacM 3&,[[&“1}7 O HaXOXIC€HNN BCINYINHDBI
e(f, I, BX,6):= inf sup sup |[(z,f)—¢(y)l, (2.9)
p: C*sCxeBX IyE(CgU
r—y

rie
U=A{(y1,-.-yyn) €C" : |y;| <65, 5=1,...,n}.

Kpome Toro, Hac HHTepecyeT onTHMalbHBIL MeTO/] BOCCTAHOBJCHUSA, T.€. TaKol METOJ (),

Ha KOTOPOM [NOCTUIAeTCs HUKHsA Tpanb B (2.9).

Pycts [ — smmeninoe mpoCcTpancTBO BEKTOPOB & = (&1, X2,...), ©; € C, yaoBreTBops-
IOIUX yCIOBUTO
o0
2
> el < oo,
7=1
rae 1 > 0 and v; > 0, 7 > 2. Pycrs @' — aunennbil GyHKINOHAT, OTPEIETEHHBIN PABEH-

CTBOM
o0

(', ) = z;f

j
7=1

rae [f;|>0,7>2,u
o]
—1) 2
E Y | fi]F < o0,
=2
PacemoTpum 3agady onTUMalbHOI'O BOCCTaHOBAEHNA (PYHKIMOHada T’ Ha MHOKECTBe
o]
[yp— . . . 2
BL:=<S zelL: E vile* <1
=1
MO TPUONMKEHHBIM 3HATEHUSAM (&1, ... ,&p) TAKIM, 9TO
|$]‘—$]‘|§(S)\]‘, )\]‘>07 7=1,...,n.

P onoxnm

17 71f1 7£ 07
2, F)/lfl = 0
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TEOPEMA 8. [Ipednoaoscun, umo

Ul s S AL (2.10)
A Ym AnYn

Hoaoocumn

k (3] -1/2
flkm += (Z VAT + TR ) ’Y]l|fj|2> . k=m,on,
7=m

=k+1

Pm—t1m = 00, fint1m = 0 w4 Dgpy 1= [flht1my flkm ), B = m —1,... ,n. Toeda das scex
0 € App, m—1<k<n, memod

k
(o' 2) m (m = D)y + Y vimf 25,
7=m

6 KOmopom

N | Xtk s
PR ED DY

J

Vim =1 ,

ABAAETNCA ONMUMAALHBIM, 4 ()JLJl €20 NOZPEWHOCITNU CanLBG()JLUBO pasencmeo

o0 k k
e(a!, [, BL &)= | Y A AP 1= 82 ) a2+ ) Al
j=m j=m

j=k+1

P pumenum Teopemy 8 s HaX0XK JeHUA ONTUMAIBHBIX METOIOB BOCCTAHOBIEHIS HAa HEKO-
TOPBIX KOHKPETHLIX Kiaccax Gpyukiuu. Pycts W — nnBapuanTHBIN OTHOCUTETHHO CIBUTA
KJacc JOCTATOYHO TIAJKNX 2T-Tepuoanvdecknx PpyHKIui. PaccMoTpuM 3amaty onTuMalb-
HOTO BOCCTAHOBIEHUS 3HAYEHWS (PYHKIINN WIN €€ TPOW3BOTHON f(s)(t), t€10,2m), s > 0,
f € W na ocuoBammu wrdopmaruu o ee koxpduimentax Pypne

1 2
—ikt
o =5 [ fQ)em™dt, k| <mn,
21 Jq
3aJaHHBbIX C INOI'PEITHOCTBIO (S B paBHOMepHOfI HOpME, T.€. IIO 3HaYCHUAM Ek TaKUM, 9TO
|Ck—6k| S(S, |k| §n

O6osmaanm depes e,s(W, ) morpemnocTs BoCCTAHOBIEHUA IS DTOW 3ajadi (TOCKOIBKY
W — wHBapWaHTHBIN OTHOCHTEILHO CIABHUTA KIAcC, TO U3 paBeHcTBa (2.5) cremyer, 9To
MOTPEITHOCTH He 3aBUCAT OT 1).

Pynem paccmarpuBaTh ciaenyiolime KIacchl MEPUOANIECKNX AHAINTUIECKUX (DYHKITNH.
PpocrpancrBom Xapnu Hg(T) HA3bIBAETCS MHOKECTBO BCEX 2M-TIEPUOIUMIECKUX (PYHKITNIN,
amasnTudecknx B monoce Sz :={z € C:|Imz| < 8} u ynoBieTBopsiomnx yCcIoBmo

1/2

1 2
Hf”yg(qr) ‘= sup (E/o <|f(t-|-i77)|2—|- |f(t—i77)|2> dt) < o0.

0<n<p
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P pocrpamncro Xapaun—CoboxeBa H;’ﬁ(T) — DTO MHOKECTBO BCeX 2M-TTepUOITIECKIX PyHK-
i, aHaIHTHYeCKUX B monoce Sg, aaa Kotopeix f) € Hg(T)

Ppocrpancrsom Peprmana A’j(']r) Ha3bIBAETCS MHOXKECTBO 27T-TTePUOANIeCKNX (PYHKITHIH,
aHAINTHYECKHUX B 1ojjoce Sg U yA0BIETBOPAIONINX YCIOBIIO

HfHAﬁ <4 ﬂ/ / ft+1n) |2dtd77> < 00.

P pocrpancreo Peprmana—Co6oresa AL°(T) onpeersercs Kax MHOKECTBO 2M-IIepHOAITTIEC-
2
KX (pYHKIIH, aHATITHYECKIX B monoce S, nis koTopeix [ € A?(T).
B B
Dynkmann uz Hy (T) nmeroT moaTn BCrogy rpannvHbie 3HaYeHus, 1 TpocTpancTBo Hy (T)
ABAACTCA TUILOEPTOBBIM €O CKAIAPHLIM TPOU3BEIeHIEM

(1.9 =—/ P+ iRl i8) + (t — i8)g(i —i3))

PpocrpancrBo Peprmana A’j(']r) — TaKXkKe I'maAbOepTOBO MPOCTPAHCTBO, B KOTOPOM CKalsip-
HOe TTpou3BelieHIe 3a1aeTCs CIeNyonnM obpa3omM

IS —
o= a5 [, [ 100+ nali i)

P onoxum
H3(T) o= { £ € H5 (1) [l emy < 1},
AP(T) = { f € AZ(T): 1O sy < 1
PeTpyano ybeaurnes, ato dpynxmmn ¢;(2) := €?, 7 = 0,4£1,... , 06pasyioT OpTOrOHATLHLIT

6a31C B IPOCTPAHCTBAX Hg(T) n Ag(T). Kpowme Toro,
2 _ . <
HejHHés(T)—COShZ]ﬁ, Jg==x1,£2,...,

sinh 253

HeoHig(T) = 17 HejHAg(T) = W, ] = :|:1,:|:2, e

Taxkum obpazom, f € W = H;’ﬁ(T) win A;’ﬁ(T) B TOM W TOJABLKO B TOM CIy4ae, eCJu

+ oo

flz) =) e

j=—o00

Z le;[7% pi (W) <1

J=—00

rae p;(W) = |le;ll5v
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Bsenewm cremyiotie obo3Hatenus

—1/2
pier (W, 5) 2= (ZJ pi (W) + K2 pi(W) ZJ’?(S‘”p;l(W)) , 1<k<n,

l7l<k 71>k

—1/2
g1, (W, s) =0, poo(W, s) := (ZP ) )

17120
fior (W, s) := 400, 1 > 1, A_jo(W,s) := [poo(W, s), +00),
Ape(W,5) i= [ppar e (W, 5), pr (W, 5)), 0< k<, 7 >0,

Ponoxus B Teopeme 8 7]‘ = (i7)%e¥", X, = 1 m vy = 3%7p;(W), momyqaem cremytormit
pesyabTaT
TEOPEMA 9. [lycmo r u s — neompuyamenvuoie yeavie uucaa maxue, ymo 0 < s < 2r,

Toeda das scex § € Ap.(W,s) memod

&i(ig)se’t

Yo sr 3Py (W)
f(s)(t) ~ 1 — (S|j|2r_sp‘(W) J :
%s:k ] L =822 1k 77 pi(W)

A6ALEMCA onmuMasbuoim das W = H;’ﬁ(T) u A;’ﬁ(T). Aas e2o noepewnocmu cnpasediuso
PAGENCTE0

ens(W,8) = [ j2e=) \/1—52ZJ2er W)+ il

l71>k l71<k l71<k

B oTon Teopeme mbr Tpebyem BhinoaHenns HepaBencTBa 0 < s < 2r 414 TOro, 9ToOBI
yaoBireTBopstoch yeiaosue (2.10). Tem me Mernee, onTuMasbHBIN METO MOKHO TIOSYINTH U B
caygae s > 2r. Jlas 5Toro J0CTATOTHO YHOPAAOIUTEL 3Hatdenus j°~ 2 p; (W) B neyGriBatomem
nopaKe U IPUMEHUTH Teopemy 8.

OnruManbHbill MeTos BoccTanoBtenns 3nadenns f(4)(1), 0 < s < r— 1, mo Kosdduimen-
TaM Pypbe, 3aJaHHBIM C IIOTPENTHOCTHIO, MOKET OLITH TaKKe IIOCTPOEH 1 JI1 COH0IEBCKOTO
kracca WJ(T). Krace W) (T) moxeT GbITEL onpenenen Kak MHOKECTBO (DYHKIINI

+ oo

f(t) = Z cjeijtv

j=—o0

A KOTOPBIX

+oo
Z j2r|cj|2 S 1

j=—o00

u (B cury Toro, aro dpyuxnun uz W (T) Bemecrenunie na T)

C_]‘ = E]‘, ] = 0,1,. ce (211)
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Yenosue (2.11) Heckoabko oramdaer sToT Kiace or kiaccos HyP(T) u A(T). Tem me
MerHee, MOKHO TMOKa3aTh, 9TO Teopema 9 ocraercs cmupaemmnpon gis W = WJI(T) u

pi(W3(T)) = 1.

2.5. OnTumManbHOe BOCCTAHOBJEeHUE B IPOCTPAaHCTBaxX XapAu U aHAJIOT
dopmyast KoTeabHuKoBa

Ppocrpancrsom Xapam H, HasbBacTCs MHOKECTBO (PYHKINU, aHAIUTUIECKUX B e1U-
muanom kpyre D = {z € C: |z| < 1} u ynoBIeTBOpAoIInX yCIOBUIO

1 27 ' 1/p
b= o (o [ Ierm) <, 1spens,
0

0<r«1
[ [l = sup [ f(2)] < oo
zeD

P onoxnm
Hy:={f€H,:|flln, <1}
Paccmorpum 3agauy onTuMaibHOro BoccraHoBleHus dyukuun f € H, B Touke £ € D no
TOYHBIM 3HAaIeHIAM NHPOPMAINOHHOTO OIepaTopa

IF = LG PO ) 07020,

Ul 21, ... , %, — pa3iuwdHble TOUKN u3 Kpyra D. UubiMu cioBaMu, Hac MHTepecyeT BeIndnHa

e(§, [, Hy) ;= inf sup |f(§) — (L], (2.12)

@: CN=C feHy

e U
rae N = >"_ v, a TakKe ONTUMATBLHBIN METO/ BOCCTAHOBIEHNUS, T.€. METOJ, Ha KOTOPOM
7=1"J ’ ”
NTOCTUTAETCA HUKHAA Tpanb B (2.12).

- z— 2z \"7 - z—2zs \7°
Wi(z) = | | —L (z):= | | B
(Z) 7=1 <1 B EJZ) 7 w](Z) s=1 <1 B ESZ)
s#j]

P onoxnm

B namnmentiiem Bce BuIpakenus, cofepiKalinme p, TPU p = 0O MOHUMAIOTCSA KaK MPeNelb-
Hble 3HAYEHUS TPU p — 0.

TEOPEMA 10. Jas scex 1 < p < oo memod
n v;—1

FE =YY elen V),

7j=1 v=0

2de

p=2 (l/]_y_l)
W) (122
P = e, = <wj<z><f—z><1—zz>%>

Z=zy




36

ABAAECTNCA ONMMUMAABHBIM HA KAACCE Hp. ﬂJLJl €20 NOZPEWHOCITNU CanLBG()JLUBO pasencmeo

(WO
(1 = [¢[) 77

CHEACTBUE 1. [Iyemo vy = ... =1, = 1. Toeda das scex 1 < p < oo memod

6(57 [7 Hp) =

— wi(§) L=z (16PN
w]‘(Zj) 1—5]‘5 1—2‘]‘5

f(&) ~ f(z5)

(]

i=1
A6AAEMCA ONMUMAABHBIM HA KAACCE Hp.

PaccvoTpnm Teneph 3a1aty oNTHMAILHOI'O BOCCTaHOBIeHUA BpyHKINN u3 ), mo nudop-
Malun 06 X 3HaYeHnAX B H€CKOHEYHOM MHOXKecTBe ToudeK. P penmonoxum, 410 mHMpOpMa-
[MOHHBIN OTIEPATOP MMeeT BU [

If={f(z) . f )} (2.13)

j=—c0

rjie z; — pasauduble TOYKN 3 naTepBaia (—1,1). B oToM ciayvae nus monydenus mHTe-
IpaJbHOTO MpencTaBrenns (2.8), ¢ MOMOINIBI0 KOTOPOT'O CTPOUTCS OMTHMATBLHBINT METO T, HaM
moTpebyeTcss ONNH BCIIOMOTATENLHBIN PE3YILTAT.

P anomunm, uTo 6eckoHeIHBIM TTpOU3BeeHneM Prsiike nis e IMHUYHOTO Kpyra Ha3biBa-
eTcs PyHKIIUA BUAA

Zn Z — Zp,

B(z) = H—@ - (2.14)

n=1

rje z, € D (npu z, = 0 MHOKUTENb —Z,/|2,| 3aMenseTcs Ha eUANIY U B COOTBETCTBUN €
STUM Oy leM canTaTh, 910 sign 0 = 1). Xopoliio u3BecTHO, 9TO ecin 2z, € [ yI0BIeTBOPAIOT
yeaoBuio Pasiike

o0

Z(l - |Zn|) < o0,

n=1

To mpoussenenne (2.14) cxonures 8 D, B(2) € Hoo n |B(€)| = 1 moarn sciony.

JIEMMA 1. [Ipednoaoscum, umo nocaedosameavnocmov {z; 1 {v;}°_ marosa, umo
1<z <zuu<l,vyeN g=0=+1,...,

Y vl =z < oo
J=—00
u das
- 22—z \"
Wiz) .= — si N
(2) H sign 27— v
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cywecmeyiom marue o; € (25, z;41), 3 =0,£1,..., umo |[W(a;)| > ¢ > 0. Toeda das scex
feHt, 1 <p<oo, enpasedaueo paserncmeo

L[S, NS (signg) ()1 — 22\
270 Jjej=1 ER ZOO (v — 1) ( wi(7) > ,

j:— 2=z

. Z = Zm o
w](z) = H (— SlgHme> .

m#

2de

Anarorom Teopempr 10 s mrHpOpMaAImOHHOro omepaTopa (2.13) ABaseTcs ciaenyommi
pe3yabTaT.

TEOPEMA 11. [Ipednoaoscum, umo cucmema mouer {z; 1>, ydosiemeopsem yc.io6uim

aemmvl 1. Toeda das scex 1 < p < oo memod

vy—1

O~ D> el&n (),

j=—00 v=0

6 KOmopom

9 % o\ (vy—v=1)
o ey = WO 1EP) ( (1= 27) )
i =)

(v, —v—1)! =

§—2)(1—E)

ABAAECTNCA ONTNMUMAALHBIM Jl/LemO()OJI/L 60CCTMAHOBACHUSA HA KAACCE Hp, a ()JLJl €20 NOo2PeEWHO-
cmu CanLBG()JLUBO pasencmeo

Z=zy

W ()]
(L —[&)r/e

CHEACTBUE 2. [Ipednoaoscun, wmo cucmema mouer {z;}°  ydosaemeopsem ycao-
suam aemmot 1 npu v; =1. Tozda das scex 1 < p < oo memod

O~ Z W’(Zj)if - %) (i - gj) N fle)

ABAAECTNCA ONMMUMAABLHBIM Jl/LemO()OJI/L 60CCTMAHOBACHUA HA KAACCE Hp.

6(57 [7 Hp) =

Pacemorpum mekoTophle KOHKpeTHBIE ciicTeMbl y3ioB. Pycrs A € (0, 1),

A .
a; = tg (]W>, 7=0,£1,... .,
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rae A u A’ — monnble DLIMOTHYECKHE HHTErpaibl IepBOro poda Aad Moayien A u A =

_ '
V1 — A2, coorBercTBenno. Pomoxum h = e~ ™A Torna

1 —h%
a, = —————.

Tl b

C ITOMOIIIBIO HO,I[CTELHOBKI/I Z = —Z tan Tv HOJIy‘IELeM

9 cos2mv — 1

= —
cos2mv + 1

o0

1 — 2h% cos 2mv + h¥

Bo(z) = —itanmz H

i=1

1 4 2h2 cos 27rv + h4

I/ICHOJH)3y}I npeacTaBIcHUA SJIIUIITINYIECKOT'O CMHYCa I KOCMHYCa 9epe3 TGTEL—qDyHKHI/H/I n pa3-

JIOKEHIA B IIpOU3BENCHIA MMOCIEeTHIUX, ITOJNYIaceM

Bo(z) = sy sn(ZA’v,)\’)‘

en(2Av, N)
Wz Broporo raaBHoro mpeobpaszoBaHus MEPBOU CTEMEHN CIEIyeT, ITO
sn(iu, \')
————~ =sn(u, A).
en(iu, \') (1 A)
?
Tak kak v = —arctg z, TO
T
2N
Bo(z) = VAsn (— arctg z, )\> :
T
P onoxum

Torna

Bo(b;) = (=1)"*'VA.

CaenoBarennro, cucreMa Todek {a; > yIOBIETBOPAET yCIOBHAM JeMMbI |, I K Hel Mpu-

MEHHNMO CJenCTBHE 2.

Ob6ozmaunm vepes H fo(R) MHOXKeCTBO (PYHKINN, aHATUTUYECKUX B Iodoce Sg, Ilf KO-

ropwix |f(2)| <1, z € S3. Orobpaxenue

(i)

ABJIAECTCA KOHqDOpMHBIM OTO6pEL)K€HI/I€M IIOJIOCHI Sﬁ Ha BHYTPEHHOCTL €IMHUYHOI'O Kpyra

D wu nepesoaut cucremy todex {jT}> .

T > 0, B cucremy {a;}>_, ecim A BbiGpano u3
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yeaosust A'/A =483 /7. Uz Teopun samunrudeckux HpyHKIUE BBITEKACT, 4TO B DTOM CIydae
A= k(26/7), Tae
EOO e—25m(m—|—1) 2

m=0
oo —2sm?
1 + 2 Em:l €
Poabsysch koH(pOPMHOU 5KBUBAJTECHTHOCTHIO PACCMATPUBAEMBIX 3a /a4 BOCCTAHOBICHU [
kraccos HP (R) n H,,, m3 ciencTsus 2 BRITEKaeT

k(s):=4e?

CHeaACTBUE 3. Jas 6cex 7 >0 ut € R memod

m A S : fGT)
f(t)%WSﬂ %tv)‘ 42(—1)] " :
== —(t — g7
25"
6 womopom N = k(23/7), acasemes onmumaavnvin na wiacce H? (R). Jas ezo noepewno-
CMAU CNPABEIAUBO PAGENCTNEO

A/
=N
26

()TMGTI/IM7 9TO A4 MaKCHIMaJbHOI'O 3HaYCHUA IIOI'PEITHOCTHU CIIpaBeIJNBO paBEHCTBO

maxe(t, [, H? (R)) = VA = 277 1 O (e75F/7)
teER

e(t, I, H? (R)) = VX |sn

UzBecTHO, 4TO Temble PYHKIUU MOIYT ObITH TOYHO BOCCTAHOBIEHBI 110 UX 3HAYEHUAM
B PABHOMEDPHOU CETKE € JOCTATOYHO MAJbiM IMaroM. PTo BoccTamoBIEeHWE TaeTCs TacTO
ncnoib3yeMuiMu (opmyiaamu KorerpunkoBa u Kaprtpant. B otamtdme ot meabrx dpynximi
orpaHnYeHHble aHAJIUTHYECKHEe (PYHKIINKY B MTOJOCE HE ONPeNeNdtoTCs ONHO3HAYHO 110 CBOMM
3HAYEHNs M B PAaBHOMEPHOU CeTKe KaKOB Obl HU OLLT IIar DTOU CETKU. leM He Memnee, cie-
CcTBUE 3 MaeT BO3MOKHOCTH BOCCTAHABANBATEL MPUOINKEHHO Ol paHNYeHHbIEe aHATNTUIecKne
dbyHKIIN (TpUTeM ONTUMATLHBIM 06pa30oM), 3alaiHble B PABHOMEPHON CETKe € TPON3BOIb-
HBIM IIaTOM.

2.6. OnTuManbHbIe Y3Jbl, ONTUMAJIbHBIE UH(POPMAIIMOHHLIE OIlEPAaTOPhI U
n-norepevYHuKu

B Teopeme 10 MBI moXyHman onTUMaILHBIT METO BOCCTAHOBIEHUS (PYHKIINN W3 KIACCA
H, B (puxcupoBaHHON TOYKe IO UX 3HAYCHUAM B HEKOTOPOU CHCTeMe TodeK. AHalormd-
HBIUH Pe3yabTaT MOXKHO MOIYYUTH W [ KIacca Hpﬁ (T), ABAATOIIETOCS €IUHTIHBIM TTAPOM
IPOCTPAHCTBA Hg(T), OTIpeNesIEMOr0 KaK MHOXKECTBO 27-TepuoAndecKnX (PYyHKINN, aHa-
autndecknx B nogoce Sg:= {z € C:|Imz| < #} u ynoBreTBOPSIOMNX YCIOBIIO

1/p

1 27 . .
[/ 1l3¢p(zy = sup E/o (LfE )" + | f(E—m)]") dt) < oo,

0<n<p

Hf”y{fo(’ﬂ“) ‘= sup |f(2)| < o0C.
ZESﬁ
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Ecan mam #yK#HO BoccTaHOBUTL (PYHKIHIO HE B OJHOW TOYKE, a Ha HEKOTOPOM MHOMKECTBE,
TO €CTECTBEHHO MOCTAaBUTHL BONPOC: KaK BLIOPATH CUCTEMY TOYEK, B KOTOPOW 3agaeTcs
ncxonHas WHPOPMAIUA, 9TOOLI MONPEINTHOCTL BOCCTAHOBICHUA CjelaTh MUHUMAILHON Ha
MHOKECTBE, B KOTOPOM TpebyeTcs alllipOKCHMUPOBATE (PYHKIINIO?

Chopmyaupyem 51y 3agady 6omee Touno. Pycrs W — kaace pyHKImi, ompenerennbix
na MuoxecTBe (¢, X — aunentoe nopmupoBannoe mpoctpanctso u W C X. Poroxmm

Lfi=(f(t)se f(t)), 7= (t,... ty) € G™

PO,I[ 3&,[[&"161?1 OIITUMAJBbHOT'O BOCCTAHOBJEHUA Ha IMPOCTPaHCTBE X 6y;[eM IIOHUMaTh 3a-
Aa9y O HaXOXK JEHNW BEJINIIHBL

sp(W, X)) := inf  inf  sup ||f = S(-f)|x, (2.15)

TEG™ S: M"—=X feW

rge M = R wm C (B 3aBHCHMOCTT OT TOT'0, Ha KAKOM TIOJIE PACCMATPUBAETCA TPOCTPAHCTBO
X). Eciu mekoTopble U3 $ TOUEK COBMANAIOT, TO GYI€M CINTATDH, 9TO BMECTEe CO 3HATYEHIAMI
DYHKINT 3aaHbl TTOCIEN0BATENLHO 3HAYEHNSA TTPOU3BOAHBIX (PYHKINN 1o mopsika (s — 1)
(mpeamonaraercs, aro dyuxmun w3 W noctaTowno Tragkme). Y3ibl, Ha KOTOPBIX JOCTHTa-
eTCs HIKHAS Tpab B (2.15) 6y eM Ha3biBaTh ONTUMATBLHBIME, & METO[T, Ha KOTOPOM HIZKHSA
rpaHb JOCTUTACTCS NS ONTUMAJBHBIX Y3J0B, HA30BEM ONTUMAJAbLHBLIM METOJIOM BOCCTAHO-
BJIEHUs Ha TTpocTpancTBe X.

Chopmyaupyem omH pe3yabTaT 06 ONTUMAILHBIX y3IaX B MEPUOANIecKOM ciytae. Po-
JOK M

tedt

)= / V- )1 - X

TEOPEMA 12. Ilpu scex 3 >0

2K\ "
(— VA, n — wemuoe,

s

D)L =8 T (2.16)
(— VvV, n — newemuoe,
s
2m 1a
san(HZ(T), Ly(T)) = v/ Az A Jaa) ) 1< g <e0,
2n
ede A, = k(0n), a K, K w A, — noanvie saqunmuueckue unmezpaiot nepeoeo poda das

modyaet k = k(B), k' = V1 —k? u A, coomsememesenno. Iasnomepras cucmema y3106 na
T seasemes edunemeennoti ¢ mounocmovio do cdeéuza onmumaibrol cucmemnot Y3406 dis
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anavenus (2.16). Coomeememeyiowue onmumaibuvle Memodsl umeem 6ud

K nA iy , K 2K 27
1)~ —— “t, A —1Yep, [ —t —j— — 1,
J) ~ - sn (= Z( Vew i)l
K A, pli K K T
t) ~ "1, Aon, —1) om0 L —j— (—)
(1) % g ) (1w, i) (T
7=0
2de
—2
cnzdn 7 2z
n — %emnoe,
sn z
Cnp(Z): 2(p—1
dn" 7 2
—_—, N — HEUEMHOE.
sn z

Mur marmm cucTeMy ONTUMANLHLIX Y3JI0B [ TIOCTABIEHHON 3a1avi, HO, MOXKET ObITh,
CYIIECTBYIOT AUHENHbBIE (PYHKITMOHAIDBI, HCIIOTb30BAHIE KOTOPBIX BMECTO 3HAYEHUHN Py HKITUT
B TOYKAX MAaCT MEHBIIYIO TOIPEITHOCTh TTPU BOCCTAaHOBIeHNN. NHBIMU cloBaMu, cienyomas
3ajava, KOTOPYIO MBI UCCIeNyeM, CBA3aHa C MONCKOM JUHENHBIX (PYHKIINOHATOB, 3HAHNE KO-
TOPBIX TO3BOIUT BOCCTAHABANBATL (PYHKIINIO U3 (PUKCHPOBAHHOIO Kilacca Hanbojee TOYHO.
dopmanuzyem 3Ty 3amady.

Pycts X — aunenrnoe mopmupoBannoe mpocTpancTBo. NHOOPMATHOHHBIM n-momepet-
HrkoM MHOoxecTBa W € X HaszoBeM Bermammy

(W, X):=  inf inf  sup |[f =SS, ... Lf)lx, (2.17)
L YW S MroX few

rlle HUKHIA TPaib OepeTcs Mo BCeM JUHENHBIM HOPMUPOBAHHLIM TPOCTPAHCTBaM Y, comep-
xammm W specs M = R win C. Ecan mmxmss rpanb B (2.17) gocTuraercs Ha HEKOTOPHIX
JMHENHBIX PYHKIHOHATAX, TO 3TH PYHKINOHAILI 6y €M Ha3bIBAThL OMTUMAILHBIME [ CO-
OTBETCTBYIOIIETO NHPOPMAIIMOHHOT'O N-TIOMEPETHNKA.

Ecin X — nunenroe HOpMUpOBaHHOE TMTPOCTPAHCTBO (PYHKIINN, OMPEIEIEHHBIX Ha HEKO-
TopoM MHOKecTBe (¢ m cymmectByer Y O W Takoe, uro mist Beex t € G, If = f(t) € Y™,
TODIa OYEBUIHO, TTO

(W, X) < so(W, X). (2.18)

Pa xraccax amarnTndecknx QpyHKINE B HEKOTOPHIX CIyYasx HepaBencTBo (2.18) obparia-
eTCs B PABEHCTBO, HO CYMIECTBYIOT IPUMepPHI, Koraa HepasencTBo (2.18) crporoe. Pocra-
BIEHHAS 3ajada TECHO CBA3aHa € 3ajJadaMi O KOIMOTOPOBCKUX, JUHEUHLIX U TedbgaH 0B
CKUX n-Tionepedynmnkax. B wactHocTH, ecin W — 1HeHTpaibHO-CUMMETPUYHOE MHOKECTBO 1
0 € W, To HeTpyaHO JOKa3aTh, YTO

(W, X) < in(W, X) < A (W, X).
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7’75
O6ozmaunm vepes H OOR(T) MHOXKECTBO 2T-TIepUOIMIeCKIX BeIleCTBEHHO3HATHBIX (PYHK-
UM, aHAIUTHYECKH IIPOJOIKAEMBIX B IONOCY Sz U YJOBICTBOPAIOIINX B HEU YCIOBHUIO

|f0)(2)] <1 (mpm r = 0 cooTeTcTByIOMMIT Kiace GyaeM o6o3Ha4aTh qepes HfOR(T)).

P onoxnm oA
o () = \/Xsn< " Z,)\) )
' T

rjie A = k(20n), n
O =D, * P,

e /f:c—t

a D, — monocmaann Pepmymim

rae

"L cos(kt — 7r/2) |9
b r=

g Ly eee

1
m
k=1

CIDyHKHI/H/I (I)ﬁ ABJAAKOTCA aHaJOT'aMM XOPOIIO M3BECTHBIX HIcaJbHBIX CILIAMIHOB meepa.

n,r
NmeroT MecTO PaBEHCTBaA

T > sin((2s + 1)nt — 7r/2)
;. (1) = > — ,
VAR £ (25 + 1)7sinh((2s 4 1)2n)
N r=20,1,....
T — (—1)s(r+1)
o -3 |
VAR “= (25 + 1) sinh((2s + 1)2n03)
TEOPEMA 13. Jas ecex r > 0 u napu (H;éR(T),LOO(T))
dop = Agp = d*" = dg, = dopy = Mgy = d" =gy = Hq)g,rHoo-

Kpome moeo, npur =0 u 1l < g < oo das napet (HfOR(T),Lq(T))
2m

Al —
vi(%

VA, q= o0

1/q
qu) Cl<g<

dan —)\zn—d2n—12n—52n— H(I) qu_

ede A\ = k(20n), a
t?dt

\/1—t2 (1 —X22)
s ign_l(H;?R(T),LOO(T)) u zzn(HgoﬁR s Loo(T)) woodppuyuenmor dypoe

aj(f):g/ f(t)cosgtdt, j7=0,...,n—1,
0

1 27
bj(f)::§/0 f()singtdt, j=1,...,n—1.
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ABAAIOMCA ONMUMAALHBLMY PYHRYUOHaLaMmt. Bocemanosaenue no anauenusm 6 2n pasno-
omemoawur moukar na T L644€MCA MaAKHCE ONMUMAALHOIM AL ign(HfOR(T), L,(T)).
¥

Uz »Tou Teopemnbr u Teopembr 12 BeITEKaeT, ITO
ot (HY, 5 (T). Lol T)) < gt (HE, 5 (T), Loo(T)).

[pyrumu croBamu, B HedeTHOM ciaydae KoadppununeHThl Pypbe 6oaee MHGOPMATUBHBI, YeM
3HadYeHWs B Toykax. [las deTHOro ciydas oba Tuna mHMOPMAINU ONTUMATLHBI.



44

PA3IEJT 3

Anrebpandeckue MeTO/bI HCcaefoBanua AuddepeHnnaaIbHBIX
ypPaBHEHHUHA

3.1. Aure6psl cumMeTpun auddepeHInalbHLIX YPABHEHNN U UX JedopMalun

B cBszu ¢ pazpaboTkon KadecTBEHHOU TEOPUHU yPaBHEHWN MaTeMaTUIeCKOW (PU3UKN 1
MEXaHUKM ObLIN M3yYeHbl HEKOTOpble alredpanvyeckiie MeToNbl UCCIeJOBAHMI DTUX YpaBHe-
unn. Poumm paccMoTpeHbl mapaMeTpudecKrne MPOCTPAHCTBA, DIEMEHTAMU KOTOPBIX SBJs-
I0TCS KOHEYHOMEpHbIe alrebphl (JImeBcKie, MpuHa,liekaliie K olee MIMPOKOMY KIacCy am-
TUKOMMYTATHBHBIX alredp, a TakkKe acColnaTuBHbIE aarebpbl). Komednomepibie atreGph
€CTEeCTBEHHO BO3HUKAIOT TIPU UCCIENOBAHUN yPAaBHEHNH MaTeMaTUIeCKOW (PU3UKN U MeXa-
HOKN KaK WHQUHETE3MMaTbHble arreOpel Tpynmn Jlu cuMMmeTpun 5Tux ypaBHEHUHN, a aHTH-
KOMMYTaTUBHBIE — KaK KacaTelabHble alrebphl K ceMencTBaM 6omee OOIMNX CHMMETPUN DTHX
ypaBHennn. Tak KakK 0OBIYHO B MPUIOKEHNIX NCCIENYETCS HE OTAeILHOE YPaBHEHNE, a Teloe
CEMENCTBO TAKUX YPaBHEHWH, 3aBUCAIIEE OT OJHOTO WIN JajKe HECKOTLKUX THNCIOBBIX Ta-
paMeTpoB (OTpaKaronX KOHCTPYKIHOHHbIE OCOGEHHOCTN W3A€NIN W UCTOIb3YEeMBIX I
UX OTMCAHUS MaTEMATHIECKIX MOIENEN ), TO €CTECTBEHHBIM 00pa30M BO3HIKAET 3a1ada Mc-
CIIeIOBAHTS 3aBUCUMOCTH XapaKTEePUCTUK PACCMAaTPUBAEMbBIX YPaBHEHNN MaTeMaTHIeCKON
QUBWKYE 1 MeXaHUKN OT DTHUX HapaMeTpoB. B pesyibTaTe omHnM W3 HAPaBIEHUU UCCIETO-
BaHWs B JaHHOU paboTe OBLIO ONMUCcaHne JOKATLHBIX nedopMalinil KOHETHOMEPHLIX alreGp
(mmeBckux 1 Gosee obux). PToT momxon kK mud pepennumanbHbiM ypaBHEHIAM MO3BOJAET
KadeCTBEHHO OIMUCATh yPaBHEHUS, BOZHUKAIONINE B MaTEMATUIECKON (DU3WKE ¢ HOBOU, He-
KITaCCUIEeCKOU TOYKN 3PEHus W MPOSICHUTL CTPYKTYPY pEIeHnn >TuX ypasuennn. Ppwm Ta-
KOM TTo/IX0 e perrenus auddpepeHnnaTbHblX YPaBHEHUN Pa3OUBAIOTCS Ha KIACChI, SBISIOIN-
ecss opbuTaMu TPYIILI CHMMETPHUHU, & COOTBETCTBYIONINE aIre6phl TMO3BOIAIOT TMPOACHUTD
NHQUHATESUMATLHYIO CTPYKTYPY HpocTpaHncTBa perrennin. PTo mozBoaseT 6osee dpdek-
TUBHO TPUMEHATL B JalbHEHNIEM YUCIeHHble METOLI pelerus nudpepennnairbubix ypas-
HEHNNU, TaK KaK WHMOPMAIUSI O CTPYKTYpPe PEIIeHn 1aeT BO3MOKHOCTDH CPEN M3BECTHBIX
IUCIEHHBIX METOOB BRIOpaTh Hamboldee aleKBATHLIN PACCMATPUBAEMOMY yPABHEHHIO.

B manpasrenun mccrenoBanus TpoCcTPAHCTB KOHETHOMEPHBIX alrebp u nx medopmariun
ObLITN TTONTYYeHbl clAeyIole pe3yibTaThl.

Poito BBeIeHO MOHATHE TPOCTPAHCTBA KOHEYHOMEPHDIX aarebp (Ha i MOISMI BelleCTBEH-
HBIX MM KOMILUIEKCHBIX THCeN ), CHAbKEeHO TOMOJOTHEN 1 alrebpandecKon CTPYKTY PO (Tommo-
JOTHen 3apucckoro). PaccMoTpen i mpeIerbHblil BADHAHT dTHX MPOCTPAHCTB (IIPU YCJIOBUT
CTpeMJIeHUus Pa3MEepHOCTH paccMaTpUBaeMblX aaredp K OECKOHEYHOCTH TOIMOJOIUsA 371ecCh
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CTPOUTCSA ¢ TIOMOIIBIO TOHATHA TPAMOTO Tipefeia). PemnpepbiBubie (rrankne, aHalnTude-
CKWe) KPUBBIE B DTOM MPOCTPAHCTBE MOKHO PacCMaTPUBATL KaK Je(OpMaIii paccMaTpi-
BaeMbix aarebp. O6paTHo, ecinm WMeeTcs HEKOTOPOE CEMENCTBO KOHETHOMEDPHBIX aireGp
(HampmMep, CeMENCTBO alrebp CHMMETPHUN — KIACCHIeCKUX MIN 0006MERnHBIX — andde-
PEHINATLHBIX YPABHEHIN MaTEMaTHIeCKON (PUBNKI I MEXAHUKH ), TO Mbl MOKEM COTIOCTa-
BUTH DTOMY CEMENCTBY KPUBYIO BO BBEIEHHOM MpOocTpancTBe aarebp. B pesymrbrare oT 3a-
A<’ UCCIEOBAHS 3aBUCIMOCTH CEMENCTBA YPABHEHNH OT TTapaMeTPOB IIPUXOIIM K 3a 1atie
ncCaenoBaHmsa KPUBBLIX B HEKOTOPOM BIIOJHE ONpeleleHHOM YHUBEPCAJbHOM MPOCTpaHCTBe
auaredp (He 3aBUCAIIEM OT BHIOOPA MCXOJHOTO CEMeNCTBa YPaBHEHNN ).

Pa mpocTpancTBe xomednoMepHBIX airebp GBLTIO PACCMOTPEHO €CTECTBEHHOE NeNCTBUE
JTUHENHON TPYTIIHI TPeobpa3oBaniil (KOTOpoe oTpakaeT MPOILeNypy Mepexona K HOBOMY Ga-
31Cy B KoHedHoMepHON airebpe). OpOuThl OTHOCUTENHHO DTOTO NEHCTBUA CTAHIAPTHBIM
00pa30M OTOXKJECTBIAIOTCA ¢ MHOKECTBaMI aiareOp, MONApHO U30MOMOP(PHBIX MEXKIY CO-
6ou. CranmoHapuble TPYIILI IS KakKAOW TaKOW OpOUTHI OTOXKIECTBISIOTCA € TPYIITaMu
aBTOMOP(U3MOB COOTBETCTBYIOIINX aarebp (9T DPYIIBI TPEACTABIAIOT COOO OYeHD MH-
TepeCHbIN, HO TMOKa eIlle MaJlo M3yIeHHbIN NHBAPUAHT CeMencTB nudpepennnaibubiX ypas-
Herui). PaxrTop-mpocTpaHCcTBO (TOHNMaeMOe B CMbICTe alrebpandeckKol TeOMeTpHn, a He
B OOBITHOM TOMOIOTHIECKOM CMBIC/E) TIPEJCTABIAET COGON TTPOCTPAHCTBO KOHETHOMEDHBIX
aarebp, paccMaTpUBaeMbIX ¢ TOYHOCTBIO 10 W30MOp(pU3Ma, B KOTOPOM OOIIe TOYKI SBIA-
I0TCA HEOCOOBIMH, HO €CTh U TaKWhe TOYKH, B KOTOPHIX CTPYKTypa (PaKTop-TPpoCTpaHCcTBa
YCTPOEHA JTOCTATOIHO CIOKHO (MMEHHO TaKie TOYKH TOAYAC 3ackyKIBAOT 0COGOr0 BHI-
MaHusd, Tak KakK MMEHHO WM COOTBETCTBYIOT Te 3HAYEHUS TapaMeTpPOB, KOTOPbIE MOXKHO
paccMaTpuBaTh KaK KPUTHYECKNE [ PacCMaTPUBAEMOTO ceMencTBa AudepennnaibHbIX
ypasuenni). Uzydenne 5T7oro pakTop-mpocTpancTBa I MpeAcTaBIgeT cCOOGON OHY 13 OCHOB-
HBIX 3329 B IPpUMEHEeHUN alrebpanydecKnX MeTON0B K Ka4eCTBEHHOMY MCCAeJOBaHUIO M-
epeHnmaIbubIX ypaBHEHNN MaTeMaTHIecKO (PU3NKN W MeXaHWKu. Pe3yabTaThl TaKoro
ONMCaHuA OTKPBLIBAIOT BO3MOKHOCTHU KJIACCUPUKALNU OTACAbHBIX THUIOB AuddepeHinaib-
HBIX YpaBHEHUNU IO CTENEeHN NX CUMMETPUIHOCTH,ITO THITAM U XapaKTEePUCTUKAM BO3HUKAa-
IOIMUX TP DTOM adreGp, 9TO JaeT BOBMOXKHOCTH PacCMaTpPUBATEL DTU yPaBHEHWS € HOBOM,
BeChbMa MPOAYKTUBHOU TOYKN 3peHus. B dacTHOCTH, TakoW MOAXO[ TOSACHAET CTPYKTYPY
MPOCTPAHCTB PEIenni HeMNHENHBIX Tup(PepeHInalbHbIU yPaBHEHNH, N3y IeHe KOTOPOU, B
OTINYIE OT JUHENHBIN ypaBHERUH (T /i€ MPOCTPAHCTBO PENIEHN — TO MPOCTO HEKOTOPOE
BEKTOPHOE TIPOCTPAHCTBO) TIPEJCTABIAET COOON OUYeHb CIOKHYIO [TaiKe i COBPEMEHHON
TEOPUN ypaBHEHWN MaTeMaTHIeCKON (PU3NUKU 3a1aty.

Peiro BBeeHo moOHATIE BHIPOXK MEHUS KOHETHOMEPHON alreOphl, €r0 MOKHO pPacCMaTpH-
BaTh KakK 06O0OIIeHre MOHATHS CKATUs (KOHTpaKInu) airebp (accomaTHBHBIX, KOCOKOM-
MYTaTHUBHBIX, JUWEBCKUX U JP.), KOTOPOE yiKe HECKONBKO JeCATUIETHH HaXOMUT IMIMPOKOEe
IpuMeHenne B COBpeMeHHOU (pU3nKe U MeXaHwke. BBeeno n moHATHe MpenerbHOrO CKa-
tus. CxaTnme arrebp MO3BOJSET OMUCLIBATH TMOBENEHNE CUCTEM MaTeMaTHIeCKOn (PU3NKN
W MEXaHUKN [TPU TTPUOINKEHIN HEKOTOPOTO BBIAETEHHOTO MapaMeTpa K 3ajanHoMy (Kpu-
TUYEeCKOMY ) 3HaUeHno. KpuTndeckne ke 3Ha9€HNA — DTO OJNH U3 KIOUEN K TOHIMAHIIO
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CTPYKTYPBI CHCTEMBI. THO WX MOKHO pPAaCcCMaTpPUBATh KaK MepPY, 3a KOTOPOUW KOAMYeCTBEH-
Hble M3MEHEHWs TTapaMeTpa TPUBOAT K KadeCTBEHHOW TEePECTPONKE TOBENEHUs CUCTEMBI
B mesoM. PomsTrme BBIpOXKAEHUs TO3BOMSET YIPOCTUTL U3YUeHWe CKATUU, TaK KaK TYT
MPOU3BOIUTCSA PACCMOTPEHNE ¢ TOYHOCTHLIO 0 CTAOUALHOTO U3oMopdu3Ma airedp, 4To 1mo-
3BOJACT UCKIIOUYNTH U3 PACCMOTPEHHUA MeHee CyIIeCTBEeHHbIE feTall U MoJay4duTh bonee sc-
mble (POPMYIUPOBKE yTBepXK dennn. CTabUILHBIN W30MOP(MU3M - DT0 n3oMopduaM airebp,
paccMaTpuBaeMbIX ¢ TOYHOCTBLIO 10 MPpUOaBIeHNS HEKOTOPOT'O MPAMOIO CJAATaeMOT'0, SBJIA-
IOIETOCST KOHETHOMEPHON aarebpon ¢ TPUBHATLHLIM yMHOXKeHWeM. P omsaTre cTabumibHon
DKBUBAJEHTHOCTH CBSA3aHO, BO3MOXKHO, ¢ TIOHATHEM CKPBLITHIX MepeMeHHbIX U 3aclykKWBaeT
CIEeMMATLHOT0 U3YIeHns B Teopun AuppepennarbubiX ypaBHeHnH.

Peiro BBemeno momsTe ypoBHA KOHETHOMEPHOU AlTe0phl, DTO OUH 13 NHBAPUAHTOB KO-
HETHOMEPHOU anreGphl, pacCMaTPUBAEMON KaK DJIEMEHT TPOCTPAHCTBA KOHETHOMEPHBIX a-
rebp 3aJaHHOrO THUMA. PTa BelnydnHa MOKa3biBaeT CTeleHb CIOKHOCTHU OMEpPAlui B paccMa-
TpuBaemon anrebpe. Pamnboree mpocTHIME ¢ DTOU TOYKE 3PEHUS ABIAIOTCS KOMMY TaTUBHBIE
W TPOCTO HyJeBble alrebphl (aarebpbl ¢ TPUBHAILHBIM YMHOKEHUEM ), I HUX airedpa
cumMMeTpul M pepeHTnaTbHLIX ypaBHeHNH (haKTUIeCKN paciafaeTcs Ha OTAelIbHble CIM-
MEeTPUH, TPAKTUIECKN HUYeM He CBSI3aHHble MeX Ty cobon. YpoBeHb TakuX airebp pasen (.
Poimun B sBHOM Bue ommcaHbl airebphbl CAeyolero — mepBoro — ypoBHs. Bce onm cra-
OMIBHO DKBUBAJEHTHBI (B JMEBCKOM CIydae) ONHON €IMHCTBEHHON aarebpe — TpeXMepHOn
HUTBIIOTEHTHON adrebpe, COCTaBIEHHOUW W3 BCEX BEIECTBEHHLIX HUILIOTEHTHBIX MATPUIL
TpEThero MopsAaKa (9TO - eInHCTBEHHas HeabeleBa HUILIOTEHTHas airebpa Jlu pasmep-
HocTH 3). PTu aare6pbl MOKHO paccMaTpUBaTL KaK PE3yAbTAT MPENeTbHOTO Mepexoja B
IPOM3BOILHON aarebpe (Kpome nmeronmx yposerb 0). CooTBeTCTBYIONE YPaBHEHUS Ma-
TeMATHIeCKON (PUBUKU MOKHO TIODTOMY PacCMaTpPUBAThL KaK IIpeerbHble Mt Goaee obImx
ypaBHeHN. PTo mo3BOIMET BHINEIATH CPell BCEBO3ZMOKHBIX YpaBHEHUI (MPUIEM NOCTa-
TOYHO HETPUBHAIBHDBIX) T€, K KOTOPBIM MPEIETLHBIM [EPEXOJOM CBOIATCA BCE OCTANbHbIE

[ns anre6p JIn 6bima fokazaHa TeopeMa O CTaOUIN3AINN, KOTOPas MOKa3bIBaeT, YTO Pac-
CMOTpPEHUST KOHEYHOMEPHBIX alredp ¢ TOYHOCTHIO 0 CTabUILHOIO U30MOpdU3Ma Ha CaMOM
Jejie CBOAUTCA MPOCTO K A00ABIECHUIO HEKOTOPOI'O0 KOHEYHOMEPHOI'O MPAMOT'O clalraeMoro
OTPaHUYIEHHON CBEPXY Pa3MePHOCTHU ¢ TPUBHAILHBIM YMHOKEHHEM. P TOT pesyabTar mo3Bo-
JA€eT UCIOTb30BATH KOHEYHOMEPHBIE METObI, TOT'la KakK B CUIY CaMOI'O CBOET'O OllpeleleHus
CTabUILHBIN W30MOPMU3M KaK OBl TOApa3yMeBal Mepexo K Ipeeny U UCIOIb30BaHue Gec-
KOHEYHOMEPHBIX 00beKTOB. Phina monydena m KoamdecTBeHHas (POPMYTHPOBKA TEOPEMBI
o crabmimsaiun (yKasaHa TOYHas BEPXHAA TPAHWIA PA3MEPHOCTH TPUBHATBHBIX TTPAMBIX
clraraeMbIX, KOTOpPble HeOOXOMUMbI /A BLITOTHEHIS YCJIOBUS CTaOIIN3AIINN), KOTOPas To-
3BOJIMTIA TPOBOJANTH BCe KOHKPETHDIE BHIUNCIEHSA € aqreOpaMi (BBIMHCAEHIS YPOBHA 1 1. )
BIIOTHE KOHCTPYKTHUBHO.

[ast pazananbIX KiaccoB aarebp ObLTO MPOBENEHO NCcileJoBaHNe TTIOHATHA YPOBHA. Phian
MOy I€HbI OTEHKN (B TOM 9HCIe I TOYHBIE) CBEPXY U CHU3Y [ YPOBHS PA3PENINMbIX aire6p
HEKOTOPBIX KIACCOB (2-HUIBLIOTEHTHBIX alrebp, a TakKe NMEOIINX abeleB mieal KopasMep-
HOCTH | W HEKOTOPBIX APYTUX). PHUMM JaHbl ONEHKN W IS YPOBHS TOJYTPOCTHIX airebp
Jlu, mpudemM oKazaroch, 9TO TOXYTTPOCThHIE AINeOPhl YCTPOEHD JOCTATOTHO CIOKHO (T.€. nX
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YPOBEHDL JOCTATOYHO BeXWK). PhuInm KiraccuduimpoBambl aireOphl MepBBIX TPEX YPOBHEN
croxnoctu. (QKazaroch, 9TO TaKOU YPOBEHL MMEIOT TOALKO paspernmMblie airebpwr Ju u
TOJLKO OJ/lHa HelneBCKas KOHeYHOMepHas KOCOKOMMYTaTUBHas airebpa — 4YeTbipexMepHast
arrebpa MamabueBa. /lis Bcex purypupyiommx B 5Tol KiaccupuKalim arredp yKa3zanbl Bce
BOBMOXKHbBIE BLIDOXKIEHNA UX NPYT B Apyra (o6pasyioline cBoeobpasHoe JePeBO BLIPOK,Ie-
HIH, HaTIOMIHAIOINEE [0 CBOEMY CTPOEHWIO NMarpaMMy W3 Teopuu cTPYKTyp). Ppu sTom
KITacCUPUKAIUSA CTPOUTACH ¢ TOTHOCTHIO [0 CTaOUILHON DKBUBAIEHTHOCTHU aarebp, ITo Mo-
3BOJUIO TMOMYIUTEH PE3YILTATHI B JOCTATOIHO 0603puMon hpopMe.

P oxydennbie pesyabTaThl MO3BOSIOT MPU KadeCTBEHHOM UCCIENOBAHUN YPABHEHUN Ma-
TeMATHIECKON (PUBUKN U MEXAHUKHU MCIOMb30BATH COBPEMEHHbIE alrebpantiecKne MeTObl,
OCHOBaHHbBIE Ha MOHATHUEU ITPOCTPAHCTBA KOHETHOMEPHBIX airebp n ux medpopmarmi. [l
STOTO OBITH Pa3PaBOTAHBl METONBI BLIYUCIEHIS HEKOTOPHIX XapaKTePUCTHK airedp (ypoBHI
Pas’HoOTO POjia, 0T KOHETHOMEPHBIX N0 CTaOMIbLHBIX ), KOTOPbIE TO3BOIAIOT d(PPEKTUBHO MPO-
AHaIM3UPOBAThL CTPYKTYPBI CIOKHBIX CUCTEM ypaBHeHWH. Kpome ToOro, OGblia TOTYYIEHBI
KraccupuKanms arrebp MaJoro ypoBHsa, 9TO MOKET pacCMaTpPUBATh KaK TMEPBLIU IMar B CH-
CTEMATHIECKOM HOBOM TTOJIXOI€ K OMMCAHNIO CHCTEM MaTeMaTHIeCKON (PUBNKN U MEXAHUK.

3.2. AJIl"e6pr AaHaJIH3a U IIpPUMEeHeHNEe "'OMOJIOTUIeCKUX MeTOJ0B

Pposommincs Takxke nccrenoBanus B obracTi “arrebp anaimsa’ (B OCHOBHOM — Gec-
KOHEYHOMEPHBIX, GAHAXOBBIX 1 TOHONOINIecKNX ). Takie aire6pbl €CTeCTBEHHBIM 06Pa3oM
BO3HUKAIOT TPHW M3YYEHUN CAMbIX PasindHBIX YPaBHEHUN MaTeMaTHIeCKOU (DU3NKN W Me-
xXaHuK#. Panpumep, 3HaYUTEALHYO POIL UTPAIT alrebpamdecKue MeTOMAbl MPU HCCIen0-
BaHWN ypaBHEHUIH KBAHTOBOW MeXaHWKH. B dacTHOCTH, OBLIM M3y9eHbI CBOHCTBa airebp
C TOYKHN 3PEHUA TOMOJOTTYECKON aireOpbl. Poiaydenbl HOBBbIe pe3yabTaThl O BaKHBIX TO-
MOJOTHYECKIX XapaKTePUCTUKAX TOMOJOIMIeCKIX aarebp. Nsydannch Kak Tpa uinoHHbe
TOMOJIOTHIECKIE XapaKTEPUCTUKH OMEePaTOPHLIX U APYTUX GAHAXOBBIX W HOJMHOPMEUPOBAH-
HBIX aarebp — UX TIobalbHas pa3MepHOCTh U TOMOJOTHIecKas OUPa3MepHOCTh, TakK U HOBBIE
XapaKTePUCTUKE >TuX aire6bp. Cpenn HOBLIX XapaKTePUCTUK OTMETUM TPOCTPAHCTBEHHYTO
COMOJIOTHIECKYIO Pa3MEepPHOCTE OMEePATOPHBLIX alrebp u caabble TOMOJOTHIECKIE Pa3zMepHO-
cTu 6aHAXOBBIX alrebp W MOTYyJIen Ha HUME. Y CTAaHOBIEHLI HEKOTOPDIE OBIIIe 3aKOHOMEp-
HOCTHU, KOTOPBIM TOIIHHAIOTCS TPaJUIIHOHHELIE 1 HOBbIE TOMOJOIMYeCKIEe XapaKTePUCTHKI.
B wactHOCcTH, rayboko paszpaboTaH BOIPOC O TaK HasblBaeMou “dopMyte aliTHBHOCTH
[ TOMOJOTUYECKIX pPasMepHOCTEN — CHerupunIecKOM CBOHCTBEe OaHaXOBLIX aarebp, He
IMEIOIIEeM aHAJOrOB B 9HCTON aarebpe. l'oMojornveckne XapaKTEPUCTUKN BHIYUCIAINCE 1
OIEHUBAJINCEH [ PATA OMEPATOPHBIX, CBEPTOYHBIX N (PYHKIMOHAILHLIX airebp. Waydarach
CBA3L POMOJOTMYECKIX CBOMCTB 6AHAXOBBIX 1 TOMOJOIMYECKUX alrebp ¢ UX KIacCHIeCKIMI
cBONCTBaMU. P olydeHbl BaxHBbIe MPUIOKEHUS K TPYIIIaM KOPOMOJOTUU W K TEOPUU pac-
MApEeHnN 6aHaXoBBIX alrebp. PTu pesyibTaThl MOTYT OBITH MCHOJIB30BAHLI IPU U3y YCHUH
CTPOEHUS IPOCTPAHCTB PEIICHNH BeChbMa OOIINX YPaBHEHNN MaTeMaTHIeCKON (PU3UKN U Me-
XaHUKH.
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3aMeTnM, 9TO TOMOJOTUIECKNE XapaKTEPUCTUKN aarebp aHalnm3a M3ydalnch B PaMKax
HoX0/1a, KOTOPLIN, Ha HAlll B3LJAI, [IHPe, 9eM DTO MPUHATO B OONBIINHCTBE WCCIEN0BA-
HUU, TPOBOJIMMBIX Ha J3amaje. Fciaum B 5TUX nccreqoBaHmsAX OCHOBHBIM TIPEIMETOM W3y IeHUs
ABIAIOTCA TPAJAUINOHHBIC WHBAPUAHTEl — TPYIIIHI TOMOJOTHH 1 KOTOMOJOTHH, H3yvdaeMble
crennduIecKnMI 118 HIX METOaMI, TO B paMKaX Halllero MoAXona DTH HHBAPHAHTEl — a ¢
HUMU U TEeABIH pAJL IPYTHUX, 9acTO He MEHee BaKHbIX — H3YYalOTCA ¢ eIUMHBIX TTO3UIINN TPO-
n3BOAHOTO (pyHKTOpa. Ppu 5ToM Ha mepeqnni miad BEIXOAAT Takne Gy iaMeHTalbHbIe T0-
HATHUA, KaK TPOECKTHBHOCTE, NHHLEKTHBHOCTH U TIOCKOCTEL. PTO MO3BOIIIO MOy IUTEH HOBBIE
OPUIOKEHUSA K TEOPUU TOMOJOIMIeCKIX aare6p u K reoMeTpun GaHaXOBLIX MPOCTPAHCTB.

B usydennn roMosorndeckux cBONCTB GaHAXOBBIX U TOMOJOTHIECKIX alrebp MHOTO BHU-
MaHUsA GbLIO YAEICHO NCCIeIOBAHNIO TPOCKTHBHBIX OGaHaXOBLIX MOJyJen u Monxyaein Pperre.
Nsydanocs Takxke crpoenne MoaynepBuanbix airebp Ppetrie, o6aagaionmx cBOMCTBOM all-
MPOKCUMAIIIN U UMEIOIIIX HYJIeBYIO TI00AILHYIO pa3MepHocTh. [lokaszaHo, 9To Takas aj-
rebpa MokeT ObITEH TIpeJcTaBleHa KaK MOMOJHEHIe TPAMON CYMMbI TOHOJOTTIEeCKOTO Pa i-
KajJa >TOW airebpbl 1 HEKOTOPOTO CeMeHCcTBa MOJHBIX MaTpUYHLIX airebp. Kpome Toro,
JoKaszaHo, 970 obonodka Apenca-Malkia Takol aireGpbl TOMOJOTHICCKH H30MopdHa ne-
KapTOBY MPOW3BENCHIUIO TEX Ke CaMbIX MOJHBIX MaTPUIHBIX aarebp. B kKadecTBe mpuaoxe-
HUA TTOJXY9€eHO TTOMHOE ONUCaHe MeTPU3yeMbIX aarebp Apenca—Malkia, KoTopbie HOTyIep-
BUYHBL, 06JaJal0T CBONCTBOM AIIPOKCUMAIIIT 1 TMEIOT HYJIEBYIO TI00ATLHYIO Pa3MEPHOCTh.
Kpowme Toro, madaro nsydenne cTpoeHns Mpou3BOILHBIX airebp Apenca—Maiikia ¢ TpuBm-
ATHHBIMI KOTOMOJOTHAMMI, & TaKkKe MOJTYUNIa PasBUTHE TEOPUA OGUITPOCKTUBHBIX TOTOJOT U~
deckux aare6p. B wacTHOCTH, mOCTpOeH P HPUMEPOB W W3y9YeHBI IPYIIL KOTOMOJOTUN
orux aarebp. Takxke pazpaboTaH BOIPOC O CTPOCHUN TOMOJOTTIECKE TOTYIPOCTHIX GUITPO-
eKTUBHBIX anarebp Pperte. B wactrocTn, moaydeno onmcanne BCEX TOMOJOTHICCKH TPOCTHIX
OUIPOEKTUBHLIX aareGp Ppeiie, 061aJafoMMX CBONCTBOM alllIPOKCHMATIH.

Jlas MIpoKoro Kiaacca GUIPOEKTUBHEIX GaHAXOBLIX alrebp BBIYUCICHBI NX OCHOBHBIE MO
MOJIOTHYECKIE XapaKTEPUCTUKH — [IobalbHas pa3sMepHOCTh U TOMOJOrnYecKas Gupasmep-
HOCTE. [l DTOro mpeaBapuTelbHO pa3BUTa CTPYKTYpHAsS TEOPUA HEMOAYTIPOCTEIX GUITPO-
EKTUBHBIX OaHAXOBBLIX aare6p. Polaydenbl omeHKn riobalbHOU PasMEpHOCTH B HEKOTOPHIX
Kraccax paaukailbibiXx n (*-aarebp. [lokazama 6eCKOHETHOCTH TIOGATHLHON pPa3zMEPHOCTH
BaKHBIX B MapMOHHYECKOM aHaln3e airebp OGepJuHTOBCKOIO THIA ¢ YCIOBUAME Ha Beca.
Brraucasincs roMosorndeckine pa3zMepHOCTH TEH30PHBIX TPOU3BEIeHIT GaHaXOBLIX aareop.
[ast >Tux pazsMepHocTen JoKasaHbl “(POpMYJIbl afIuTHBHOCTH IPH YCIOBUN, 9TO IIepBas
arrebpa TEH30PHOIO TPOM3BEICHUA TPOU3BOILHA, a BTOpasd MPUHAIICKUT K HEKOTOPOMY
[IIPOKOMY KJaccy GaHaxOBLIX aaredp.

Takxke perajacs BOIpoc W3 POMOJOTTIECKON TeOPHUH GaHaXOBLIX alrebp O TOM, KakK CBsA-
3aHbl TOMOJOTHYECKas Pa3MEPHOCTHL MPOW3BOALHONO GaHaxoBa MOJAYJIS U TOMOJOTTYECKas
pPasMepHOCTEL €ro CYHMIeCTBEHHOTO TOoAMOAYaA. Pokazano, 9To TP ONpeJeleHHbIX YCIO-
BUSIX DTOT BOTIPOC CBS3AH ¢ BOIPOCOM O HAAWYIUN WIM OTCYTCTBUN (B HEKOTOPOM YCUIEHHOM
CMBICTE) ¥ CYNIECTBEHHOTO MOIMONYIA GaHaxoBa [TOMOTHEHNs. B KadecTBe CIeNCTBUSA yIa-
JOCH TTOMYIUTH ONEHKY CHU3Y 9UCIOM 3 MJISI TITOHAIBLHON Pa3sMePHOCTH BCEX KOMMY TATHBHBIX
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C*-aarebp, CIeKTP KOTOPBLIX HE SBISETCS MapaKOMITAKTHBIM WK TICEBNOKOMIAK THLIM, 1 TT0-
JYYUTEH BaKHBIE TIPUIOKEHNA K TPYIIaM UX KOTOMOJOTHH.

Ponydena Takike BaxHas oleHKa rI06aIbLHON Pa3MEPHOCTH TeX KOMMYTATHBHBIX OGaHa-
XOBBIX airebp, pajuKaibl KOTOPBIX 00dalaioT CHelralbHLIMI CBONCTBaAMI. Bbigenen qact-
HBI cay9all — pajiKal eCTh BecoBas CBepTOYHAs airebpa Ha HoaynpsaMon. B kadecTse
OPUWIOKEHHUS JOKa3aHa HeTPUBUAILHOCTHL B DTOM CIyvae ABYMEPHBLIX KOTOMOJOTUU U CyTIle-
CTBOBaHWE HEPACIICNTNMBIX CHHTYIAPHBIX PACIIIpEeHn GaHaXxOBON alreGphl.

Kpowme Toro, BLIMUCIAINCH TPYINHI KOTOMOJOI NN HEKOTOPHIX BaKHBIX KJIACCOB TOIMOJIO-
IUYECKUX adrebp, B TOM Yhcae GUITPOEKTUBHLIX U OUILIOCKUX OaHaxOBLIX aarebp. B gacrwo-
CTH, B KJacce OUITPOEKTUBHBLIX alrebp DTH TPYINbI BHITHCICHEL A TPOU3BOABLHBIX KOD(DEU-
nuenToB. Omnucanme famo B TeEpMUHAX JBOWHBIX MYJILTHILINKATOPOB W KBa3UMYJIbTHILINKA-
TOpPOB JaHHOro 6umoayas koxdduinenToB. Ocoboe BHNMaHUE yIeIeHO “MOJIETLHOMY  TTpPU-
Mepy BUIIPOEKTUBHON GaHaXOBOHU alrebpbl — TEH30pPHOU alrebpe, TMOPOXK IeHHON IyaJbHOI
napoil 6aHaXoBLIX MPOCTpaHCTB. Kpome TOro, ToMy9eHbl XapaKTepU3alii B KOMOMOJOT -
YeCKMX TepMUHAX Klacca OUIPOEKTUBHBEIX GaHaXOBLIX airebp. Pampumep, nokasano, 9To
HamaxoBa airebpa ABIACTCA OUIPOCKTUBHON TOT/Ia W TOJLKO TOT/a, KOT/Ia €€ OTHOMEpHBIE
KOT'OMOJIOTHH ¢ KOD(PPUITHEHTaMI B OUMOIYIAX JABOUHBIX MYJIbLTUILINKATOPOB TPUBHAILHDI.
B knacce 6umiocknx 6aHaxXoBLIX aaredp IPYHIbl KOTOMOJOTHEH XOXIIIbIa TOTHO OTMCAHBI
1A KO(PPUITHEHTOB B AYaIbHLIX OUMOYIAX. PaccMOTpeH chenuaibHblil caydai — OnMo-
NI JEBBIX (MpaBbIX, ABOMHBIX 1 KBa3W-) MYJbTHILIHKATOPOB. PTo morpeGoBano wHTEH-
CUBHOT'O DPa3BUTHA TEOPUN MYJILTUILINKATOPOB GaHaxXoBBIX OnMomyiaei. Takike moaydennt
XapaKTepU3aliil CBOUCTB OUILIOCKOCTH W aMeHabeILHOCTH GaHaXOBLIX alrebp B TepMHUHAX
UX TPYII KOPOMOJOTHH ¢ KO3(MDPUIHEHTAME B TPOCTPAHCTBAX MYJIbLTUILITKATODPOB.

Nsydamuch HeKOTOpbIe CBONCTBA OUILIOCKIX 6aHaXOBLIX alrebp, a TakKe Moy deHa Kiac-
cudpuKalusa GUIIOCKNX GaHaXOBLIX alrebp B TepMHUHAX OJHON W3 HamboJee BaKHBIX 9HUCIO-
BBIX TOMOJOTHIECKIX XapaKTePUCTUK 6aHaXOBLIX aareop — caabol TOMOJOITYeCKON Orpas-
MepHocTH. /lokazano, 9To DTa XapaKTePUCTHKA MOKET IIPUHIMAThL B KiIacce OUTLIOCKNX 6a-
HaXoBBIX aarebp Toabko Tpu 3uavenus: 0, 1 wan 2. Pokazano, 970 0TBeT Ha BOIPOC, KaKOoe
KOHKPETHO 3HavdeHre MPpUHIMAETCA CTabol OGUpasMepHOCTHIO NaHHON OUILIOCKOU alreOphl,
3aBUCUT OT HAIUYHUSA B HEH OJAHOCTOPOHHUX W ABYCTOPOHHUX OIPAHWYEHHBLIX ATIPOKCHMa-
TUBHBIX €JINHUAII.

Pagara pabora mo mzydeHuto Apyrux “caabblx’ TOMOJOIMYECKUX XapaKTePpUCTUK OGama-
XOBBIX alre6p (cr1aboll TOMOTOIMYECKOT pasMepHOCTH GaHaxoBa MOIYJIA, CIabol TI06aILHON
pasMepHOCTH GaHaxoBOU aarebpbl). Ppu onpeeeHHbIX YCTOBUAX IS HIX NOKasaHbl “dop-
MYJIbl 2 UTHBHOCTH . Kpome Toro, moaydennbl OmeHKn ¢Iabol TI06albHON Pa3sMepHOCTH
6aHaxoBBIX alrebp B HEKOTOPBIX Kaaccax aarebp. B dacTHocTn, 5Ta XapakTepucTuka TOYHO
BBIYHCICHA IS BCEX OUTIOCKIX GaHaXOBBIX airebp n s airebp AgepHbiX oIepaTopoB, Aek-
CTBYIOIINX B MPOU3BOIBHBIX OAHAXOBLIX MPOCTPAHCTBAX. Poixyden HOBBIN (6oree y100HbIIN)
KPUTEPUN A CBONCTBa GaHaxoBa MOIYJIA ObITEH TLIOCKIM.

BrepBoie mocTpoen mpuMep MoaympocToll 6aHaXoOBOW aareOphl caaboil TOMOJOTTYECKOM
6rupasMepHOCTH oAuH. PToT mpuMep ecTh airebpa KOMIIAKTHBIX ONepaTOpOB Ha MPOEK-
TUBHOM TEH30DHOM MPOW3BENECHUEN THUILOEPTOBLIX MpOoCTpaHcTB. PTa arrebpa obiagaet
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TaKke eIle pAJOM HHTEPECHBIX CBOUCTB: OHa ABIAETCS TOMOJOIMYECKH TTPOCTON GUILTOC-
KOl HeaMeHabeIbHONn 0aHaxoBOU aarebpoil, objafaiolllell JeBOH OTPaHmICHHON AIIPOKCH-
MaTHBHOW equHumer. B KadecTBe cIegcTBUA YCTAHOBICHO, YTO Y CIaOBIX TOMOJOTHIECKIX
XapaKTEePUCTHK HeT 3alpelleHHbiX 3Ha9eHNl B KIacce TMOMYIPOCTHIX GaHaXOBBIX alreop.
Takxke mokazaHa HENMPOECKTHBHOCTHL MOJYTPYIIOBON aareGphbl Ha MOJIYIPAMON W MOJTY-
YeHBl TPUJIOKEHIS DTOTO pe3yabTaTa K N3y 9IeHNo TPYIN KOTOMOJOIHH DTOU alreOphl.
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3akJadeHue

Temor uccaenoBanms B mammoun PUP ormocsaTes x obracTsaM TeopeTmvdeckon MaTeMa-
TUKW, (PUIUKU W MEXaHWUKHW, [JI8 KOTOPLIX HENoCpenCcTBEeHHOe BHeJpeHWe B MPaKTHUKY WU
OlleHKa DKOHOMUIECKON D(PPEKTUBHOCTH TAKOTO BHEJIPEHUS HE TPENCTABIAIOTCSI BO3ZMOK-
wbiMu. Pesyabrarbel PUP uMeroT 3HaunTenrbHYIO0 Hay4dHYIO 1IEHHOCTH, TaK KaK SABIAIOTCA
HOBBIME IIaraMi B WCCAEJIOBAHNN aKTyalbHBIX MPOOIEM COBPEMEHHOU TEOPETHIEeCKOW Ha-
VKU ¥ [0 CBOEMY YPOBHIO HE yCTYTAIOT aHAJOTMYHBIM MCCAeJOBAHUAM, TPOBOAUMBIM IPY-
VMU HAyIHLIMI KOIEKTUBaMI, B TOM dncie u 3a pybexom. Ouum MOTYyT yiKe cemvac ObITh
MCTIONB30BaHbl TPKU pas3paboTKe M YTEeHUN CHelMaJbHbIX KypCOB s CTYA€HTOB CTapIInX
kypcoB MATHU, a Takxke 1ias CTYIeHTOB, CHEMUATIINPYIONIXCA IO MaTeMaTHKe, (PU3nKe 1
MexXaHUuKe B NPYyIrux By3ax.
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